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Abstra t
For the last two de ades the dominant paradigm in early-universe osmology has
been the theory of in ation. A ording to this theory the universe underwent a
brief period of exponential expansion during whi h it be ame nearly homogeneous on
s ales mu h larger than those we an observe today. The theory also states that the
density of matter during this period nearly vanished, and all the matter we observe
in the universe today was produ ed after in ation in a pro ess known as reheating.
Although the basi me hanisms of in ation are well understood and a epted, many
unresolved problems remain on erning the produ tion of matter after in ation and
the subsequent transition to a more traditional, hot big bang model of the evolution
of the universe. These problems are parti ularly diÆ ult be ause we do not know the
orre t e e tive theory of physi s for the energy s ales relevant to in ationary theory,
and be ause most models that we an onsider involve non-perturbative, nonlinear
intera tions that an only be fully studied using numeri al te hniques.
The resear h des ribed here onsists of a ombination of analyti al and numeri al
work aimed at des ribing the possible me hanisms of reheating. My ollaborators
and I have studied the e e ts of parametri resonan e, symmetry breaking and phase
transitions, gravitational parti le produ tion, ta hyoni (aka spinodal) instability, and
a novel me hanism of reheating that we all "instant preheating." We investigated
these e e ts in the ontext of single eld in ation models with polynomial potentials,
single eld models with no minima, and multi- eld hybrid in ation models. We found
that many in ationary models ould be ruled out on the basis of osmologi ally una eptable onsequen es su h as domain walls, moduli elds, or ex essive iso urvature
u tuations. Conversely we found that some seemingly impossible models ould be
iv

res ued by means of a se ondary stage of in ation, or by instant preheating.
Mu h of this work required the use of numeri al al ulations, and in many ases
only full s ale latti e simulations ould apture the nonlinear dynami s. Over the
past several years I have been one of the two developers of a C++ latti e program
for simulating the evolution of intera ting s alar elds. This program, alled LATTICEEASY, has been a key element of the resear h des ribed in this thesis. The
program is now available on the World Wide Web at
http://physi s.stanford.edu/gfelder/latti eeasy/.
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Part I
Introdu tion

1

Chapter 1
Motivation
The topi of this thesis is reheating after in ation. Put in a more general way, I intend
to talk about where all the matter we see in the universe (in luding dark matter) ame
from. Cosmologists today generally believe that this matter was produ ed about
15 billion years ago following a period of rapid expansion known as in ation. The
theory of in ation, in luding this period of matter produ tion known as reheating, is
a modi ation of the standard big bang model of osmology developed early in this
entury by Einstein, Hubble, Friedmann, and others.
Mu h of the thesis is fairly te hni al and assumes a basi knowledge of general
relativity and quantum eld theory. For the sake of ompleteness, however, I have
written a self- ontained \in ation primer" outlining the basi stru ture of the big
bang model, the motivations for in ation as a modi ation of that model, and some
of the key ideas in the theory of in ation and reheating.
Subsequent hapters will explain work I have done exploring di erent me hanisms
by whi h reheating an o ur. The wide variety of models being onsidered is a
re e tion of our urrent state of ignoran e about the early universe. On the one hand
we have no dire t observational knowledge of any pro esses that o urred before the
time of nu leosynthesis, i.e. the formation of nu lei of the light elements su h as
deuterium, helium, and lithium. In ation was ertainly over long before this period.
On the other hand we have very little theoreti al guidan e as to what model to use for
des ribing physi s at the high energy s ales that prevailed during the time of in ation.
2

3
Most theorists agree that the standard model of parti le physi s that des ribes all of
physi s at the energy s ales we an observe is almost ertainly not valid at energy
s ales mu h higher than our urrent observations. We have many ideas about possible
elements of a theory of high energy physi s, in luding supersymmetry, Grand Uni ed
Theories, and string theory, but no spe i model has been formulated and tested for
physi s at high energies.1
So the physi s of the early universe has not been observed, and the theory des ribing it is not known. Given su h a dearth of knowledge it might seem that resear h
into in ation would be hopeless. It turns out, however, that many results an be
formulated that seem to be generi a ross a wide spe trum of possible models. Some
of the generi predi tions of in ation have already been tested and others are likely to
be tested in the next 5-10 years, mostly by experiments testing in detail the properties
of the mi rowave ba kground radiation.
Moreover, a lot of important work has been done and ontinues to be done exploring the parameter spa e of possible in ationary models. On the observational side
we an use urrently available data to onstrain the spa e of in ationary models, and
over the last de ade this te hnique has allowed us to eliminate many andidate models. On the theoreti al side we an use ideas su h as supersymmetry and supergravity
to guide our sear hes for in ationary models and explore some of the onsequen es
of models that in orporate those theoreti al ideas. As better experimental and theoreti al results be ome available our modeling will be more tightly onstrained. Of
ourse the hope is to eventually have a lear theoreti al knowledge of what elds and
intera tions exist at high energies, use our knowledge of in ation to make detailed,
testable predi tions within that model, and have the experimental sophisti ation to
test those predi tions. We are still a long way from a omplishing any of those three
goals, but progress is being made on all three.
1 By

high energies I mean anything from the s ale of our urrent observations, roughly 1000 GeV,
up to the Plan k s ale at about 1019 GeV. Within this range it is still likely that physi s is des ribed
by some quantum eld theory, but we don't know the spe i
elds and intera tions involved.
At energies above the Plan k s ale quantum eld theory itself may break down be ause quantum
u tuations of spa etime be ome important. Unless I spe ify otherwise I will always use "high
energy theory" to mean something in the range from 103 to 1019 GeV. Essentially all in ationary
models involve typi al energy s ales within this range.
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Given all of this, I view the role of in ationary theorists in the following way. We
need to understand what me hanisms and predi tions hold generi ally in in ation.
We need to explore the spa e of models and gure out what observational signatures,
if any, would allow us to distinguish between these models. Finally we need to develop
te hniques of analysis, both analyti al and numeri al, that are general enough to be
of use as the theoreti al and observational foundation of our work hanges. It is in
the spirit of these goals that the work presented here was done.

Chapter 2
Outline of the Thesis
This thesis is divided into three main se tions. The rst se tion ontains general
introdu tory material (in luding this outline), followed by a short in ation primer.
The material in the primer does not assume any knowledge of advan ed physi s and
it should serve as a general introdu tion for anyone not familiar with the eld of
osmology. It des ribes the standard big bang theory that has held sway for most of
this entury, why many people ame to believe this theory was in need of modi ation,
and how in ationary theory has been able to address some of the problems with the
standard big bang osmology. Finally, the introdu tion ends with a brief dis ussion
of reheating, the pro ess by whi h we believe all the matter in the observable universe
was generated.
The following se tion, part II, onstitutes the main bulk of the thesis. The hapters
in this se tion are adapted from the papers that I have o-authored as part of my
graduate resear h. In general, these hapters des ribe di erent me hanisms by whi h
reheating an o ur and the onsequen es of those di erent pro esses. A more detailed
outline of the material in the hapters and my spe i role in the di erent aspe ts of
the resear h is presented at the beginning of part II.
A good deal of the resear h des ribed here has been done with the help of latti e
simulations. Building on a program originally written by Igor Tka hev I developed a
C++ program for performing su h simulations of elds in the early universe. Mu h
of my graduate work has been devoted to developing this program. This work has
5
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in luded aspe ts of physi s, mathemati s, and programming. The nal se tion of the
thesis is thus a des ription of these latti e simulations. The website I reated for the
latti e program ontains detailed do umentation on the internal fun tioning and the
use of the program itself. In this thesis I on entrate instead on the physi s underlying
the simulations. I also des ribe in more detail there the separate ontributions that
Dr. Tka hev and I ea h made to this work.

Chapter 3
A Primer on In ation
3.1 The Big Bang Model
3.1.1 Overview of the Model
For most of this entury our view of the large s ale stru ture and history of the
universe has been dominated by the big bang model. A ording to this model the
universe at early times was a nearly homogeneous expanding olle tion of high energy
parti les in thermal equilibrium. As the universe expanded and ooled very small
inhomogeneities were then ampli ed by gravity and ollapsed to form the stru tures
we see today su h as lusters, and galaxies. Extrapolating ba kwards, on the other
hand, that homogeneous reball would have had higher temperatures and densities
at earlier times, ultimately rea hing in nite density at a time alled the big bang,
about 15 billion years ago.
This model is in perfe t a ord with the theory of general relativity, whi h predi ts
that a universe with the initial onditions spe i ed by the model will expand and ool
in exa tly that way. Moreover there have been many observational on rmations of
the big bang model. These on rmations in lude the apparent motions of distant
obje ts relative to us, the ele tromagneti radiation emitted in the early universe
and dete table now in the form of mi rowaves, and the abundan es of light elements
predi ted by the theory of nu leosynthesis.
7
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I want to fo us in parti ular on the latter of these. Nu lear theory is well tested
and understood, and by applying this theory to a homogeneous, expanding medium at
high temperature we an predi t what relative abundan es of hydrogen, deuterium,
helium, and lithium nu lei should have emerged when these nu lei were formed in
the early universe. These predi tions a urately mat h the observational data. This
mat h is parti ularly important be ause it provides the earliest observational eviden e
we have for the big bang model. We have no dire t measurements of any pro esses
that o urred before nu leosynthesis. So in that sense we are free to imagine any
deviations we wish from the big bang model before that point. However, sin e it
seems unlikely that a very di erent s enario would give the same predi tions for these
abundan es, any su h models are onstrained to redu e to the big bang s enario by
the time of nu leosynthesis.
Given how su essful the big bang model has been in mat hing essentially every
observation to date one might legitimately wonder why we would want to modify it at
all, rather than just a epting it straight ba k to the moment of the big bang. Su h
a omplete extrapolation of the theory is not possible, however, be ause of ertain
limitations of our theories of high energy physi s. When we talk about extrapolating
ba kwards in the big bang model we are referring to running the equations of general
relativity ba kwards to earlier times and higher densities. We know, however, that
general relativity eases to be valid when we try to des ribe a region of spa etime
whose density ex eeds a ertain value known as the Plan k density, roughly 1096 mkg3 .
If we try to onsistently apply quantum me hani s and general relativity at su h a
density we nd that quantum u tuations of spa etime should be important, and we
have no theory that des ribes su h a situation.
So the best we an do in using the big bang model to des ribe the very early
universe is the following. At some point in the past the density of the universe was
above the Plan k density. We don't know what physi s governs su h a ase so we an
make no predi tions based on it. Somehow this super-Plan kian state (sometimes
alled spa etime foam) gave rise to at least one region of sub-Plan kian density with
the right initial onditions to produ e the universe we urrently see. From now on
when I refer to the \initial onditions" for our universe I will mean the state that the
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observable part of the universe was in after the density rst be ame sub-Plan kian
and the universe (or at least this region of it) ould thus be des ribed lassi ally.
Even in this more limited sense, however, there are ertain problems with extending the big bang model ba k to the beginning of the universe. These problems an
be ategorized into \initial ondition problems" and \reli problems." I de ne what
ea h of these are in the following two se tions.

3.1.2 Initial Condition Problems
These problems onsist of a number of seemingly ne-tuned aspe ts of the early
universe in the big bang model. For example, we know that the universe was almost
perfe tly homogeneous at early times. Su h statements are, to one way of thinking,
not problems at all. As I dis ussed in the previous se tion, we do not know what
physi s gave rise to these initial onditions, so they are free parameters of the theory.
Put another way, we an imagine that somewhere in the ultra-high energy physi s
theory that we don't yet know is an explanation for why our universe emerged from
the spa etime foam with exa tly the right initial onditions to produ e the kind of
universe we see. It would be more satisfying if we ould nd an explanation for these
features within known physi s, but nature is not obliged to satisfy us. As it happens,
we do know of su h an explanation. Before dis ussing this solution, however, I want
to des ribe some of these initial ondition problems.

Homogeneity
The universe we observe today is very lumpy on small s ales, e.g. those of people or
galaxies, but on suÆ iently large s ales appears to be smooth and uniform. We know
from our observations of the mi rowave ba kground radiation that at mu h earlier
times the universe was almost ompletely uniform even on smaller s ales, with a mean
variation Æ=  10 5 . 1 If the initial onditions were random it might seem strange
that there should be su h good homogeneity, but of ourse the initial onditions were
1 The

Greek letter  is often used to mean density. So the meaning of this equation is that the
energy density of any two points in the universe di ered on average by less than one part in 100; 000.
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presumably not random but set by some unknown physi s. It's not hard to imagine
that some physi al me hanism drove the universe to a state of high homogeneity.
However, this me hanism must have been imperfe t be ause the universe retained a
small amount of inhomogeneity. If it weren't for these small inhomogeneities there
would have been no seeds for galaxy formation and hen e no stru ture formation. A
me hanism that would drive the universe to near-perfe t uniformity while still leaving
these small but observable u tuations seems a little stranger.

Flatness
General relativity relates the urvature of spa etime to the matter in that spa etime.
In the ase of an expanding, nearly homogeneous universe su h as ours the urvature
depends on the overall density of matter and energy. If this density is above a riti al
value then the universe will be \open," meaning parallel lines will diverge. If the density is sub- riti al the universe will be \ losed," meaning parallel lines will onverge.
Finally, if the universe is exa tly at riti al density the universe will be \ at," i.e.
Eu lidean. Typi ally the ratio of the density in the universe to the riti al density
moves away from one over time. A perfe tly at universe will always remain so but
a urved universe will be ome more urved over time, whether it's open or losed.
Currently we an measure that the universe is within a fa tor of two or three of
riti al density. (Based on re ent measurements it's probably within about 10% of
riti al density.) For this to be true now = rit must have been 1  10 59 at the
time when the universe had Plan k density. If the deviation had been a few orders
of magnitude greater than that the universe would either have re ollapsed long ago,
or would have a nearly vanishing energy density by now. Was there some me hanism
that drove the universe to su h near-perfe t (or possibly perfe t) atness?

Horizon
This problem is related to the homogeneity problem des ribed above. A ording to
the theory of relativity no ausal e e t an propagate faster than the speed of light.
If we believe that the universe had a beginning a nite time ago, then there is a nite
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radius a ross whi h ausal e e ts ould have propagated by now. At the time when the
mi rowave ba kground was emitted there should have been roughly a million ausally
dis onne ted regions within the region of the universe we an urrently observe. What
ould have aused su h strong homogeneity over su h a vast region before any ausal
signals ould have spread information throughout this spa e?

3.1.3 Reli Problems
Another set of problems with the big bang model has to do with the produ tion of
exoti parti les at high energies. By \high energies" in this ontext I mean energies
below the Plan k s ale but above the prevalent s ale at nu leosynthesis. We don't have
a lear understanding of physi s at these energies, but we do know some theoreti al
ideas that are likely to be part of su h high energy theory, in luding Grand Uni ed
Theories (\GUT's"), supersymmetry, and supergravity. All su h theories tend to
in lude spe ies of parti les that an only be produ ed at energies far above what we
an produ e today or what was present during nu leosynthesis. If we believe that the
big bang model was valid ba k to the Plan k era then the universe must have passed
through a stage where the energies were high enough for these parti les to have been
produ ed.
In many ases these parti les have long lifetimes. Some of them ould, if produ ed,
last until nu leosynthesis and spoil the predi tions of light element abundan es. Others ould survive to the present and would be expe ted to dominate the urrent energy
density. Parti les in either of these two groups are known as reli parti les be ause
they persist from an earlier and higher energy epo h. For those familiar with theories
of parti le physi s, su h parti les in lude moduli, gravitinos, monopoles, and more.

3.1.4 Summary of the Problems With the Big Bang Model
As I said before, every testable predi tion of the big bang model to date has been
veri ed, and it is almost ertain that this model gives an a urate des ription of the
universe ba k at least as far as the time of nu leosynthesis. The earliest it ould
possibly be applied would be the Plan k era. If this extrapolation were valid then we
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would have to suppose that all the very ne-tuned initial onditions we observe su h
as homogeneity and atness were present from the beginning, presumably as a result
of some unknown quantum gravity e e ts. Even given this assumption, however, it
is un lear how the theory ould avoid the produ tion of reli parti les that would
destroy the su essful des ription it has made of the later universe.
It would be wonderful if a theory existed that with a minimum of assumptions
ould explain the initial onditions su h as atness and homogeneity, provide a ausal
me hanism for propagating information over all the seemingly ausally dis onne ted
regions in the early universe, eliminate all high energy reli parti les, and then segue
into the big bang model itself by the time of nu leosynthesis. Fortunately su h a
theory exists. It's known as in ation.

3.2 In ation
The basi idea of in ation is extremely simple, and has to do with the rate at whi h
the universe is expanding. In the standard big bang model the universe experien es
\power-law expansion," meaning the distan e between any two distant obje ts grows
like tp where t is the time sin e the big bang and p is a number that depends on what
the universe is made of. Typi ally p will be either 1=2 or 2=3, or possibly something
in between the two. A ording to in ationary theory, before this power law expansion
there was a brief period of exponential expansion. In other words distan es during this
time grew as eHt where t is on e again time and H an be any number.2 Exponential
growth an be mu h faster than power-law growth. During this time the universe
expanded by at least 60 e-folds, i.e. by a fa tor of at least e60 (roughly 1026 , or
nearly a billion billion billion). There are two obvious questions raised by this idea:
What me hanism would ause su h an expansion to o ur and what would be the
onsequen es if it did? In the next se tion I will explain how in ation an ome
about in the ontext of basi eld theory. I will argue that in ation is a very natural
o urren e that may be expe ted to take pla e within a wide variety of high energy
2 The

symbol e just refers to a number, roughly 2:8, that is typi ally used for onvenien e. You
ould also write this law as 10Ht and you would simply get a di erent value for H .
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physi s models. In the following se tion I will des ribe some of the basi onsequen es
of in ation, in luding the resolution of all the problems raised in the previous se tion
on the big bang model.

3.2.1 Why In ation O urs
In this se tion I am going to use a little more math and physi s than in the rest of
the primer. For any non-te hni al readers who nd this se tion onfusing you should
be able to skip it, take my word that in ation does o ur naturally in the ontext of
many models of physi s, and go on to the se tion on the onsequen es of in ation.
In general relativity the expansion of a homogeneous pat h of the universe is
des ribed by the Friedmann equations

k
8

H2 + 2 =
a
3Mp2
a =

4
( + 3p) a:
3Mp2

(3.1)
(3.2)

The s ale fa tor a is proportional to the distan e between two obje ts omoving with
the expansion. The onstant k indi ates the urvature of the universe; k = 1, 0,
or 1 for an open, at, or losed universe respe tively. The Hubble parameter H is
de ned as H  aa_ and the other terms in the equations are the energy density , the
p
pressure p, and the Plan k mass Mp = 1= G  1:22  1019 GeV .
Starting from the rst Friedmann equation, the se ond one is equivalent to the
statement of energy onservation, dE = pdV , applied to a lo al pat h of the universe. Taking E = V and V / a3 this energy onservation equation be omes the
equation of ontinuity
_ = 3H ( + p) :
(3.3)
For an equation of state of the form p =  the solution to the equation of ontinuity
is
 / a 3(1+ ) :
(3.4)
For the two most ommon ases of nonrelativisti parti les (\matter") and relativisti
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parti les (\radiation") the values of are 0 and 1=3, meaning that  de reases as a 3
and a 4 respe tively in these two ases. Note that in both of these ases the energy
density is de reasing faster than the urvature term in equation [3.1℄. This is why in
a matter or radiation dominated universe urvature tends to in rease.
What would happen if the universe were dominated by a form of energy with
= 1, i.e. p = ? In this ase the energy density wouldn't de rease at all as
the universe expanded. The urvature would qui kly be ome negligible and equation
[3.1℄ would redu e to
8
;
(3.5)
H2 =
3Mp2
whi h for a onstant  gives a onstant H . Re alling that H  a_ this equation implies
a

a = eHt ;

(3.6)

in other words in ation.
Having said this, however, we are still fa ed with the question of what would give
rise to su h a strange equation of state. One possibility is a \ osmologi al onstant,"
i.e. an energy density asso iated with the va uum. Be ause this density wouldn't
hange as the universe expanded (the va uum presumably still being the same) it
would behave as we have just des ribed. (There are other, more dire t ways to
show that in general relativity the only onsistent way to have a frame-independent
va uum energy would be for it to have the equation of state p = .) A osmologi al
onstant term would not be a useful way to have in ation, however, be ause in this
ase in ation would never end.
A simple way to mimi the e e ts of a osmologi al onstant, however, would be
to have a potential dominated s alar eld. The energy density and pressure for a
s alar eld with potential V minimally oupled to gravity in a FRW universe are
1
1
 = _ 2 + jrj2 + V
2
2

(3.7)

1
p = _ 2
2

(3.8)

1
jrj2
6

V:
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So if the dominant energy term is V the equation of state will be p =  and the
eld  will a t like a osmologi al onstant, maintaining a onstant energy density as
the universe expands. This behavior an be intuitively understood simply by noting
that for a given potential fun tion V (), if  is not hanging the energy density V
should not hange.
The term \in ation" was oined by Alan Guth [1℄, who developed a model where
a s alar eld was trapped in a lo al minimum of its potential with V > 0. In su h a
ase the eld would remain potential dominated until it tunneled to its true minimum,
thus ending in ation. Unfortunately this model su ered from a number of problems.
For example, it failed to produ e the right level of inhomogeneities. It was also far
from obvious what would have driven the eld to be trapped in this minimum in
the rst pla e, so to some degree the model simply traded one set of ne-tunings for
another.
Sin e Guth's paper ame out there have been many di erent versions of in ation
devised, in luding \new in ation," \ haoti in ation," \hybrid in ation," \extended
in ation," and on and on. Most plausible models, however, are based on some variant
of the following idea, rst developed by Andrei Linde in 1983 [2℄.
The evolution equation for a homogeneous s alar eld in an expanding universe is

V
 + 3H _ +
= 0:


(3.9)

Note that H plays the role of a fri tion term in this equation, slowing the motion of
. If  starts out at a value with a large potential, then by equation [3.1℄ H will be
large and  will tend to roll very slowly. In this ase the potential term will dominate
over the kineti term and both V and H will vary slowly. The universe will thus
expand quasi-exponentially, i.e. in ation will o ur. Eventually, however,  will roll
to a small enough value that H will no longer overdamp the system, _ will be ome
important, and in ation will end.
Linde showed that for simple potentials su h as V / 2 or V / 4 su h in ation
an o ur. If you assume that the eld  had haoti initial onditions when the
universe rst began with sub-Plan kian energy density then there will in general be
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some pat h where the potential energy of  dominates over the kineti and gradient
terms enough to ause in ation. If in the entire universe there is one pat h, even a
Plan k size one, with these onditions, then in ation will drive the size of this pat h
to exponentially large values. Su h in ationary regions will qui kly ome to dominate
the volume of the universe. In fa t, using the assumption of haoti initial onditions
an in ationary region will typi ally expand by at least about 10107 times, and often
mu h more.
So the requirements for having in ation are fairly simple. Provided the quantum
eld theory governing sub-Plan kian physi s has a s alar eld with a reasonable potential and somewhere in the universe a region exists where the potential energy of
that eld is large and dominates the overall energy density, in ation will o ur in that
region. Regions where in ation o urs will then ll nearly all of spa e. The s alar
eld that drives in ation in this way is often referred to as the \in aton". Note that
a \reasonable potential" in ludes the polynomial potentials mentioned above as well
as others. At present we have never dire tly observed a s alar eld, but at least one
su h eld must exist in nature if the standard model is orre t, and supersymmetry
predi ts the existen e of many s alar elds. So although we don't know the orre t
fundamental physi s model that would give rise to the in aton, it seems at the very
least reasonable to suppose that su h a eld might exist.

3.2.2 Some Basi Consequen es of In ation
The impa t of in ation on the initial ondition problems mentioned before is quite
simple. If the universe undergoes exponential expansion then any lo al pat h of
it will ome to be very homogeneous and at, like the surfa e of a balloon being
blown up very rapidly. Mathemati ally this an be seen from the argument above
explaining why urvature tends to grow in a matter or radiation dominated universe
but de rease in an in ationary universe. Given the enormous expansion that o urs
during in ation, the growth of the urvature that has o urred sin e then should be
ompletely negligible and we would expe t to see an essentially perfe tly at universe
now.

3.2.

INFLATION

17

In ation an also solve the horizon problem. The statement that the observable
universe at the Plan k era onsisted of many ausally dis onne ted regions omes from
extrapolating ba k assuming matter and/or radiation domination. During in ation,
however, a single, Plan k size, ausally onne ted region an expand to be ome many
times bigger than the urrent observable universe, thus reating ausal orrelations
on s ales mu h bigger than we an hope to observe.
In ation also solves the problem of reli parti les be ause during in ation the
density of all parti les will be exponentially suppressed. When in ation ends and the
universe moves towards a state of thermal equilibrium, the temperature may be low
enough to avoid reprodu ing these reli parti les.
All of these results of in ation are theoreti ally attra tive as explanations of the
features we observe in the universe at large s ales. Probably the most important
su ess of in ation, however, is its explanation of the origin of inhomogeneities in the
universe. At rst this idea might seem ontradi tory given that I said in ation attens
the universe and redu es to e e tively zero the density of anything that was in it. It
turns out, however, that small inhomogeneities an be generated during in ation. The
u tuations that are generated in this way early in in ation are typi ally stret hed out
by the exponential expansion to s ales mu h greater than we an observe (although
see hapter 7 for some possible onsequen es of these large s ale u tuations). The
u tuations generated at the last stages of in ation, however, form the seeds of the
inhomogeneities that we observe in the CMB, and whi h subsequently gave rise to
the stru tures we observe in the universe.
The origin of these inhomogeneities is in quantum u tuations that are stret hed
out during in ation. As the wavelength of these u tuations grows larger than the
Hubble radius H 1 they ease os illating and get frozen in as lassi al waves. The
u tuations on the s ales we an observe today were all generated during the last 60
or so e-folds of in ation. See [3℄ for more details on this pro ess.
The overall amplitude of these u tuations depends on the parameters in the inaton potential, so these parameters must be adjusted to mat h the observed CMB
anisotropy. The form of the u tuations, however, is a robust predi tion of in ation.
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In almost all versions of in ation these u tuations have the form of Gaussian, adiabati perturbations with a nearly s ale-invariant spe trum.3 So far the predi tions
of in ation have t the CMB data ex ellently, and no other theory has been able to
reprodu e these predi tions.

3.3 Reheating
Although in ation produ es a universe with many of the features we observe in our
own, su h as near-homogeneity with small u tuations, the universe immediately after
in ation is in one sense almost ompletely empty. While in ation gets rid of all reli
parti les su h as gravitinos and monopoles, it also gets rid of all other parti les as
well. After in ation nearly all the energy density in the universe is in the homogeneous
in aton eld. On e in ation ends this eld must somehow de ay and give its energy
to other elds, eventually giving rise to the panoply of parti les we see around us
today. The pro ess by whi h the in aton de ays into other forms of energy is known
as reheating.
The issue of reheating has been explored for almost as long as in ationary theory
itself (see e.g. [4℄). In the earliest papers on the subje t it was noted that after
in ation ends the homogeneous in aton eld would os illate about its minimum.
Assuming the in aton were oupled to other elds it would then de ay, leading to a
as ade of energy density into many di erent forms. Several methods were developed
for perturbatively investigating this de ay.
In 1994 it was realized that there is in general a mu h more eÆ ient me hanism
by whi h the in aton ould de ay, namely parametri resonan e [5℄. To see how this
works onsider the simple ase of a eld  oupled to the in aton  via an intera tion
term
1
Vintera tion = g 2 2 2 :
(3.10)
2
The equation of motion for  will be that of an os illator whose frequen y depends
on . As  os illates this frequen y will hange, ausing u tuations of  to be
3 There

are many introdu tions and reviews about the CMB available. See for example http:// fawww.harvard.edu/ mwhite/htmlpapers.html.
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rapidly ampli ed in bands of resonant frequen ies. (For a more omplete dis ussion
of parametri resonan e in general see [6℄ and for a dis ussion of parametri resonan e
during reheating see [7, 8℄.) This e e t is known as preheating be ause it rapidly
transfers mu h of the in aton's energy to u tuations of the eld  before the slower,
perturbative me hanisms of reheating an o ur.
Sin e the dis overy of preheating a great deal of work has been done to understand
the onsequen es of nonperturbative e e ts in reheating. These e e ts an in lude
phase transitions, the produ tion of topologi al defe ts, the produ tion and/or elimination of various kinds of reli parti les, and se ondary stages of in ation. Su h
nonperturbative e e ts often involve strong, nonlinear intera tions between elds far
from thermal equilibrium in an expanding universe. Thus progress in this eld has
in many ases required large-s ale numeri al simulations.
The work des ribed in this thesis forms part of the ongoing investigation into
di erent me hanisms by whi h reheating an o ur and the onsequen es of those
me hanisms within various models of in ationary osmology.

Part II
Me hanisms of Reheating
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Chapter 4
Introdu tion to the Resear h
This part of the thesis is adapted from the papers I have published in the ourse of
my graduate resear h. All of these papers deal with probing me hanisms of reheating
after in ation. Colle tively they, along with my work on latti e simulations des ribed
in part III, form the essential ontent of this thesis.
Before presenting this resear h it is appropriate that I should say a few words
about my ontributions to the work presented here. Of ourse most of the work done
in s ienti ollaboration is the result of numerous dis ussions, arguments, and other
forms of give and take that make it impossible to separate out individual ontributions
in a meaningful way. Nonetheless I an note in a general sense that all of the latti e
al ulations reported in these hapters were done by me. I also performed various
other numeri al al ulations su h as the linear al ulations des ribed in hapter 7.
The interpretation of these results was ollaborative. The development of the latti e
simulations, and in parti ular the physi s (as opposed to omputational) aspe ts
of them, has ontinually evolved over the last several years as a result of dis ussions
between me and several of my ollaborators. The program itself was originally written
by Igor Tka hev and has subsequently been rewritten and extended by me. Part III
ontains a more detailed dis ussion of our respe tive ontributions to the simulations.
The theoreti al parts of the resear h, in luding the dis ussions and on lusions, was
worked out in so many ex hanges between so many people that I don't think individual
ontributions an meaningfully be attributed.
21

22

CHAPTER 4.

INTRODUCTION TO THE RESEARCH

The rest of this introdu tion onsists of a brief summary of the subje t matter
of the hapters in this part. This summary is not intended as a full, pedagogi al
a ount of the ontent of the resear h, and it will be presented in a te hni al form
most suitable for people familiar with in ationary osmology. The details of the work
are ontained in the hapters themselves and this se tion is merely intended as a
qui k referen e to those results.

Summary of Papers
Chapter 5, \Instant Preheating" explains a novel me hanism by whi h the de ay of
the in aton an produ e parti les many orders of magnitude heavier than the in aton
parti les themselves. My ollaborators and I all this me hanism instant preheating
be ause it an lead to essentially omplete de ay within a single os illation. The basi
idea is that if the in aton eld  is oupled to another eld , e.g. through a g 22 2
oupling, then the mass of the  parti les will depend on . In parti ular, as  passes
through zero the  parti les will be momentarily massless. The resulting nonadiabati
hange of the  mass will lead to the produ tion of a ertain number density of 
parti les. All of this has been understood for many years. What wasn't appre iated,
however, was the e e t that the ontinued movement of the  eld would have on the
 parti les. In parti ular, as  moves away from zero these parti les would be ome
massive. In most typi al in ationary models  will ontinue to roll to a value of the
order of a Plan k mass, meaning that if g 2 = O(1) the  parti les will a quire masses
of the order of the Plan k mass, irrespe tive of the mass of . If  then rolls ba k and
settles near zero this hanging  mass will be relatively unimportant. If, however, 
an in turn de ay to another spe ies of massive parti les then it an e e tively drain
all the energy from the  eld in a single os illation while produ ing parti les with
near Plan kian masses. If  doesn't os illate but ontinues rolling (as for example in
some quintessen e models) then this me hanism will be even more eÆ ient, an issue
that is taken up in more detail in hapter 6.
Chapter 6 on NO models des ribes a lass of in ationary models in whi h the
in aton eld has no minimum, but rather ontinues rolling in an asymptoti ally at
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potential. Su h models generated a lot of interest for a while be ause of their possible
relevan e to the theory of quintessen e. Be ause the usual me hanisms of reheating
don't work in these models it had been proposed by several authors that reheating
ould o ur in these ases via gravitational parti le produ tion. My ollaborators and
I showed that su h s enarios su er from serious problems involving the produ tion
of iso urvature u tuations and reli parti les su h as moduli and gravitinos. We
explained how these problems an be avoided, however, by introdu ing a oupling
between the in aton and one or more light elds and invoking the instant preheating
me hanism des ribed above.
Chapter 7 on moduli elds re onsiders an old problem, namely the produ tion of
large values of moduli elds during in ation. Moduli, i.e. light, weakly oupled elds,
appear generi ally in string and supersymmetry motivated models of parti le physi s.
In this hapter I show that the problems asso iated with their produ tion in the early
universe are more severe than had been previously realized. In parti ular, even if
no lassi al displa ement of the moduli elds o ur there will be long wavelength
quantum u tuations of these elds ampli ed during in ation. The amplitude of
these u tuations will depend on the duration of in ation and for typi al haoti
in ation models these will be large enough to disrupt nu leosynthesis and in many
ases even ause a new stage of in ation dominated by these light elds. In ation
driven by su h light elds would be in serious on i t with CMB observations. I
dis uss how these e e ts an depend on the details of the models, but do not present
a general solution to the problem.
Chapter 8, \In ation After Preheating," also deals with a se ondary stage of
in ation, but one of a very di erent sort. It was known from previous work that
if the in aton has a symmetry breaking potential and ouples to another eld then
u tuations of this se ond eld reated during preheating an temporarily lead to
symmetry restoration, followed by a rst order phase transition. It was spe ulated
that su h symmetry restoration ould lead to a very brief se ondary stage of in ation,
perhaps alleviating some problems of reli produ tion during in ation and preheating.
In this hapter I report the results of latti e simulations in whi h my ollaborators
and I veri ed this predi tion. In parti ular we found that after symmetry was restored
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in our simulations there was a brief period where the pressure was negative and the
expansion of the universe was a elerating, i.e. a period of in ation.
Chapter 9 on the development of equilibrium onsiders what happens to the inaton and the produ ts of its de ay after the explosive stage of parti le produ tion
asso iated with preheating. I report here the results of a series of latti e simulations
in di erent models. My ollaborator and I used these results to derive a set of empiri al rules that seem to govern the pro ess of thermalization. Most notably, we argued
that in most models of in ation there is some me hanism that leads to rapid parti le
produ tion, with the ex itation on entrated in the infrared modes of the produ ed
elds. Following this initial ex itation all elds that are dire tly or indire tly oupled
to the ex ited se tor also get ex ited exponentially rapidly. The elds then form into
groups, in whi h all of the elds within a parti ular group have identi al spe tra and
time evolution. Within ea h group, the elds then thermalize by spreading their energy to the ultraviolet end of the spe trum. The omposition of these groups depends
strongly on the detailed intera tions between the elds.
Finally, hapter 10 on ta hyoni preheating des ribes a new me hanism by whi h
the in aton an rapidly de ay. If the in aton se tor in ludes a dire tion in eld spa e
with negative urvature then u tuations an be rapidly produ ed via a spinodal
instability. Su h potentials o ur generi ally in models of hybrid in ation. Essentially
the pro ess being des ribed is just spontaneous symmetry breaking. The existen e of
spinodal instabilities has long been known in ondensed matter physi s, and of ourse
spontaneous symmetry breaking has been studied extensively in ondensed matter
and parti le physi s. However, so far as I know nobody had previously realized that
in the ontext of the sudden appearan e of a negative urvature (as o urs in hybrid
in ation) this me hanism of de ay is so eÆ ient as to lead to a omplete de ay of the
homogeneous eld(s) within a single os illation. We found this result to be generi
for a wide variety of models and parameters.

Chapter 5
Instant Preheating
Note: This hapter is based on a paper by Gary Felder, Lev Kofman, and Andrei
Linde, available on the Los Alamos eprint server as hep-ph/9812289. The full itation
appears in the bibliography [9℄.

Chapter Abstra t
I des ribe here a new eÆ ient me hanism of reheating. Immediately after rolling
down the rapidly moving in aton eld  produ es parti les , whi h may be either
bosons or fermions. This is a nonperturbative pro ess that o urs almost instantly;
no os illations or parametri resonan e are required. The e e tive masses of the
 parti les may be very small at the moment when they are produ ed, but they
\fatten" when the eld  in reases. When the parti les  be ome suÆ iently heavy,
they rapidly de ay to other, lighter parti les. This leads to an almost instantaneous
reheating a ompanied by the produ tion of parti les with masses whi h may be as
large as 1017 1018 GeV. This me hanism works in the usual in ationary models
where V () has a minimum, where it takes only a half of a single os illation of the
in aton eld , but it is espe ially eÆ ient in models with e e tive potentials slowly
de reasing at large  as in the theory of quintessen e.
25
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5.1 Introdu tion
As dis ussed in the introdu tion to the thesis, the rst stages of preheating are typially governed by nonperturbative e e ts. In parti ular, the most eÆ ient me hanism
of reheating known before the publi ation of the resear h in this hapter was based
on the theory of the nonperturbative de ay of the in aton eld due to the e e t of
broad parametri resonan e [5, 7, 8℄. To distinguish this stage of nonperturbative
parti le produ tion from the stage of parti le de ay and thermalization whi h an
be des ribed using perturbation theory [10, 11, 12℄ (see also [13, 4℄), it was alled
preheating.
This pro ess an rapidly transfer the energy of a oherently os illating s alar eld
to the energy of other elds or elementary parti les. Be ause of the nonperturbative
nature of the pro ess, it may lead to many unusual e e ts, su h as nonthermal osmologi al phase transitions [14, 15, 16, 17℄. Another unusual feature of preheating
dis overed in [5, 7, 8℄ is the possibility of the produ tion of a large amount of superheavy parti les with masses one or two orders of magnitude greater than the in aton
mass. In the simplest versions of haoti in ation with the in aton mass m  1013
GeV this an lead to the opious produ tion of parti les with masses up to 1014 1015
GeV [5, 7, 8, 18, 19, 20, 21, 22, 23℄. This issue is rather important sin e intera tions
and de ay of superheavy parti les may lead to baryogenesis at the GUT s ale [18, 19℄.
However, GUT baryogenesis was only marginally possible in previously studied
models of preheating be ause the masses of produ ed parti les just barely approa hed
the GUT s ale. Moreover, in some models the parti les reated by the resonan e
strongly intera t with ea h other, or rapidly de ay. This may take them out of the
resonan e band, in whi h ase parametri resonan e does not last long or does not
happen at all. Also, there are some models where the e e tive potential does not have
a minimum, but instead slowly de reases at large  [24, 25, 26, 27, 28, 29℄. In these
models the s alar eld does not os illate at all after in ation, so neither parametri
resonan e nor the standard perturbative me hanism of in aton de ay works there.
Su h models are dis ussed at more length in hapter 6.
In this hapter I show how my ollaborators and I turned these potential problems
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into an advantage. I des ribe a new me hanism of preheating, whi h works even
in the models where parametri resonan e annot develop. The new me hanism is
also nonperturbative but very simple. It leads to an almost instantaneous reheating
a ompanied by the produ tion of superheavy parti les with masses whi h may be as
great as 1017 1018 GeV. In some ases it may even lead to the produ tion of bla k
holes of a Plan kian mass, whi h immediately evaporate.

5.2 Instant preheating: The basi idea
To explain the main idea of the new s enario I will onsider the simplest model of
2
haoti in ation with the e e tive potential m2 2 or 4 4 and assume that the in aton
eld  intera ts with some other s alar eld  with the intera tion term V = 12 g 2 2 2 .
In these models in ation o urs at jj >
 0:3Mp [3℄. Suppose for de niteness that
initially  is large and negative, and in ation ends at   0:3Mp . After that the
eld  rolls to  = 0, then it grows up to 10 1 Mp  1018 GeV, and nally rolls ba k
and os illates about  = 0 with a gradually de reasing amplitude. If the oupling
onstant g is large enough (g >
 10 4), then, a ording to [5, 7, 8℄, the produ tion of
parti les  o urs for the rst time when the s alar eld  rea hes the point  = 0
after the end of in ation. With ea h subsequent os illation, parti le reation o urs
as  rosses zero. This me hanism of parti le produ tion is des ribed by the theory
of preheating in the broad resonan e regime [5, 7, 8℄. But now I will on entrate on
the rst instant of this pro ess. Remarkably, in ertain ases this is all that we need
for eÆ ient reheating.
Usually only a small fra tion of the energy of the in aton eld  10 2 g 2 is transferred to the parti les  at that moment (see Eq. (5.7) in the next se tion). The role
of parametri resonan e was to in rease this energy exponentially within several osillations of the in aton eld. But suppose that the parti les  intera t with fermions
with the oupling h  . If this oupling is strong enough, then  parti les may
de ay to fermions before the os illating eld  returns ba k to the minimum of the
e e tive potential. If this happens, parametri resonan e does not o ur. However,
as I will show, something equally interesting may o ur instead of it: The energy
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density of the  parti les at the moment of their de ay may be ome mu h greater
than their energy density at the moment of their reation.
Indeed, prior to their de ay the number density of  parti les, n , remains pra tially onstant [5, 7, 8℄, whereas the e e tive mass of ea h  parti le grows as m = g
when the eld  rolls up from the minimum of the e e tive potential. Therefore their
total energy density grows. One may say that  parti les are \fattened," being fed by
the energy of the rolling eld . The fattened  parti les tend to de ay to fermions
at the moment when they have the greatest mass, i.e. when  rea hes its maximal
value  10 1 Mp , just before it begins rolling ba k to  = 0.
At that moment  parti les an de ay to two fermions with mass up to m 
g 10 1 M , whi h an be as large as 5  1017 GeV for g  1. This is two orders of
p
2
magnitude greater than the masses of the parti les that an be produ ed by the usual
me hanism based on parametri resonan e [5, 7, 8℄. As a result, the total energy
density of the produ ed parti les also be omes two orders of magnitude greater than
their energy density at the moment of their produ tion. Thus the hain rea tion
 !  ! onsiderably enhan es the eÆ ien y of transfer of energy of the in aton
eld to matter.
More importantly, superheavy parti les (or the produ ts of their de ay) may
eventually dominate the total energy density of matter even if in the beginning their
energy density was relatively small. For example, the energy density of the os illating
in aton eld in the theory with the e e tive potential 4 4 de reases as a 4 in an
expanding universe with a s ale fa tor a(t). Meanwhile the energy density stored in
the nonrelativisti parti les (prior to their de ay) de reases only as a 3 . Therefore
their energy density rapidly be omes dominant even if originally it was small. A
subsequent de ay of su h parti les leads to a omplete reheating of the universe.
Sin e the main part of the pro ess of preheating in this s enario (produ tion of 
and parti les) o urs immediately after the end of in ation, within less than one
os illation of the in aton eld, we alled it instant preheating. I should emphasize
that instant preheating is a ompletely nonperturbative e e t, whi h an lead to the
produ tion of parti les with momenta and masses many orders of magnitude greater
than the in aton mass. This would be impossible in the ontext of the elementary
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theory of reheating developed in [10, 11, 12℄. In what follows I will give a more
detailed des ription of the instant preheating s enario.

5.3 The simplest models
Consider rst the simplest model of haoti in ation with the e e tive potential
2
V () = m2 2 , and with the intera tion Lagrangian 21 g 2 2 2 h  . I will take m =
10 6 Mp , as required by mi rowave ba kground anisotropy [3℄, and in the beginning I
will assume for simpli ity that  parti les do not have a bare mass, i.e. m () = g jj.
Reheating in this model is eÆ ient only if g >
 10 4 [5, 7, 8℄1, whi h implies gMp >
102 m for the realisti value of the mass m  10 6 Mp . Thus, immediately after the
end of in ation, when   Mp =3, the e e tive mass g jj of the eld  is mu h greater
than m. It de reases when the eld  moves down, but initially this pro ess remains
adiabati , jm_  j  m2 .
The adiabati ity ondition be omes violated and parti le produ tion o urs when
jm_ j  gj_ j be omes greater than m2 = g22. For a harmoni os illator one has
j_ 0j = m, where j_ 0j is the velo ity of the eld in the minimum of the e e tive
potential, and   10 1 Mp is the amplitude of the rst os illation. This implies
that the pro ess be omes nonadiabati for g2 <
 m, i.e. for  <  < , where
q
  mg [5, 7, 8℄. Here   10 1 Mp is the initial amplitude of the os illations of
the in aton eld. Note that under the ondition g  10 4 whi h is ne essary for
eÆ ient reheating, the interval  <
  <  is very narrow:   . As a result,
the pro ess of parti le produ tion o urs nearly instantaneously, within the time


t  _ 
j0j

 (gm)

1=2 :

(5.1)

This time interval is mu h smaller than the age of the universe, so all e e ts related
to the expansion of the universe an be negle ted during the pro ess of parti le produ tion. The un ertainty prin iple implies in this ase that the reated parti les will
1 Note

that if one takes g > 10 3 , radiative orre tions to the e e tive potential may onsiderably hange its shape [3℄. However, this does not happen in supersymmetri theories where the
ontributions of fermions and bosons nearly an el ea h other.
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have typi al momenta k  (t ) 1  (gm)1=2 . The o upation number nk of 
parti les with momentum k is equal to zero all the time when it moves toward  = 0.
When it rea hes  = 0 (or, more exa tly, after it moves through the small region
 <
  <  ) the o upation number suddenly (within the time t ) a quires the
value [5, 7, 8℄
!
k2
nk = exp
;
(5.2)
gm
and this value does not hange until the eld  rolls to the point  = 0 again.
A detailed des ription of this pro ess in luding the derivation of Eq. (5.2) was
given in Ref. [7℄; see in parti ular Eq. (55) there. This equation (5.2) an be written
in a more general form. First of all, the shape of the e e tive potential does not
play any role in its derivation. The essential point of the derivation of Eq. (5.2) is
that  parti les are produ ed in a small vi inity of the point  = 0, when (t) an be
represented as (t)  _ 0 (t t0 ). The only thing whi h one needs to know is not V (),
m or , but the velo ity of the eld  at the time when it passes the point  = 0.
Therefore one an repla e m by j_ 0 j in this equation. Also, the same equation is
valid for massive parti les  as well, if one repla es k2 by k2 + m2 , where m is the
bare mass of the parti les  at  = 0. (A similar result is valid for fermions and for
ve tor parti les.) Therefore Eq. (5.2) in a general ase (for any m and V ()) an
be written as follows:
!
 (k2 + m2 )
nk = exp
:
(5.3)
g j_ 0j
This an be integrated to give the density of  parti les
1
1 Z
(g _ )3=2
n = 2 dk k2 nk = 0 3 exp
2 0
8

!
m2
:
g j_ 0j

(5.4)

2
Numeri al investigation of in ation in the theory m2 2 with m = 10 6 Mp gives j_ 0 j =
10 7 Mp2 , whereas in the theory 4 4 with  = 10 13 one has a somewhat smaller value
j_ 0j = 6  10 9Mp2 . This implies, in parti ular, that if one takes g  1, then in the
2
theory m2 2 there is no exponential suppression of produ tion of  parti les unless
their mass is greater than m  2  1015 GeV. This agrees with a similar on lusion
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obtained in [5, 7, 8, 18, 19, 20, 21, 22, 23℄.
Let us now on entrate on the ase m2 <
 gj_ 0j, when the number of produ ed
parti les is not exponentially suppressed. In this ase

n 

(g _ 0)3=2
:
8 3

(5.5)

A ording to Eq. (5.3), a typi al initial energy (momentum) of ea h parti le  at
the moment of their produ tion is  (g j_ jj= )1=2 , so their total energy density is

 

(g _ 0 )2
:
8 7=2

(5.6)

The ratio of this energy to the total energy density  = _ 20 =2 of the s alar eld  at
this moment gives

 5  10 3 g2:
(5.7)

This result is pra ti ally model-independent, given the intera tion term 12 g 2 2 2 .
2
In parti ular, it does not depend on the in aton mass m in the theory m2 2 . The
same result an be obtained in the theory 4 4 independently of the value of .
An interesting possibility appears if one has m2  g j_ 0 j. Then the probability of
produ tion of su h parti les is not exponentially suppressed during the rst os illation, but it is exponentially suppressed during all subsequent os illations be ause j_ j
de reases due to the expansion of the universe, and the ondition m2 <
 gj_ j be omes
violated. In this ase new parti les  are not reated. However, as we already explained, these new parti les may not even be ne essary. For example, in the theory
 4 the energy density of the in aton eld  de reases as a 4 , whereas the energy

4
density stored in the nonrelativisti parti les  (prior to their de ay) de reases only
as a 3 . Therefore their energy density rapidly be omes dominant even if originally it
was small. Their subsequent de ay makes the pro ess of reheating omplete.
But preheating in this model be omes mu h more eÆ ient if one uses the me hanism des ribed in the beginning of this hapter. Indeed, let us assume that the
parti les  survive until the eld  rolls up from  = 0 to the point 1 from whi h
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2
it returns ba k to  = 0. In the theory m2 2 one has 1  0:07 Mp, whereas in the
theory 4 4 one has 1  0:12 Mp. I will take 1  0:07 Mp in my estimates. At that
time the mass of ea h parti le  will be g1  10 1 gMp, they will be nonrelativisti ,
2
and their total energy density (for the ase of the theory m2 2 ) will be

(g _ )3=2
 = m n  10 1 gMp 0 3
8

 10 14 g5=2Mp4 :

(5.8)

Therefore the ratio of the energy density of  parti les to the energy density of the
in aton eld  _ 20 =2 will be




 10 3j_ 0j

1=2

Mp g 5=2  2 g 5=2 :

(5.9)

The last result follows from the relation j_ 0 j  10 1mMp  10 7Mp2 for m  10 6 Mp .
Under the ondition g >
 10 4, whi h is the standard ondition for eÆ ient preheating
[5, 7, 8℄, this ratio is mu h greater than the one in Eq. (5.7).
If the parti les  do not de ay when the eld  rea hes 1 , then their energy will
de rease again in parallel with jj, until it rea hes the value given by Eq. (5.7). Thus,
preheating is most eÆ ient if all parti les  an de ay at the moment when the eld 
rea hes its maximal value 1 . This is possible if the lifetime of the parti les  reated
at the moment t0 is lose to t  m 1 =4. Parti les  in this model an de ay to
fermions, with the de ay rate [5, 7, 8℄
( !

)=

h2 m h2 g jj
=
:
8
8

(5.10)

Note that the de ay rate grows with the growth of the eld jj, so parti les tend to
de ay at large jj. One an easily he k that the parti les  de ay when the eld 
rea hes its maximal value jj  0:07Mp if

h2 g 

500m
Mp

 5  10 4:

(5.11)

At the moment when jj rea hes 0:07Mp , the parti les  have e e tive mass m =
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g jj  0:07gMp. Su h parti les an de ay to two fermions if m < 0:035 gMp.
This implies that after the rst half of an os illation, the s alar eld  an produ e
fermions with mass up to 0:035 gMp. For example, in the theory with g  10 1 ,
h  7  10 2 one an produ e fermions with mass up to m  4  1016 GeV, and
in the theory with g  1, h  2  10 2 one an produ e parti les with mass up to
4  1017 GeV.
As we have found, initially the ratio  is suppressed by the fa tor 2g 5=2 , see Eq.
(5.9). But this suppression is not very strong, and if the energy density of the
parti les during some short period of the evolution of the universe de reases not as
fast as the energy density of the in aton eld and other produ ts of its subsequent
de ay, then very soon the universe will be dominated by the produ ts of de ay of the
parti les , and reheating will be omplete.
If h2 g  510 4 , the  parti les may de ay before the os illating eld  rea hes its
maximal value 1  10 1 Mp . This an make our me hanism somewhat less eÆ ient.
However, the de ay annot o ur until m = g jj be omes greater than 2m . If,
for example, the fermions have mass  0:03 gMp, then the de ay o urs only when
the eld  rea hes its maximal value 1 even if h2 g  5  10 4. This preserves the
eÆ ien y of our me hanism even for very large h2 g .
On the other hand, for h2 g  5  10 4 , the parti les  do not de ay within a
single os illation. In this ase the parametri resonan e regime be omes possible,
whi h again leads to eÆ ient preheating a ording to [5, 7, 8℄. Moreover, superheavy
fermions still will be produ ed in this regime, be ause the os illating eld will spend
a ertain amount of time at   1 . During this time superheavy parti les will be
produ ed, and their number may not be strongly suppressed.
The me hanism of parti le produ tion des ribed above an work in a broad lass of
2
theories. For example, one an onsider models with the intera tion g2 2 (+v )2 . Su h
intera tion terms appear, for example, in supersymmetri models with superpotentials
of the type W = g2( + v ) [30℄. In su h models the mass m vanishes not at 1 = 0,
but at 1 = v , where v an take any value. Correspondingly, the produ tion of 
parti les o urs not at  = 0 but at  = v . When the in aton eld rea hes the
minimum of its e e tive potential at  = 0, one has m  gv , whi h may be very
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large. If one takes v  Mp , one an get m  gMp , whi h may be as great as 1018
GeV for g  10 1 , or even 1019 GeV for g  1. If, however, one takes v  Mp , the
density of  parti les produ ed by this me hanism will be exponentially suppressed
by the subsequent stage of in ation. This possibility will be dis ussed in the next
se tion.
Sin e parametri ampli ation of parti le produ tion is not important in the ontext of the instant preheating s enario, it will work equally well if the in aton eld
ouples not to bosons but to fermions [31, 32℄. Indeed, the reation of fermions with
mass g jj also o urs be ause of the nonadiabati ity of the hange of their mass at
 = 0. The theory of this e e t at g >
 10 4 is very similar to the theory of the
reation of  parti les des ribed above; see in this respe t [32℄. The eÆ ien y of
preheating will be enhan ed if the fermions with a growing mass g jj an de ay
into other fermions and bosons, as in the s enario des ribed in the previous se tion.
It is amazing that os illations of the eld  with mass m = 1013 GeV an lead to
the opious produ tion of superheavy parti les with masses 4 - 5 orders of magnitude
greater than m. The previously known me hanism of preheating was barely apable
of produ ing parti les of mass  1015 GeV, whi h is somewhat below the GUT s ale,
and even that was possible only in the strong oupling limit g = O(1). This new
me hanism allows for the produ tion of parti les with mass greater than 1016 GeV
even if the oupling onstants are relatively small. This fa t may play an important
role in the theory of baryogenesis in GUTs.

5.4 Fat wimpzillas
There have been a number of papers published on the possibility of the produ tion of
superheavy WIMPS after in ation [33, 34, 35, 36, 37, 38, 23℄. Su h parti les (whi h
have been proudly alled WIMPZILLAS [39℄) ould be responsible for the dark matter
ontent of the universe, and, if they have a very large but nite de ay time, they an
also be responsible for osmi rays with energies greater than the Greisen{Zatsepin{
Kuzmin limit [40, 41℄. The fo us of these works in a ertain sense was opposite to that
of the theory of preheating: It was ne essary to nd a me hanism for the produ tion
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of stable (or nearly stable) parti les whi h would survive until now. For that purpose,
the me hanism of their produ tion must be extremely ineÆ ient, sin e otherwise the
present density of su h reli s would be una eptably large.
As one ould expe t, it is mu h easier to make the me hanism ineÆ ient rather
than the other way around. For example, Eq. (5.4) implies that the probability

 of
m2
produ tion of superheavy  parti les is suppressed by a fa tor of exp gj_ 0 j . In
2
the theory m2 2with m =10 6 Mp we have j_ 0 j = 10 7 Mp2 , so this suppression fa tor
7
2
is given by exp 10gMmp2  . This implies that for g  1 the produ tion of parti les
with m  1016 GeV is suppressed approximately by 10 10 , and this suppression
be omes as strong as 10 40 for m = 2  1016 GeV. This same level of suppression
an be a hieved, for example, with g = 10 2 and m = 2  1015 . Thus, by ne-tuning
of the parameters m and g one an obtain any value of the density of WIMPS at
the present stage of the evolution of the universe. This result agrees with the result
obtained in [23℄ by a di erent method.
This suppression me hanism is equally operative for the pro ess  !  ! disussed here. If the parti les  are heavy at  = 0, their number will be exponentially
suppressed. When the eld  grows, their masses grow as follows: m2 () = m2 + g 2 2 ,
At the moment of their de ay these parti les an have mass of the order 1017 1018
GeV. The main advantage of this new me hanism is that the pro ess of fattening of
the parti les  des ribed above allows for the produ tion of parti les whi h an
be 102 times heavier than their ousins dis ussed in [33, 34, 35, 36, 37, 38, 23℄. In
the absen e of established terminology, one an all su h superheavy parti les FAT
WIMPZILLAS.
Another way to produ e an exponentially small number of superheavy WIMPS
is to produ e them at the last stages of in ation. This is possible in theories with
2
the intera tion term g2 2 ( + v )2 , as des ribed in the previous se tion. If one takes
v >
of 
 Mp, then the parti les  will be reated during in ation. The number
2
parti les produ ed during in ation in the simplest theory with V () = m2 2 does not
p
depend on v be ause _ does not depend on  and on v in this s enario: _ = mM
2 [3℄.
However, their density will subsequently be exponentially suppressed by in ation.
This is exa tly what we need if the  parti les or the produ ts of their de ay are
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2
WIMPS. For example, in the theory with V () = m2 2 the universe in ates by
a fa tor of exp(2v 2 =Mp2 ) after the reation of  parti les [3℄, so their density at
the end of in ation be omes smaller by a fa tor of exp(6v 2 =Mp2 ). This leads to a
desirable suppression for v  2Mp . (The exa t number depends on the subsequent
thermal history of the universe.) Meanwhile the masses of WIMPS produ ed by this
me hanism an be extremely large, of order gMp. If the  parti les are stable, they
themselves may serve as superheavy WIMPS with nearly Plan kian mass. If they
de ay to fermions, then the fermions may play a similar role.

5.5 Instant Preheating and NO Models
The me hanism of instant preheating works most eÆ iently in models where the
in aton potential be omes at at large values of . Su h non-os illatory (NO) models
have been the subje t of a great deal of interest re ently be ause of their potential
appli ation to the theory of quintessen e, i.e. the possibility that a rolling s alar
eld with a nearly at potential ould mimi the role of a osmologi al onstant in
the urrent universe. The appli ation of instant preheating in these models will be
dis ussed in detail in hapter 6. Here I will simply note that if the mass of the
parti les  grows with  and  has a at potential then the mass of  an be ome
essentially arbitrarily large.

5.6 Con lusions
The theory of reheating after in ation is already rather old. For many years it was
thought that the lassi al os illating in aton eld ould be represented as a olle tion
of s alar parti les of mass m <
 1013 GeV, that ea h parti le de ayed to parti les of
smaller mass, and that the nal goal was to al ulate the reheating temperature Tr .
During the last de ade we have learned that this simple pi ture in ertain ases an
be very useful, but typi ally one must use the nonperturbative theory of reheating for
the des ription of the rst stages of reheating. The main ingredient of this theory was
the theory of broad parametri resonan e. Parti le produ tion in this s enario ould
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be represented as a series of su essive a ts of reation, during whi h the number of
produ ed parti les in reased exponentially. It seems now that this was only a rst
step towards a omplete understanding of nonperturbative me hanisms of reheating
after in ation. It may be suÆ ient to onsider a single a t of reation, espe ially if
one takes into a ount the relative in rease of energy of produ ed parti les during the
subsequent evolution of the lassi al in aton eld, and the possibility of the hain
rea tion  !  ! . This new me hanism is apable of produ ing parti les of
nearly Plan kian energy, whi h was impossible in the previous versions of the theory
of reheating.
One of the key ingredients of the nonperturbative me hanism of preheating des ribed above is a nonadiabati hange of the mass m () near the point where it
vanishes (or at least strongly de reases). Su h situations o ur very naturally in supersymmetri theories of elementary parti les if one identi es  and  with moduli
elds that orrespond to at dire tions of the e e tive potential. Indeed, in supersymmetri theories the e e tive potential often has several at dire tions, whi h may
interse t. When one of the moduli elds (the in aton) moves along a at dire tion
and rea hes the interse tion, the mass of another eld vanishes. A simple example of
this situation was des ribed in se tion 5.3. The hange of the number of massless degrees of freedom is a generi phenomenon whi h is under intense investigation in the
ontext of supersymmetri gauge theories, supergravity and string theory, where it is
asso iated with the points of enhan ed gauge symmetry, see e.g. [42, 43, 44, 45, 46℄.
Masses of elementary parti les may also hange nonadiabati ally during osmologi al phase transitions. At the moment of a phase transition masses of some parti les
vanish and may even temporarily be ome ta hyoni . In this ase parti le produ tion
may be ome even more intense. See hapter 10.
The main on lusion of this work is that with an a ount taken of the new possibilities dis ussed above the s enario of preheating be omes more robust. In the
ases where parametri resonan e may o ur, it provides a very eÆ ient me hanism
of preheating. Now we have found that eÆ ient preheating is possible even in models
where parametri resonan e does not happen be ause of the rapid de ay of produ ed
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parti les. Instant preheating o urs in the usual in ationary models where the in aton eld os illates near the minimum of its e e tive potential. But this me hanism
works espe ially well in models with e e tive potentials whi h slowly de rease at large
, as in the theory of quintessen e. The onversion of the energy of the in aton eld
to the energy of elementary parti les in these models o urs very rapidly, and it is
always 100% eÆ ient. The next hapter dis usses su h s enarios.

Chapter 6
In ation and Preheating in NO
Models
Note: This hapter is based on a paper by Gary Felder, Lev Kofman, and Andrei
Linde, available on the Los Alamos eprint server as hep-ph/9903350. The full itation
appears in the bibliography [47℄.

Chapter Abstra t
In this hapter I dis uss in ationary models in whi h the e e tive potential of the
in aton eld does not have a minimum, but rather gradually de reases at large . In
su h models the in aton eld does not os illate after in ation, and its e e tive mass
be omes vanishingly small, so the standard theory of reheating based on the de ay of
the os illating in aton eld does not apply. For a long time the only known me hanism
of reheating in su h non-os illatory (NO) models was based on gravitational parti le
produ tion in an expanding universe. This me hanism is very ineÆ ient. I will
show that it may lead to osmologi al problems asso iated with large iso urvature
u tuations and overprodu tion of dangerous reli s su h as gravitinos and moduli
elds. These problems an be resolved in the ontext of the s enario of instant
preheating des ribed in hapter 5 if there exists an intera tion g 22 2 of the in aton
eld  with another s alar eld . I show that the me hanism of instant preheating in
39
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NO models is mu h more eÆ ient than the usual me hanism of gravitational parti le
produ tion even if the oupling onstant g 2 is extremely small, 10 14  g 2  1.

6.1 Introdu tion
Usually it is assumed that the in aton eld  after in ation rolls down to the minimum of its e e tive potential V (), os illates, and eventually de ays. The stage
of os illations of the in aton eld is a ne essary part of the standard me hanism of
reheating of the universe [10, 11, 12, 5, 7, 8℄.
However, there exist some models where the in aton potential V () gradually
de reases at large  and does not have a minimum. In su h theories the in aton eld
 does not os illate after in ation, so the standard me hanism of reheating does not
work there.
Investigation of in ationary models of this type has been rather sporadi [24,
25, 26, 27, 28℄, and ea h new author has given them a new name, su h as de ation
[25℄, kination [26, 27℄, and quintessential in ation [28℄. However, the universe does
not de ate in these models, and in general they are not related to the theory of
quintessen e. The main distinguishing feature of in ationary models of this type is the
non-os illatory behavior of the in aton eld, whi h makes the standard me hanism
of reheating inoperative. Therefore we de ided to all su h models \non-os illatory
models," or simply \NO models." In addition to des ribing the most essential feature
of this lass of theories whi h makes reheating problemati , this name re e ts the
rather negligent attitude towards these models whi h existed until re ently.
One of the reasons why NO models have not attra ted mu h attention was the
absen e of an eÆ ient me hanism of reheating. For a long time it was believed that
the only me hanism of reheating possible in NO models was gravitational parti le
produ tion [24, 25, 26, 27, 28℄, whi h o urs be ause of the hanging metri in the
early universe [48, 49, 50, 51, 52, 53℄. This me hanism is very ineÆ ient, whi h may
lead to ertain osmologi al problems.
However, re ently the situation hanged. The me hanism of instant preheating
des ribed in the previous hapter is very eÆ ient, and it works in NO models even
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better than in the models where V () has a minimum.
In this hapter I will des ribe various features of NO models. First of all, I will
dis uss the problem of initial onditions in these models, whi h had not been properly
addressed before. The standard assumption made in [24, 25, 26, 27, 28℄ is that at
the end of in ation in NO models one has a large and heavy in aton eld  that
rapidly hanges and reates light parti les  minimally oupled to gravity from a
state where the lassi al value of the eld  vanishes. We showed that this setting of
the problem needed to be re onsidered. If the elds  and  do not intera t (whi h
was the standard assumption of Refs. [24, 25, 26, 27, 28℄), then at the end of in ation
the eld  typi ally does not vanish. Usually the last stages of in ation are driven by
the light eld  rather than by the heavy eld . But in this ase reheating o urs
due to os illations of the eld , as in the usual models of in ation.
In addition to reexamining the problem of initial onditions, we will point out potential diÆ ulties asso iated with iso urvature perturbations and gravitational produ tion of gravitinos and moduli elds in NO models.
In order to provide a onsistent setting for the NO models one needs to introdu e
intera tion between the elds  and . This resolves the problem of initial onditions
in these models and makes it possible to have a non-os illatory behavior of the in aton
eld after in ation. We show that all of these problems an be resolved in the ontext
of the re ently proposed s enario of instant preheating [9℄ if there is an intera tion
g2 2 2 of the in aton eld  with another s alar eld , with g 2  10 14 . In this ase
2
the me hanism of instant preheating in NO models is mu h more eÆ ient than the
usual me hanism of gravitational parti le produ tion studied in [24, 25, 26, 27, 28℄.

6.2 Iso urvature perturbations in NO Models
In hapter 7 I show that if in ation begins with a large value of the in aton  and
a vanishing value of a light eld  then typi ally large u tuations of the eld 
will be generated by the end of in ation. These u tuations are largest at long
wavelengths, well outside the horizon, and thus appear e e tively homogeneous on
subhorizon s ales. For a suÆ iently long period of in ation these u tuations will
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grow large enough to initiate a new in ationary stage driven by the light eld . Thus
the standard assumption that reheating begins with a light eld  having vanishing
amplitude is generi ally in orre t.
Here I will onsider a more general question: If the two elds  and  do not
intera t, then why should we assume that one of them should vanish at the beginning
of in ation? And if it does not vanish, then how does it hange the whole pi ture?
Suppose for example that the eld  is a Higgs eld [28℄ with a relatively small
mass and with a large oupling onstant    . The total e e tive potential in
this theory (for  < 0) is given by

V (; ) =

 4  2
 + (
4
4

v 2 )2 :

(6.1)

Here v is the amplitude of spontaneous symmetry breaking, v  Mp . During in ation
and at the rst stages of reheating this term an be negle ted, so we will study the
simpli ed model


V (; ) =  4 +  4 :
(6.2)
4
4
This model was rst analyzed in [54℄. It is dire tly related to the Peebles-Vilenkin
model [28℄ if the eld  is the Higgs boson eld with a small mass m.
In general, at the beginning of in ation one has both  6= 0 and  6= 0. Thus we
will not assume that  = 0, and instead of studying quantum u tuations of this eld
whi h an make it large, I will assume that it ould be large from the very beginning.
Even though the elds  and  do not intera t with ea h other dire tly, they move
towards the state  = 0 and  = 0 in a oherent way. The reason is that the motion
of these elds is determined by the same value of the Hubble onstant H .
The equations of motion for both elds during in ation look as follows:
3H _ =  3 :

(6.3)

3H _ =  3 :

(6.4)
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These equations imply that

d
d
=
;
3
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(6.5)

whi h yields the general solution
1
1
1
=
+
2
2
 
   20

1
;
 20

(6.6)

Sin e the initial values of these elds are mu h greater than the nal values, at the
last stages of in ation one has [54℄




v
u
u
= t :

(6.7)



Suppose    . In this ase the \heavy" eld  rapidly rolls down, and then
from the last equation it follows, rather paradoxi ally, that the Hubble onstant at
the end of in ation is dominated by the \light" eld . Thus we an onsistently
onsider the reation of u tuations of the eld  ( parti les) at the end of and after
the last in ationary stage driven by the  eld. But now these u tuations o ur on
top of a nonvanishing lassi al eld .

To study the behavior of the lassi al elds  and  and their u tuations analyti ally,
remember that during the in ationary stage driven by  one has
q one should
2
  2
H = 3 Mp . In this ase, as before, the solution for the equation of motion of the
eld  is given by [2℄
0 s
1


 = 0 exp 
M tA :
(6.8)
6 p
Meanwhile, a ording to Eq. (6.7),
v
u
u
 = 0 t 



0 s
1
 A
exp 
Mp t ;

6

(6.9)
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whereas for perturbations of the eld  one has:
0
Æ = Æ0 exp 

s

1


3  Mp tA :
6

(6.10)

Let us onsider, for example, the behavior of the elds and their u tuations at
the end of in ation, starting from the moment  = i . One may take, for example,
i  4Mp , whi h orresponds to a point approximately 60 e-folds before the end of
in ation. The u tuations Æi  H (i )=2 de rease a ording to (6.10), and at the
end of in ation one gets
0
H (i)
exp 

Æ
=

2i

s

2

q
1
 A p  i
Mp t =

6

2e
:
6Mp 2i

(6.11)

Here e  0:3Mp orresponds to the end of in ation.1 After that moment the
elds  and  begin os illating, and the ratio of Æ to the amplitude of os illations
of the eld  remains approximately onstant. This gives the following estimate for
the amplitude of iso urvature perturbations in this model:

ÆV ()
V ()

q
Æ
2
 4  = 2  10  :

(6.12)

Initially perturbations of V () give a negligibly small ontribution to perturbations of the metri be ause V ()  V (); that is why they are alled iso urvature
perturbations. However, the main idea of preheating in NO models is that eventually
 elds or the produ ts of their de ay will give the dominant ontribution to the
energy-momentum tensor be ause the energy density of the eld  rapidly vanishes
due to the expansion of the universe (  a 6 ). However, be ause of the inhomogeneity of the distribution of the eld  (whi h will be imprinted in the density
distribution of the produ ts of its de ay on s ales greater than H 1), the period of the
dominan e of matter over the s alar eld  will happen at di erent times in di erent
2

are grateful to Peebles and Vilenkin for pointing out that the fa tor e2 should be present
i
in this equation.
1 We
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parts of the universe. In other words, the epo h when the universe begins expanding
p
as a  t or a  t2=3 instead of a  t1=3 will begin at di erent moments t (at different total densities) in di erent parts of the universe. Starting from this time the
iso urvature u tuations (6.12) will produ e metri perturbations, and, as a result,
perturbations of CMB radiation.

Note that if the equation of state of the eld  or of the produ ts of its de ay
oin ided with the equation of state of the s alar eld  after in ation, u tuations
of the eld  would not indu e any anisotropy of CMB radiation. For example, these
u tuations would be harmless if the eld  de ayed into ultrarelativisti parti les
with the equation of state p = =3 and if the equation of state of the eld  at that
time were also given by p = =3. However, in our ase the eld  has equation of
state p = , whi h is quite di erent from the equation of state of the eld  or of its
de ay produ ts.

Iso urvature u tuations lead to approximately 6 times greater large s ale anisotropy
of the osmi mi rowave radiation as ompared with adiabati perturbations. To avoid
osmologi al problems, one would need to have ÆVV (()) <
 5  10 6. If  is the Higgs
eld with  >
 10 7, then the perturbations dis ussed above will be una eptably
large. This may be a rather serious problem. Indeed, one may expe t to have many
s alar elds in realisti theories of elementary parti les. To avoid large iso urvature
u tuations ea h of these elds must be extremely weakly oupled, with  <
 10 7,
The general on lusion is that the theory of reheating in NO models, as well as
their onsequen es for the reation of the large-s ale stru ture of the universe, may
be quite di erent from what was anti ipated in the rst papers on this subje t. In the
simplest versions of su h models in ation typi ally does not end in the state  = 0,
and large iso urvature u tuations are produ ed.
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6.3 Cosmologi al produ tion of gravitinos and moduli elds
If the in aton eld  is sterile, not intera ting with any other elds, the elementary
parti les onstituting the universe should be produ ed gravitationally due to the
variation of the s ale fa tor a(t) with time. This was one of the basi assumptions
of all papers on NO models [24, 25, 26, 27, 28℄. Not all spe ies an be produ ed this
way, but only those whi h are not onformally invariant. Indeed, the metri of the
Friedmann universe is onformally at. If one onsiders, for example, massless s alar
parti les  with an additional term 121 2 R in the Lagrangian ( onformal oupling),
one an make onformal transformations of  simultaneously with transformations
of the metri and nd that the theory of  parti les in the Friedmann universe is
equivalent to their theory in at spa e. That is why su h parti les would not be
reated in an expanding universe.
Sin e onformal oupling is a rather spe ial requirement, one expe ts a number
of di erent spe ies to be produ ed. An apparent advantage of gravitational parti le
produ tion is its universality [35, 36, 37℄. There is a kind of \demo ra y" rule for all
parti les non- onformally oupled to gravity: the density of su h parti les produ ed
at the end of in ation is X  X H 4 , where X  10 2 is a numeri al fa tor spe i
for di erent spe ies and H is the Hubble parameter at the end of in ation.
Unfortunately, demo ra y does not always work; there may be too many dangerous reli s produ ed by this universal me hanism. One of the potential problems is
related to the overprodu tion of gravitons mentioned in [28℄. In order to solve it one
needs to have models with a very large number of types of light parti les. This is
diÆ ult but not impossible [28℄. However, even more diÆ ult problems will arise if
NO models are implemented in supersymmetri theories of elementary parti les.
For example, in supersymmetri theories one may en ounter many at dire tions
of the e e tive potential asso iated with moduli elds. These elds usually are very
stable. Moduli parti les de ay very late, so in order to avoid osmologi al problems
the energy density of the moduli elds must be many orders of magnitude smaller
than the energy density of other parti les [55, 56, 57, 58, 59, 60℄.
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Moduli elds typi ally are not onformally invariant. There are several di erent
e e ts that add up to give them masses CH during expansion of the universe, with
C = O(1) (in general, C is not a onstant) [55, 56, 57, 58, 59℄. This is very similar to
what happens if, for example, one adds a term 2 R2 to the lagrangian of a s alar
eld. Indeed, during in ation R = 12H 2, so this term leads to the appearan e of a
ontribution to the mass of the s alar eld m2 = 12H 2. Conformal oupling would
orrespond to m2 = 2H 2.
A ording to [24℄, the energy density of s alar parti les produ ed gravitationally
at the end of in ation is given by 10 2 H 4 (1 6 )2 . Thus, unless the onstant C
is ne-tuned to mimi onformal oupling, we expe t that in addition to the energy
of lassi al os illating moduli elds, at the end of in ation one has gravitational
produ tion of moduli parti les with energy density  10 2 H 4 , just as for all other
onformally noninvariant parti les.
In usual in ationary models one also en ounters the moduli problem if the energy
of lassi al os illating moduli elds is too large [55, 56, 57, 58, 59℄. Here we are disussing an independent problem whi h appears even if there are no lassi al os illating
moduli. Indeed, in NO models all parti les reated by gravitational e e ts at the end
of in ation will have similar energy density  10 2 H 4 . But if the energy density
of moduli elds is not extremely strongly suppressed as ompared with the energy
density of other parti les, then su h models will be ruled out [55, 56, 57, 58, 59, 60℄.
See hapter 7 for further dis ussion of the moduli problem in in ation.
A similar problem appears if one onsiders the possibility of gravitational (nonthermal) produ tion of gravitinos. Usually it is assumed that gravitinos have mass
m3=2 = 102 103 GeV, whi h is mu h smaller than the typi al value of the Hubble
onstant at the end of in ation. Therefore naively one ould expe t that gravitinos,
just like massless fermions of spin 1=2, are (almost exa tly) onformally invariant and
should not be produ ed due to expansion of the Friedmann universe.
However, in the framework of supergravity, the ba kground metri is generated
by in aton eld(s) j with an e e tive potential onstru ted from the superpotential
W (j ). The gravitino mass in the early universe a quires a ontribution proportional
to W (j ). Depending on the model, the gravitino mass soon after the end of in ation
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may be of the same order as H or somewhat smaller, but typi ally it is mu h greater
than its present value m3=2 .
A general investigation of the behavior of gravitinos in the Friedmann universe
shows that the gravitino eld in a self- onsistent Friedmann ba kground supported
by s alar elds is not onformally invariant [61℄. For example, the e e tive potential
p
4 an be obtained from the superpotential 3 in the global supersymmetry limit.
p
This leads to a gravitino mass  3 =Mp2 . At the end of in ation   Mp , and
p
therefore the gravitino mass is omparable to the Hubble onstant H  2 =Mp .
This implies strong breaking of onformal invarian e.
The theory of gravitational produ tion of gravitinos is strongly model-dependent,
and in some models it might be possible to a hieve a ertain suppression of their
produ tion as ompared to the produ tion of other parti les. The problem is that, just
like in the situation with the moduli elds, this suppression must be extraordinarily
strong. Indeed, to avoid osmologi al problems one should suppress the number of
gravitinos as ompared to the number of other parti les by a fa tor of about 10 15
[62, 63, 64, 65, 66, 67℄. For a more detailed dis ussion of the osmologi al produ tion
of gravitinos see [61℄.
The gravitino/moduli problem and the problem of iso urvature perturbations are
interrelated in a rather nontrivial way. Indeed, the gravitino and moduli problems are
espe ially severe if the density of gravitinos and/or moduli parti les produ ed during
reheating is of the same order of magnitude as the energy density of s alar elds .
In my previous al ulations I assumed, following [24, 28℄, that the energy density of
the elds  after in ation is O(10 2H 4 ). But this statement is not always orre t.
It was derived in [24℄ under an assumption that parti le produ tion o urs during
a short time interval when the equation of state hanges. Meanwhile in in ationary
osmology the long-wavelength u tuations of the eld  minimally oupled to gravity
are produ ed during in ation all the time when the Hubble onstant H (t) is smaller
than the mass of the  parti les m . The energy density of  parti les produ ed
2
during in ation will ontain a ontribution 0 = m2 h2 i, whi h may be many orders
of magnitude greater than 10 2 H 4.
For the sake of argument, one may onsider in ation in the theory 4 4 and take
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p

m equal to the value of H at the end of in ation, m   Mp . Then, a ording to
2 6
6
Eq. (7.29), after in ation one has 0  36mMp40  10 2 H 4 M0p  10 2 H 4 , be ause
0  Mp .
This is the same e e t that I dis uss in hapter 7: If 0 is large enough, we
may even have a se ond stage of in ation driven by the large energy density of the
u tuations of the eld . But even if 0 is not large enough to initiate a se ond
stage of in ation, it still must be mu h greater than Mp to drive the rst stage of
in ation, whi h makes the standard estimate   10 2 H 4 in orre t [68℄.
There is one more e e t that should be onsidered, in addition to gravitational
p
parti le produ tion. The e e tive mass of the parti les  at  < 0 is given by 3.
At the end of in ation, at   Mp , this mass is of the same order as the Hubble
p
onstant  2 =Mp. Then, within the Hubble time H 1 the eld  rolls to the
valley at  > 0 and its mass vanishes. This is a non-adiabati pro ess; the mass of
the s alar eld hanges by O(H ) during the time O(H 1). As a result, in addition to
gravitational parti le produ tion there is an equally strong produ tion of parti les 
due to the nonadiabati hange of their mass [68, 69℄.
This may imply that the fra tion of energy in gravitinos will be mu h smaller than
previously expe ted, simply be ause the fra tion of energy in the u tuations of the
eld  will be mu h larger. But there is no free lun h. For example, the produ tion of
large number of nearly massless parti les  may lead to problems with nu leosynthesis.
Large in ationary u tuations of the eld  an reate large iso urvature u tuations.
One an avoid this problem if one assumes, for example, that the elds  a quire
e e tive mass O(H ) in an expanding universe. Then their u tuations will not be
produ ed during in ation. But in su h a ase their density after in ation will be
given by 10 2 H 4 , and therefore we do not have any relaxation of the gravitino and
the moduli problems.

6.4 Saving NO models: Instant preheating
As we will see, the problems dis ussed above will not appear in theories of a more
general lass, where the elds  and  an intera t with ea h other. I will onsider a
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2
model with the intera tion g2 2 2 . First I will show that in this ase it really makes
sense to study preheating assuming that  = 0. Then I will dis uss how the instant
preheating me hanism des ribed in hapter 5 allows eÆ ient energy transfer from the
eld  to parti les of the eld .

6.4.1 Initial onditions for in ation and reheating in the model
2
with intera tion g2 22
Consider a theory with an e e tive potential dominated by the term V (; ) =
g2 2 2 . This means that the onstant g is large enough for me to temporarily negle t
2
the terms 4 4 + 4 4 in the dis ussion of initial onditions.
In this ase the Plan k boundary is given by the ondition

g2 2 2
   Mp4 ;
2

(6.13)

whi h de nes a set of four hyperbolas

g jjjj  Mp2 :

(6.14)

At larger values of  and  the density is greater than the Plan k density, so the
standard lassi al des ription of spa e-time is impossible there. On the other hand,
the e e tive masses of the elds should be smaller than Mp , and onsequently the
urvature of the e e tive potential annot be greater than Mp2 . This leads to two
additional onditions:
jj < g 1Mp; jj < g 1Mp:
(6.15)

I assume that g  1. Suppose for de niteness that initially the elds  and  belong
to the Plan k boundary (6.14) and that jj is half-way towards its upper bound (6.15):
jj  g 1Mp=2. The hoi e of the oeÆ ient 1=2 here is not essential; we only want
to make sure that the eld  initially is of order Mp , but it an be slightly greater
than Mp , This allows for an extremely short stage of in ation when the eld  rolls
down towards  = 0.
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The equations for the two elds are

and

 + 3H _ = g 2 2 :

(6.16)

 + 3H _ = g 2 2 :

(6.17)

The urvature of the e e tive potential in the  dire tion initially is  g 2 2  g 2 Mp2 ,
whi h is very small ompared to the initial value of H 2  Mp2 . Thus the eld  will
move very slowly, so one an negle t the term  in Eq. (6.16).
3H _ = g 2 2 :

(6.18)

2
If the eld  hanges slowly, then the eld  behaves as in the theory m2 2 with
m  g jj being slightly smaller than Mp and with the initial value of  being slightly
greater than Mp . This leads to a very short stage of in ation that ends within a few
Plan k times. After this short stage the eld  rapidly os illates. During this stage
the energy density of the os illating eld drops down as a 3 , the universe expands as
a  t2=3 , and H = 32t . Thus the square of the amplitude of the os illations of the eld
 de reases as follows: 2  20 a 3  t 2 . This leads to the following equation for
the eld :
_
g2

:
(6.19)

t

  g2
The solution of this equation is  = 0 tt0
with t0  Mp 1 , and 0  Mp =g .
(The ondition t0  Mp 1 follows from the fa t that the initial value of H = 32t is not
mu h below Mp .) This gives



Mp
(Mp t)
g

g2

:

(6.20)

The in aton eld  be omes equal to Mp after the exponentially large time
1
t  Mp 1

g

!g

2

:

(6.21)
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During this time the energy of os illations of the eld  be omes exponentially small,
and the small term 4 4 that I negle ted until now be omes the leading term driving
the s alar eld . At this stage we will have the usual haoti in ation s enario with
jj > Mp and with the elds evolving along the dire tion  = 0.
2
Thus in the presen e of the intera tion term g2 2 2 one an indeed onsider ination and reheating with  = 0. As we have seen, this possibility was rather problemati in the models where  and  intera ted only gravitationally.
The e e tive mass of thep eld  during in ation is g jj, whi h is mu h greater
2
2
2
than the Hubble onstant  Mp for g  M p2 . In realisti versions of this model one
has   10 13 [3℄, and g 2  . Therefore long-wavelength u tuations of the eld 
are not produ ed during the last stages of in ation, when   Mp .
A similar on lusion is valid if at the last stages of in ation the e e tive potential
2
of the eld  is quadrati , V () = m2 2 . In this ase H  m
Mp , and in ationary
u tuations of the eld  are not produ ed for g  Mmp . In realisti versions of this
model one has m  10 6 Mp [3℄, and u tuations Æ are not produ ed if g 2  10 12 .
This means that the problem of iso urvature u tuations does not appear.

6.4.2 Instant preheating in NO models
To explain the main idea of the instant preheating s enario in NO models, I will
2
onsider for simpli ity a model where V () = m2 2 for  < 0, and V () vanishes for
 > 0. I will dis uss a more general situation later. I will assume that the e e tive
2
potential ontains the intera tion term g2 2 2 , and that  parti les have the usual
Yukawa intera tion h   with fermions . For simpli ity, we will assume here that
 parti les do not have any bare mass, so that their e e tive mass is equal to g jj.
In hapter 5 I showed that for this ase  parti les are produ ed at the moment
_ 3=2
when  = 0 with number density (g80)3 , whi h then de reases as a 3 (t) to give

n =

(g _ 0 )3=2
:
8 3 a3 (t)

(6.22)

(See equation (5.5).) Here we take a0 = 1 at the moment of parti le produ tion.
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Parti le produ tion o urs only in a small vi inity of  = 0. Then the eld 
ontinues rolling along the at dire tion of the e e tive potential with  > 0, and
the mass of ea h  parti le grows as g. Therefore the energy density of produ ed
parti les is
(g _ )3=2 g(t)
 = 0 3
:
(6.23)
8
a3 (t)
The energy density of the eld  drops down mu h faster, as a 6 (t). The reason
is that if one negle ts ba krea tion of produ ed parti les, the energy density of the
eld  at this stage is entirely on entrated in its kineti energy density 12 _ 2 , whi h
orresponds to the equation of state p = . I will study this issue now in a more
detailed way.
The equation of motion for the in aton eld after parti le produ tion looks as
follows:
 + 3H _ = g 2 h2 i
(6.24)
I will assume for simpli ity that the eld  does not have bare mass, i.e. m = g. As
soon as the eld  be omes greater than  (and this happens pra ti ally instantly,
when parti le produ tion ends), the parti les  be ome nonrelativisti . In this ase
h2i an be easily related to n :
1 Z
2
h i  22

2

_ 3=2

n
(g 0 )
pkn2k +k dk


:
2
2
g 8 3 ga3(t)
g

(6.25)

Therefore the equation for the eld  reads
(g _ )3=2
 + 3H _ = gn = g 3 0 3 :
8 a (t)

(6.26)

To analyze the solutions of this equation, I will rst negle t ba krea tion. In this ase
one has a  t1=3 , H = 31t , and

=
where t0 = 3H1 0 = 2pM3p_ 0

 p35m .

Mp
p

2 3

log

t
;
t0

(6.27)

54

CHAPTER 6.

INFLATION AND PREHEATING IN NO MODELS

One an easily he k that this regime remains inta t and ba krea tion is unim3
portant for t < t1  p85 _ , until the eld  grows up to
g 0

1 

5Mp
p log 1g :
4 3

(6.28)

This equation is valid for g  1. For example, for g = 10 3 one has 1  3Mp. For
g = 10 1 one has 1  Mp . Note that the terms in the left hand side of the Eq. (6.26)
de rease as t 2 when the time grows, whereas the ba krea tion term goes as t 1 . As
soon as the ba krea tion be omes important, i.e. as soon as the eld  rea hes 1 ,
it turns ba k, and returns to  = 0. When it rea hes  = 0, the e e tive potential
be omes large, so the eld  annot be ome negative, and it boun es towards large
 again.
Now let us take into a ount intera tion of the  eld with fermions. This intera tion leads to de ay of the  parti les with the de ay rate [5, 7, 8℄
( !

)=

h2 m h2 g jj
=
:
8
8

(6.29)

Note that the de ay rate grows with the growth of the eld jj, so parti les tend to
de ay at large . In our ase the eld  spends most of the time prior to t1 at   Mp
(if it does not de ay earlier, see below). The de ay rate at that time is
( !

)

h2 gMp
:
8

(6.30)

3
If  1 < t1  g58=2 _ 0 , then parti les  will de ay to fermions at t < t1 and the for e
driving the eld  ba k to  = 0 will disappear before the eld  turns ba k. In this
ase the eld  will ontinue to grow, and its energy density will ontinue de reasing
anomalously fast, as a 6 . This happens if

h2 gMp g 5=2 _ 10=2
>
:
8  8 3

(6.31)

p
6
Taking into a ount that in our ase _ 0  mM
10 and m  10 Mp , one nds that this
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ondition is satis ed if h >
 5  10 3g3=4. This is a very mild ondition. For example,
it is satis ed for h > 5  10 3 if g = 1, and for h > 5  10 7 if g = 10 4 .
This s enario is always 100% eÆ ient. The initial fra tion of energy transferred
to matter at the moment of  parti le produ tion is not very large, about 10 2 g 2 of
the energy of the in aton eld [9℄. However, be ause of the subsequent growth of
this energy due to the growth of the eld , and be ause of the rapid de rease of
kineti energy of the in aton eld, the energy density of the  parti les and of the
produ ts of their de ay soon be omes dominant. This should be ontrasted with the
usual situation in the theories where V () has a minimum. As was emphasized in
[5, 7, 8℄, eÆ ient preheating is possible only in a sub lass of su h models. In many
models where V () has a minimum the de ay of the in aton eld is in omplete, and it
a umulates an una eptably large energy density ompared with the energy density
of the thermalized omponent of matter. The possibility of having very eÆ ient
reheating in NO models may have signi ant onsequen es for in ationary model
building.
It is instru tive to ompare the density of parti les produ ed by this me hanism
to the density of parti les reated during gravitational parti le produ tion, whi h is
given by   10 2 H 4   Mp4 , where  is the energy density of the eld  at
the end of in ation. In the model 4 4 one has   10 16 Mp4 , and, onsequently,
   Mp4  10 16  . Meanwhile, as we just mentioned, at the rst moment after
parti le produ tion in our s enario the energy density of produ ed parti les is of
the order of 10 2 g 2 [9℄, and then it grows together with the eld  be ause of
the growth of the mass g of ea h  parti le. Thus, for g 2 >
 10 14 the number
of parti les produ ed during instant preheating is mu h greater than the number of
parti les produ ed by gravitational e e ts. Therefore one may argue that reheating of
the universe in NO models should be des ribed using the instant preheating s enario.
Typi ally it is mu h more eÆ ient than gravitational parti le produ tion. This means,
in parti ular, that produ tion of normal parti les will be mu h more eÆ ient than
the produ tion of gravitinos and moduli.
In order to avoid the gravitino problem altogether one may onsider versions of
NO models where the parti les produ ed during preheating remain nonrelativisti
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for a while. Then the energy density of gravitinos during this epo h de reases mu h
faster than the energy density of usual parti les. New gravitinos will not be produ ed
if the resulting temperature of reheating is suÆ iently small.

6.5 Other versions of NO models
In the previous se tion we onsidered the simplest model where V () = 0 for  > 0.
However, in general V () may be ome at not at  = 0, but only asymptoti ally, at
>
 Mp. Su h theories have be ome rather popular now in relation to the theory of
quintessen e; for a partial list of referen es see e.g. [70, 71, 72, 73, 74, 75, 76, 29, 77,
78, 79℄. In su h a ase the ba krea tion of reated parti les may never turn the s alar
eld  ba k to  = 0. Therefore the de ay of the parti les  may o ur very late, and
one an have very eÆ ient preheating for any values of the oupling onstants g and
h.
On the other hand, if the  parti les are stable, and if the eld  ontinues rolling
for a very long time, one may en ounter a rather unusual regime. If the parti le
masses g jj at some moment approa h Mp , the  parti les may onvert to bla k holes
and immediately evaporate.
Indeed, in onventional quantum eld theory, an elementary parti le of mass M
has a Compton wavelength M 1 smaller than its S hwarzs hild radius 2M=Mp2 if
M>
 Mp. Therefore one may expe t that as soon as m = gjj be omes greater than
Mp , ea h  parti le be omes a Plan k-size bla k hole, whi h immediately evaporates
and reheats the universe. If this regime is possible, it should be avoided. Indeed,
bla k holes of Plan k mass may produ e similar amounts of all kinds of parti les,
in luding gravitinos. Therefore if reheating o urs be ause of bla k hole evaporation,
then we will return to the gravitino problem again.
Thus, the best possibility is to onsider those versions of the instant preheating
s enario that do not lead to the reation of stable parti les of Plan kian mass. It may
seem paradoxi al that one needs to be areful about this onstraint. Several years ago
it would have seemed impossible to produ e parti les of mass greater than 51012 GeV
during the de ay of an in aton eld of mass m  1013 GeV. Here I have des ribed
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a nonperturbative me hanism of preheating that may produ e parti les 5 orders of
magnitude heavier than m . It is interesting that the me hanism of instant preheating
works espe ially well in the ontext of NO models where all other me hanisms are
rather ineÆ ient.

Chapter 7
Gravitational Parti le Produ tion
and the Moduli Problem
Note: This hapter is based on a paper by Gary Felder, Lev Kofman, and Andrei
Linde, available on the Los Alamos eprint server as hep-ph/9909508. The full itation
appears in the bibliography [68℄.

7.1 Chapter Abstra t
A theory of gravitational produ tion of light s alar parti les during and after in ation
is investigated. In the most interesting ases where long-wavelength u tuations of
light s alar elds an be generated during in ation, these u tuations rather than
quantum u tuations produ ed after in ation give the dominant ontribution to parti le produ tion. In su h ases a simple analyti al theory of parti le produ tion an
be developed. Appli ation of these results to the theory of quantum reation of moduli elds demonstrates that if the moduli mass is smaller than the Hubble onstant
then these elds are opiously produ ed during in ation. This gives rise to the osmologi al moduli problem even if there is no homogeneous omponent of the lassi al
moduli eld in the universe. To avoid this version of the moduli problem it is ne essary for the Hubble onstant H during the last stages of in ation and/or the reheating
temperature TR after in ation to be extremely small.
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7.2 Introdu tion
Re ently there has been a renewal of interest in gravitational produ tion of parti les in
an expanding universe. This was a subje t of intensive study many years ago, see e.g.
[48, 49, 50, 51, 52, 53℄. However, with the invention of in ationary theory the issue
of the produ tion of parti les due to gravitational e e ts be ame less urgent. Indeed,
gravitational e e ts are espe ially important near the osmologi al singularity, at
the Plan k time. But the density of the parti les produ ed at that epo h be omes
exponentially small due to in ation. New parti les are produ ed only after the end of
in ation when the energy density is mu h smaller than the Plan k density. Produ tion
of parti les due to gravitational e e ts at that stage is typi ally very ineÆ ient.
There are a few ex eptions to this rule that have motivated the re ent interest in
gravitational parti le produ tion. First of all, there are some models where the main
me hanism of reheating during in ation is due to gravitational produ tion. Even
though this me hanism is very ineÆ ient, in the absen e of other me hanisms of reheating it may do the job. For example, in the NO models dis ussed in the previous
hapter the in aton eld  does not os illate after in ation, so the standard me hanism of reheating does not work [24, 25, 26, 27, 28, 47℄. Usually gravitational parti le
produ tion in su h models lead to dangerous osmologi al onsequen es, su h as large
iso urvature u tuations and overprodu tion of gravitinos. In order to over ome these
problems, it was ne essary to modify the NO models and to use the non-gravitational
me hanism of instant preheating for the des ription of parti le produ tion. See hapters 5 and 6 for more details.
There are some other ases where even very small but unavoidable gravitational
parti le produ tion may lead either to useful or to atastrophi onsequen es [35,
37, 57, 61, 80℄. For example, it has re ently been found that the produ tion of
gravitinos by the os illating in aton eld is not suppressed by the small gravitational
oupling. As a result, gravitinos an be opiously produ ed in the early universe
even if the reheating temperature always remains smaller than 108 GeV [61, 80℄.
Another important example is related to moduli produ tion. 15 years ago Coughlan
et al realized that string theory and supergravity give rise to a osmologi al moduli
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problem asso iated with the existen e of a large homogeneous lassi al moduli eld in
the early universe [81℄. Soon afterwards Gon harov, Linde and Vysotsky showed that
quantum u tuations of moduli elds produ ed at the last stages of in ation lead to
the moduli problem even if initially there were no lassi al moduli elds [57℄. Thus
the osmologi al moduli problem may appear either be ause of the existen e of a large
long-living homogeneous lassi al moduli eld or be ause of quantum produ tion of
ex itations (parti les) of the moduli elds. In [47℄ it was pointed out that the problem
of moduli produ tion is espe ially diÆ ult in the ontext of NO models, where moduli
are produ ed as abundantly as usual parti les.
Re ently the problem of moduli produ tion in the early universe was studied by
numeri al methods in [80℄, with on lusions similar to those of Ref. [57℄. As I am
going to demonstrate, the main sour e of gravitational produ tion of light moduli
in in ationary osmology is very simple, and one an study the theory of moduli
produ tion not only numeri ally but also analyti ally by the methods developed in
[57, 47℄. This fa t allowed us to generalize and onsiderably strengthen the results of
Refs. [57, 80℄.
In parti ular, we will see that in the leading approximation the problem of overprodu tion of light moduli parti les is equivalent to the problem of large homogeneous
lassi al moduli elds [57℄. I will show that the ratio of the number density of light
moduli produ ed during in ation to the entropy of the universe after reheating satises the inequality
n TR H02
>
:
(7.1)
s  3mMp2
Here m is the moduli mass, Mp  2:4  1018 GeV is the redu ed Plan k mass, and

H0 is the Hubble onstant at the moment orresponding to the beginning of the last
60 e-foldings before the end of in ation.
In the simplest versions of in ationary theory with potentials M 2 2 =2 or 4 =4
one has H0  1014 GeV. In su h models our result implies that in order to satisfy the
osmologi al onstraint n < 10 12 one needs to have an abnormally small reheating
s



temperature TR <
 1 GeV. Alternatively one may onsider in ationary models where
the Hubble onstant at the end of in ation is very small. But I will argue that even
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this may not help, so one may need either to invoke thermal in ation or to use some
other me hanisms that an make the moduli problem less severe, see e.g. [82, 83, 84℄.
In the next se tion I outline the lassi al and quantum versions of the moduli
problem and explain how ea h of them an arise in in ationary theory. In se tion
7.4 I des ribe the results of our numeri al simulations of gravitational produ tion
of light s alar elds during and after preheating. In parti ular these results verify
our predi tion that the dominant ontribution to parti le produ tion omes from
long-wavelength modes that are indistinguishable from homogeneous lassi al moduli
elds. Finally in se tion 7.5 I analyti ally ompute the produ tion of these long wavelength modes and derive Eq.(7.1). This se tion also ontains a on luding dis ussion.

7.3 Moduli problem
String moduli ouple to standard model elds only through Plan k s ale suppressed
intera tions. Their e e tive potential is exa tly at in perturbation theory in the
supersymmetri limit, but it may be ome urved due to nonperturbative e e ts or
be ause of supersymmetry breaking. If these elds originally are far from the minimum of their e e tive potential, the energy of their os illations will de rease in an
expanding universe in the same way as the energy density of nonrelativisti matter,
m  a 3 (t). Meanwhile the energy density of relativisti plasma de reases as a 4 .
Therefore the relative ontribution of moduli to the energy density of the universe
may qui kly be ome very signi ant. They are expe ted to de ay after the stage of
nu leosynthesis, violating the standard nu leosynthesis predi tions unless the initial
amplitude of the moduli os illations 0 is suÆ iently small. The onstraints on the
energy density of the moduli eld  and the number of moduli parti les n depend
on details of the theory. The most stringent onstraint appears be ause of the photodisso iation and photoprodu tion of light elements by the de ay produ ts of the
moduli elds. For m  102 103 GeV one has

n
< 10 12
s 

10 15 :

(7.2)
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see [60, 85, 86℄ and referen es therein. In this hapter I use a onservative version of
this onstraint, ns <
 10 12.
If the eld  is a lassi al homogeneous os illating s alar eld, then this onstraint
applies to it as well if one de nes the orresponding number density of nonrelativisti
parti les  by the following obvious relation:

n =

 m2
=
:
m
2

(7.3)

Let us rst onsider moduli  with a onstant mass m  102 103 GeV and
assume that reheating of the universe o urs after the beginning of os illations of the
moduli. This is indeed the ase if one takes into a ount that in order to avoid the
gravitino problem one should have TR < 108 GeV. I will also assume for de niteness
that the minimum of the e e tive potential for the eld  is at  = 0; one an always
a hieve this by an obvious rede nition of the eld .
Independent of the hoi e of in ationary theory, at the end of in ation the main
fra tion of the energy density of the universe is on entrated in the energy of an
os illating s alar eld . Typi ally this is the same eld that drives in ation, but in
some models su h as hybrid in ation this may not be the ase. I will onsider here
the simplest (and most general) model where the e e tive potential of the eld  after
in ation is quadrati ,
M2 2
:
(7.4)
V () =
2
After in ation the eld  os illates. If one keeps the notation  for the amplitude of
os illations of this eld, then one an say that the energy density of this eld is given
2
by () = M2 2 .
To simplify my notation, I take the s ale fa tor at the end of in ation to be a0 = 1.
The amplitude of the os illating eld in the theory with the potential (7.4) hanges
as
(t) = 0 a 3=2 (t):
(7.5)
The eld  does not os illate and almost does not hange its magnitude until the
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moment t1 when H 2 (t) = 3Mp2 be omes smaller than m2 =3. At that time one has




2 2

2

0  0
 6Hm2(t)M
2 2M 2
p

p

(7.6)

This ratio, whi h an also be obtained by a numeri al investigation of os illations of
the moduli elds, does not hange until the time tR when reheating o urs be ause
 and  de rease in the same way: they are proportional to a 3 .
At the moment of reheating one has  (tR ) =  2 N (T )TR4 =30, and the entropy of
produ ed parti les s = 2 2 N (T )TR3 =45, where N (T ) is the number of light degrees of
freedom. This yields
20 TR
n 


(7.7)
s ms 3mMp2
Usually one expe ts TR  m  102 GeV. Then in order to have ns < 10 12
one would need 0  10 6 Mp . However, it is hard to imagine why the value of the
moduli eld at the end of in ation should be so small. If one takes 0  Mp , whi h
looks natural, then one violates the bound ns < 10 12 by more than 12 orders of
magnitude. This is the essen e of the osmologi al moduli problem [81℄.
In general, the situation is more omplex. During the expansion of the universe
the e e tive potential of the moduli a quires some orre tions. In parti ular, quite
often the e e tive mass of the moduli (the se ond derivative of the e e tive potential)
an be represented as
m2 = m2 + 2 H 2 ;
(7.8)
where is some onstant and H is the Hubble parameter [55, 56℄. Higher derivatives
of the e e tive potential may a quire orre tions as well. This leads to a di erent
version of the moduli problem dis ussed in [57℄, see also [58, 59℄. The position of the
minimum of the e e tive potential of the moduli eld in the early universe may o ur
at a large distan e from the position of the minimum at present. This may x the
initial position of the eld  and lead to its subsequent os illations.
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A simple toy model illustrating this possibility was given in [82, 83℄:
2
1
V = m2 2 + H 2 ( 0 )2 :
2
2

(7.9)

At large H the minimum appears at  = 0 ; at small H the minimum is at  = 0.
Thus one would expe t that initially the eld should stay at 0 , and later, when H
de reases, it should os illate about  = 0 with an initial amplitude approximately
equal to 0 . The only natural value for 0 in supergravity is 0  Mp . This may lead
to a strong violation of the bound (7.2).
A more detailed investigation of this situation has shown [84℄ that one should
distinguish between three di erent possibilities:  1,  1 and  1.
If > O(10), the eld  is trapped in the (moving) minimum of the e e tive
potential, its os illations have very small amplitudes, and the moduli problem does
not appear at all [84℄. This is the simplest resolution of the problem, but it is not
simple to nd realisti models where the ondition > O(10) is satis ed.
The most natural ase is  1. It requires a omplete study of the behavior of
the e e tive potential in an expanding universe. There may exist some ases where
the minimum of the e e tive potential does not move in this regime, but in general
the e e ts of quantum reation of moduli in this s enario [57, 80℄ are subdominant
with respe t to the lassi al moduli problem dis ussed above [57, 58, 59℄, so I will not
dis uss this regime.
Here I study the ase  1. In this ase the e e tive mass of the moduli at
H  m is always mu h smaller than H , so the eld does not move towards its
minimum, regardless of its position. Thus if there is any lassi al eld 0 it simply
stays at its initial position until H be omes smaller than m, just as in the ase
onsidered above, and the resulting ratio ns is given by Eq. (7.7).
The moduli problem in this s enario has two aspe ts. First of all, in order to avoid
q
the lassi al moduli problem one needs to explain why 0  10 6 TmR Mp , whi h is
ne essary (but not suÆ ient) to have n =s < 10 12 . Then one should study quantum
reation of moduli in an expanding universe and he k whether their ontribution to
n violates the bound n =s < 10 12 . This last aspe t of the moduli problem was
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studied in [57, 80℄.
In in ationary osmology these two ontributions (the ontributions to n from
the lassi al eld  and from its quantum u tuations) are almost indistinguishable.
Indeed, the dominant ontribution to the number of moduli produ ed in an expanding
universe is given by the u tuations of the moduli eld produ ed during in ation.
These u tuations have exponentially large wavelengths and for all pra ti al purposes
they
have the same onsequen es as a homogeneous lassi al eld of amplitude 0 =
q
2
h i.
To be more a urate, these u tuations behave in the same way as the homogeneous lassi al eld  only if their wavelength is greater than H 1 . During in ation
this ondition is satis ed for all in ationary u tuations, but after in ation the size of
the horizon grows and eventually be omes larger than the wavelength of some of the
modes. Then these modes begin to os illate and their amplitude begins to de rease
even if at that stage m < H . To take this e e t into a ount one may simply ex lude
from onsideration those modes whose wavelengths be ome smaller than H 1 prior
to the moment t  m 1 when H drops down to m. It an be shown that in the
ontext of our problem
this is a relatively minor orre tion, so one an use the simple
q
estimate 0 = h2 i.
In order to evaluate this quantity I will assume that  1 and m  H during
and after in ation. This redu es the problem to the investigation of the produ tion of
massless (or nearly massless) parti les during and after in ation. In the next se tion
I study this issue and show that in the most interesting ases where in ationary
long-wavelength u tuations of a s alar eld an be generated during in ation, they
give the dominant ontribution to parti le produ tion. This allowed us to redu e a
ompli ated problem of gravitational parti le produ tion to a simple problem that
ould be easily solved analyti ally.
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7.4 Generation of light parti les from and after
in ation
In this se tion I will present the results of a numeri al study of the gravitational
reation of light s alar parti les in the ontext of in ation. Consider a s alar eld 
with the potential

1
V () = m2 R 2
(7.10)
2
where R is the Ri i s alar. In a Friedmann universe R = a62 (aa + a_ 2 ). The s alar
eld operator an be represented in the form
1 Z 3 h
d k a^k k (t)eikx + a^yk k (t)e
(x; t) =
3
=
2
(2 )

ikx

i

(7.11)

where the eigenmode fun tions k satisfy
2 !2
a_
k
k + 3 _k + 4
+ m2
a
a

3
R5 k

= 0;

(7.12)

By introdu ing onformal time and eld variables de ned as 
(7.12) an be simpli ed to
fk00 + !k2 fk = 0

 R dta ; fk  ak eq.
(7.13)

where primes denote di erentiation with respe t to  and

1
2
2
2
2
!k = k + a m +
6





a
:
a

(7.14)

The growth of the s ale fa tor is determined by the evolution of the in aton eld 
with potential V (). In onformal time

a =

a_ 2
a

8a  02

3


a2 V ()

a_
V ()
00 + 2 0 + a2
= 0:
a


(7.15)
(7.16)
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For initial onditions for the modes fk , in the rst approximation one an use
positive frequen y va uum u tuations fk = p12k e ikt , see e.g. [37℄. However, when
des ribing u tuations produ ed at the last stages of a long in ationary period, one
should begin with u tuations that have been generated during the previous stage of
in ation. For example, for massless s alar elds minimally oupled to gravity instead
of fk = p12k e ikt one should use Hankel fun tions [3℄:
!

!

ia(t) H
k
i k Ht
fk (t) = p
1 + e H t exp
e
;
iH
H
k 2k

(7.17)

where H is the Hubble onstant at the beginning of al ulations. To make the alulations even more a urate, one should take into a ount that long-wavelength
perturbations were produ ed at early stages of in ation when H was greater than
at the beginning of the al ulations. If the stage of in ation is very long, then the
nal results do not hange mu h if instead of the Hankel fun tions (7.17) one uses
fk = p12k e ikt . However, if the in ationary stage is short, then using the fun tions
fk = p12k e ikt onsiderably underestimates the resulting value of h2 i.
At late times the solutions to Eq. (7.13) an be represented in terms of WKB
solutions as
( ) R 
( ) R 
fk ( ) = pk e i !k d + pk e+i !k d ;
(7.18)
2!k
2!k
where k ( ) and k ( ) play the role of oeÆ ients of a Bogolyubov transformation.
This form is often used to dis uss parti le produ tion be ause the number density of
parti les in a given mode is given by nk = j k ( )j2 and their energy density is !k nk .
As we will see, though, the main ontribution to the number density of  parti les at
late times omes from long-wavelength modes that are far outside the horizon during
reheating. As long as they remain outside the horizon these modes do not manifest
parti le-like behaviour, i.e. the mode fun tions do not os illate. In this situation the
oeÆ ients and have no lear physi al meaning. I therefore present our results in
terms of the mode amplitudes jfk ( )j2 , whi h as I will show ontain all the information
relevant to number density and energy density at late times.
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00

At late times when aa  H < m the long wavelength modes of  will be nonrelativisti and their number density will simply be given by Eq. (7.3). Moreover the
very long wavelength modes whi h are still outside the horizon at late times (e.g. at
nu leosynthesis) will a t like a lassi al homogeneous eld whose amplitude is given
by
Z
h2i = 212a2 dkk2jfk j2:
(7.19)
It is these very long wavelength modes whi h will dominate and therefore the quantity
of interest for us is the amplitude of these u tuations.
In our al ulations we assumed that m2 = 2 H 2 with  1; the results shown
are for = 0 but we also did the al ulations with = :01 and found that the results
were independent of in this range.

Figure 7.1 shows the results of solving Eq. (7.13) for a model with the in aton potential V () = 14 4 . These data were taken after ten os illations of the in aton eld.
The verti al axis shows k2 jfk j2 as a fun tion of the momentum k. The momentum is
shown in units of the Hubble onstant at the end of in ation.
The di erent plots represent runs with di erent starts of in ation, i.e. with di erent initial values of . They all oin ide in the ultraviolet part of the spe trum, but
the runs that started towards the end of in ation show a signi ant suppression in
the infrared. This shows that u tuations produ ed during in ation are the primary
sour e of the infrared modes, whi h in turn dominate the number density.
The urve on top shows the Hankel fun tion solutions (7.17), whi h give
2 2

jfk j2 = a2kH3

(7.20)

for de Sitter spa e, i.e. for a onstant H . In the gure, we have orre ted this
expression by using for ea h mode the value of the Hubble onstant at the moment
when that mode rossed the horizon. For the 4 model shown here the appropriate
Hubble parameter for ea h mode an be approximated as
s

2 2
Hk =
e
3

1
k
ln

He

!!

(7.21)
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Figure 7.1: Flu tuations vs. mode frequen y at a late time. The lower plots show
runs that started lose to the end of in ation, with initial onditions fk = p12k e ikt .
The starting times range from 0 = 1:5Mp (lowest urve) up through 0 = 2Mp. The
highest urve shows the Hankel fun tion solutions given by eqs. (7.20) and (7.21) As
we see, al ulations with fk = p12k e ikt produ e the orre t spe trum at large k but
underestimate the level of quantum u tuations at small k.
where e and He are the values of the in aton and the Hubble parameter respe tively
at the end of in ation.
Note that if the Hankel fun tion solutions (7.17) are used as initial onditions
for a numeri al run then they do not hange as the modes ross the horizon, so
the upper urve of the plot an also be obtained from su h a run. Relative to this
upper urve it's easy to see how the numeri al runs show suppression in the infrared
due to starting in ation at late times and hoosing the initial onditions in the form
fk = p12k e ikt , and suppression in the ultraviolet due to the end of in ation. The
latter suppression is physi ally realisti . The infrared suppression should o ur at a
wavelength orresponding to the Hubble radius at the beginning of in ation.
The di erent regions of the graph illustrate e e ts that o urred at di erent times.
During in ation long wavelength modes rossed the horizon at early times. Thus the
far left portion of the plot shows the modes that rossed earliest. They have the
highest amplitudes both be ause they were frozen in earliest and be ause the Hubble
onstant was higher at earlier times when they were produ ed. The lower plots don't
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show these high amplitudes be ause in ation began too late for these modes to ross
outside the horizon and be ampli ed. Farther to the right the urve shows modes
that were only slightly if at all ampli ed during in ation. The far right modes were
produ ed during the fast rolling and os illatory stages. These modes are not frozen
and an be des ribed meaningfully in terms of and oeÆ ients. The regularized
expression
R
h

i
jfk j2 = !1 j k j2 + Re k ke 2i !kd
(7.22)
k
shows why the amplitudes of these modes os illate as a fun tion of k.
In short in ationary u tuations are primarily responsible for produ ing infrared
modes and post-in ationary e e ts a ount for ultraviolet modes, but it is the infrared
modes that were outside the horizon at the end of in ation that dominate the number
density at late times. The earlier in ation began the farther this distribution will
extend into the infrared, and the long wavelength end of this spe trum will always
give the greatest ontribution to the number density of  parti les.
Our numeri al al ulations were similar to those of Kuzmin and Tka hev [37℄.
However, they took a rather small initial value of the lassi al s alar eld , whi h
resulted in less than 60 e-folds of in ation. As initial onditions for the u tuations
they used fk = p12k e ikt . They pointed out that the results of su h al ulations
an give only a lower bound on the number of  parti les produ ed during in ation.
Consequently, similar al ulations performed in [80℄ ould give only a lower bound on
the number of moduli elds produ ed in the early universe.
Our goal is to nd not a lower bound but the omplete number of parti les produ ed at the last stages of in ation in realisti in ationary models, where the total
duration of in ation typi ally is mu h greater than 60 e-foldings. One result revealed
by our al ulations is that the e e ts of an arbitrarily long stage of in ation an be
mimi ked by the orre t hoi e of \initial" onditions hosen for the modes k after
in ation. Instead of using the Minkowski spa e u tuations fk = p1k e ikt used in [37℄
as well as in our numeri al al ulations, one should use the de Sitter spa e solutions
(7.17), with H orre ted to the value it had for ea h mode at horizon rossing. Using
these modes at the end of in ation is equivalent to running a simulation with a long
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stage of in ation.
Our numeri al al ulations on rmed the result that I am going to derive analyti ally in the next se tion: The number of  parti les (n  mh2 i) produ ed during
the stage of in ation beginning at  = 0 in the simplest model M 2 2 =2 is proportional to 40 , whereas in the model 4 =4 it is proportional to 60 . Thus the total
number of parti les produ ed during in ation is extremely sensitive to the hoi e of
initial onditions. If one onsiders 0 orresponding to the beginning of the last 60
e-folds of in ation, the total number of parti les produ ed at that stage appears to be
mu h greater than the lower bound obtained in [37℄. As we will see, this allowed us to
put a mu h stronger onstraint on the moduli theories than the onstraint obtained
in [80℄.

7.5 Light moduli from in ation
The numeri al results obtained in the previous se tion on rmed our expe tation that
in the most interesting ases where long-wavelength in ationary u tuations of light
s alar elds an be generated during in ation, they give the dominant ontribution
to parti le produ tion. In parti ular, in the ase of  1, m  H most moduli eld
u tuations are generated during in ation rather than during the post-in ationary
stage. These u tuations grow at the stage of in ation in the same way as if the
moduli eld  were massless [3℄:

dh2 i H 3
= 2:
dt
4

(7.23)

If the Hubble onstant does not hange during in ation, one obtains the well-known
relation
3
h2i = H42t :
(7.24)
However, in realisti in ationary models the Hubble onstant hanges in time, and
u tuations of the light elds  with m  H behave in a more ompli ated way.
As an example, let us onsider the ase studied in the last se tion. Here in ation
is driven by a eld  with an e e tive potential V () = 4 4 at  > 0. This potential
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ould be os illatory or at for  < 0. We onsider a light s alar eld  that is not
oupled to the in aton eld , and that is minimally oupled to gravity.
The eld  during in ation obeys the following equation:
3H _ = 3 :

(7.25)

Here

s
1  2
H=
:
2 3 Mp
These two equations yield the solution [3℄
0
 = 0 exp 

(7.26)
1

s


2 Mp tA ;
3

(7.27)

where 0 is the initial value of the in aton eld . In this ase Eq. (7.23) reads:
s
p
dh2 i
  60

= p 2 3 exp  12 Mp tA
dt
3
96 3 Mp
0

1

(7.28)

The result of integration at large t onverges to
!

30 2
2
h i = 2 24M 2 :
p

(7.29)

This result agrees with the results of our numeri al investigation des ribed in the
previous se tion.
From the point of view of the moduli problem, these u tuations lead to the same
onsequen es as a lassi al s alar eld  that is homogeneous on the s ale H 1 and
that has a typi al amplitude

0 =

q

s

30
h2i = 2 24M
2:
p

(7.30)

2
A similar result an be obtained in the model V () = M2 2 . In this ase one has
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[3℄

s

2
M Mt:
3 p
The time-dependent Hubble parameter is given by

(t) = 0

H=
whi h yields

0 =

q

pM (t);
6M

(7.31)

(7.32)

p

2

p 0 2:
h2 i = 8M
3M
p

(7.33)

As we see, the value of 0 depends on the initial value of the eld . This result
has the following interpretation. One may onsider an in ationary domain of initial
size H 1 (0 ). This domain after in ation be omes exponentially large. For example,
2
its size in the model with V () = M2 2 be omes [3℄

l  H 1 (0 ) exp

!

20
:
4Mp2

(7.34)

In order to a hieve 60 e-folds of in ation in this model one needs to take 0  15Mp .
This implies that a typi al value of the (nearly) homogeneous s alar eld  in a
universe that experien ed 60 e-folds of in ation in this model is given by

0 =

q

h2 i  5M:

In realisti versions of this model one has M
tution of this result into Eq. (7.7) gives

n
s

 2  10

 5  10 6Mp  1013 GeV [3℄.
10 TR :

m

(7.35)
Substi(7.36)

This implies that the ondition n =s <
 10 12 requires that the reheating temperature
in this model should be at least two orders of magnitude smaller than m. For example,
for m  102 GeV one should have TR <
 1 GeV, whi h looks rather problemati .
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This result on rms the basi on lusion of Ref. [57℄ that the usual models of ination do not solve the moduli problem. Our result is similar to the result obtained in
[80℄ by numeri al methods, but it is approximately two orders of magnitude stronger.
The reason for this di eren e is that the authors of Ref. [80℄ used a mu h smaller
value of 0 in their numeri al al ulations. Consequently, they took into a ount only
the parti les produ ed at the very end of in ation, whereas the leading e e t o urs
at earlier stages of in ation, i.e. at larger .
q

In general one an get a simple estimate of 0 = h2 i by assuming that the
universe expanded with a onstant Hubble parameter H0 during the last 60 e-folds
of in ation. To make this estimate more a urate one should take the value of the
Hubble onstant not at the end of in ation but approximately 60 e-foldings before it,
at the time when the u tuations on the s ale of the present horizon were produ ed.
The reason is that the largest ontribution to the u tuations is given by the time
when the Hubble onstant took its greatest values. Also, at that stage the rate of
hange of H was relatively slow, so the approximation H = H0 = onst is reasonable.
Thus one an write

0 =
This gives

q

q

h2 i > H20 H0t  H20
n TR H02
>
:
s  3m Mp2

p

60  H0 :

(7.37)
(7.38)

In the simplest versions of haoti in ation with potentials M 2 2 =2 or 4 =4 one has
H0  1014 GeV, whi h leads to the requirement TR <
 1 GeV. But this equation shows
that there is another way to relax the problem of the gravitational moduli produ tion:
one may onsider models of in ation with a very small value of H0 [57℄. For example,
one may have n =s  10 12 for TR  H0  107 GeV.
However, this ondition is not suÆ ient to resolve the moduli problem; the situation is more ompli ated. First of all, it is very diÆ ult to nd in ationary models
where in ation o urs only during 60 e-foldings. Typi ally it lasts mu h longer, and
the u tuations of the light moduli elds will be mu h greater. This is espe ially
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obvious in the theory of eternal in ation where the amplitude of u tuations of the
light moduli elds an be ome inde nitely large [3℄. In parti ular, if the ondition
m2  m2 + 2 H 2 with  1 remains valid for  >
 Mp, then one may expe t the
generation of moduli elds  > Mp . This should initiate in ation driven by the light
moduli [47℄. Then the situation would be ome even more problemati : we would
need to nd out how one ould produ e the baryon asymmetry of the universe after
the light moduli de ay and how one ould obtain density perturbations Æ=  10 4
in su h a low-s ale in ationary model.
One may expe t that the region of values of  where its e e tive potential has
small urvature m2  H 2 may be limited, and may even depend on H . Then the
existen e of a long stage of in ation would push the u tuations of the eld  up
to the region where its e e tive potential be omes urved, and instead of our results
for 0 one should substitute the largest value of  for whi h m2 < H 2 . In su h a
situation one would have a mixture of problems that o ur at  1 and at  1.
Finally, I should emphasize that all our worries about quantum reation of moduli
appear only after one makes the assumption that for whatever reason the initial value
of the lassi al eld  in the universe vanishes, i.e. that the lassi al version of the
moduli problem has been resolved. We do not see any justi ation for this assumption
in theories where the mass of the moduli eld in the early universe is mu h smaller
than H . Indeed, in su h theories the lassi al eld  initially an take any value,
and this value is not going to hange until the moment t  H 1  m 1 . The main
purpose of the resear h being reported on here was to demonstrate that even if one
nds a solution to the light moduli problem at the lassi al level, the same problem
will appear again be ause of quantum e e ts.
This does not mean that the moduli problem is unsolvable. One of the most
interesting solutions is provided by thermal in ation [82, 83℄. The Hubble onstant
during in ation in this s enario is very small, and the e e ts of moduli produ tion
there are rather insigni ant. Another possibility is that moduli are very heavy in the
early universe, m2 = m2 + 2 H 2, with > O(10), in whi h ase the moduli problem
does not appear [84℄. The main question is whether we really need to make the theory
so ompli ated in order to avoid the osmologi al problems asso iated with moduli.
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Is it possible to nd a simpler solution? One of the main results of our investigation
is to on rm the on lusion of Ref. [57℄ that the simplest versions of in ationary
theory do not help us to solve the moduli problem but rather aggravate it.
In on lusion I would like to note that the methods dis ussed here apply not only
to the theory of moduli produ tion but to other problems as well. For example,
one may study the theory of gravitational produ tion of superheavy s alar parti les
after in ation [35, 37℄. If these parti les are minimally oupled to gravity and have
mass m  H during in ation, then one an use Eqs. (7.30), (7.33) to al ulate
the number of produ ed parti les. These equations imply that the nal result will
strongly depend on 0 , i.e. on the duration of in ation. If in ation o urs for more
than 60 Hubble times, the produ tion of parti les with m  H is mu h more eÆ ient
than was previously anti ipated. As I just mentioned, if 0 is large enough then the
produ tion of u tuations of the eld  may even lead to a new stage of in ation
driven by the eld  [47℄. On the other hand, if m is greater than the value of the
Hubble onstant at the very end of in ation, then quantum u tuations are produ ed
only at the early stages of in ation (when H > m). These u tuations os illate
and de rease exponentially during the last stages of in ation. In su h ases the nal
number of produ ed parti les will not depend on the duration of in ation and an be
unambiguously al ulated.

Chapter 8
In ation After Preheating
Note: This hapter is based on a paper by Gary Felder, Lev Kofman, Andrei Linde,
and Igor Tka hev, available on the Los Alamos eprint server as hep-ph/0004024. The
full itation appears in the bibliography [87℄.

Chapter Abstra t
Preheating after in ation may lead to nonthermal phase transitions with symmetry
restoration. These phase transitions may o ur even if the total energy density of u tuations produ ed during reheating is relatively small as ompared with the va uum
energy in the state with restored symmetry. As a result, in some in ationary models
one en ounters a se ondary, nonthermal stage of in ation due to symmetry restoration after preheating. Su h se ondary in ation ould also provide a partial solution
to the moduli problem. We review the theory of nonthermal phase transitions and
make a predi tion about the expansion fa tor during the se ondary in ationary stage.
We then present the results of latti e simulations that verify these predi tions, and
dis uss possible impli ations of our results for the theory of formation of topologi al
defe ts during nonthermal phase transitions.
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8.1 Introdu tion

The theory of osmologi al phase transitions is usually asso iated with symmetry
restoration due to high temperature e e ts and the subsequent symmetry breaking
that o urs as the temperature de reases in an expanding universe [88, 89, 90, 91,
92, 93, 3℄. A parti ularly important version of this theory is the theory of rst order
osmologi al phase transitions developed in [93℄. It served as a basis for the rst
versions of in ationary osmology [1, 13, 94℄, as well as for the theory of ele troweak
baryogenesis [95, 96℄.
Re ently it was pointed out that preheating after in ation [5, 7℄ may rapidly
produ e a large number of parti les that for a long time remain in a state out of
thermal equilibrium. These parti les may lead to spe i nonthermal osmologi al
phase transitions [14, 15℄. In some ases these phase transitions are rst order [16,
97℄; they o ur by the formation of bubbles of the phase with spontaneously broken
symmetry inside the metastable symmetri phase. If the lifetime of the metastable
state is large enough for the energy density of u tuations to be diluted, one may
en ounter a short se ondary stage of in ation after preheating [14℄. Su h a se ondary
in ation stage, if it o urs late enough, ould be important in solving the moduli
and gravitino problems. In this respe t se ondary \nonthermal" in ation due to
preheating may be an alternative to the \thermal in ation" [82℄, suggested for solving
these problems.
In this hapter I will brie y present the theory of su h phase transitions and then
give the results of numeri al latti e simulations that dire tly demonstrated the possibility of su h brief in ation. I will also dis uss possible impli ations of these results
for the theory of formation of topologi al defe ts during nonthermal phase transitions.
The latti e al ulations reported here were done using the program LATTICEEASY,
des ribed in part III of this thesis.
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8.2 Theory of the phase transition
Consider a set of s alar elds with the potential


V (; ) = (2
4

v 2 )2 +

g2 2 2
 :
2

(8.1)

The in aton eld  has a double-well potential and intera ts with an N - omponent
P
s alar eld ; 2  Ni=1 2i . For simpli ity, the eld  is taken to be massless and
without self-intera tion. The elds ouple minimally to gravity in a FRW universe
with a s ale fa tor a(t).
The potential V (; ) has minima at  = v ,  = 0 and a lo al maximum in
the  dire tion at  =  = 0 with urvature V; = v 2 . The e e tive potential
a quires orre tions due to quantum and/or thermal u tuations of the s alar elds
[88, 89, 93, 3℄,
3
g2
g2
V = h2 i2 + h2 i2 + h2 i2 + :::;
(8.2)
2
2
2
where I have written only the leading terms depending on  and . The e e tive
mass squared of the eld  is given by

m2 = m2 + 32 + 3h2 i + g 2 h2 i;

(8.3)

where m2 = v 2 . Symmetry is restored, i.e.  = 0 be omes a stable equilibrium
point, when the u tuations h2i; h2 i be ome suÆ iently large to make the e e tive
mass squared positive at  = 0.
For example, one may onsider matter in thermal equilibrium. Then, in the large
2
temperature limit, one has h2 i = h2i i = T12 : The e e tive mass squared of the eld

m2;eff = m2 + 32 + 3hÆ2i + g 2 h2 i
(8.4)
is positive and symmetry is restored (i.e.  = 0 is the stable equilibrium point) for
2
T > T , where T 2 = 312+mNg2  m2 . At this temperature the energy density of the gas
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of ultrarelativisti parti les is given by
24 m4 N (T ) 2
2
 = N (T ) T 4 =
:
30
5 (3 + Ng 2 )2

(8.5)

Here N (T ) is the e e tive number of degrees of freedom at large temperature, whi h
in realisti situations may vary from 102 to 103 . We will assume that Ng 2  , see
2
below. For g 4 < 96N5(NT2 )  the thermal energy at the moment of the phase transition
4
is greater than the va uum energy density V (0) = m4 , whi h means that the phase
transition does not involve a stage of in ation.
In fa t, the phase transition with symmetry breaking o urs not at T > T , but
somewhat earlier [93℄. To understand this e e t let us ompare the temperature
p
T  m=( Ng ) and the mass m = g of the  parti les in the minimum of the zerop
temperature e e tive potential at  = v = m= . One an easily see that m  T
for Ng 4  . This means that for Ng 4   the temperature T is insuÆ ient to ex ite
perturbations of the elds i at  = v . As a result, these perturbations do not hange
the shape of the e e tive potential  = v . Thus the potential at T slightly above T
has its old zero-temperature minimum at  = v , as well as the temperature-indu ed
minimum at  = 0. Symmetry breaking o urs as a rst-order phase transition due to
formation of bubbles of the phase with   v at some temperature above T when the
minimum at  = v be omes deeper than the minimum at  = 0, and the probability
of bubble formation be omes suÆ iently large. A more detailed investigation in the
ase N = 1 shows that the phase transition is rst order under a weaker ondition
g 3   [93℄.
In the ase Ng 4 > 102  the phase transition o urs after a se ondary stage of

in ation. In this regime radiative orre tions are important. They lead to the reation
of a lo al minimum of V (; ) at  = 0 even at zero temperature, and the phase
transition o urs from a strongly super ooled state [93℄. That is why the rst models
of in ation required super ooling at the moment of the phase transition [1, 13, 94℄.
In supersymmetri theories one may have Ng 4  102  and still have a potential
that is at near the origin due to an ellation of quantum orre tions of bosons and
fermions [82℄. In su h ases the thermal energy be omes smaller than the va uum
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energy at T < T0 , where T04 = 2N152 m2 v 2 . Then one may have a short stage of
in ation that begins at T  T0 and ends at T = T . During this time the universe
may in ate by the fa tor
 g 4 1=4
T0
a
1
=  10
:
(8.6)
a0 T

Similar phase transitions may o ur mu h more eÆ iently prior to thermalization,
due to the anomalously large u tuations h2 i and h2 i produ ed during preheating
[14, 15℄. These u tuations an hange the shape of the e e tive potential and lead
to symmetry restoration. Afterwards, the universe expands, the values of h2 i and
h2i drop down, and the phase transition with symmetry breaking o urs.
An interesting feature of nonthermal phase transitions is that they may o ur
even in theories where the usual thermal phase transitions do not happen. The main
reason an be understood as follows. Suppose reheating o urs due to the de ay of
a s alar eld with energy density . If this energy is instantly thermalized, then one
obtains relativisti parti les with energy density O(T 4) that in the rst approximation
an be represented as   E 2 (h2 i + h2 i). Here E  T  1=4 is a typi al energy
of a parti le in thermal equilibrium. After preheating, however, one has parti les 
and  with mu h smaller energy but large o upation numbers. As a result, the same
energy release may reate mu h greater values of h2 i and h2 i than in the ase of
instant thermalization. This may lead to symmetry restoration after preheating even
if the symmetry breaking o urs on the GUT s ale, v  1016 GeV [14, 15℄.
The main on lusions of [14, 15℄ have been on rmed by detailed investigation
using latti e simulations in [16, 17, 98, 97℄. One of the main results obtained in [16℄
was that for suÆ iently large g 2 nonthermal phase transitions are rst order. They
o ur from a metastable va uum at  = 0 due to the reation of bubbles with  6= 0.
This result is very similar to the analogous result in the theory of thermal phase
transitions [93℄. A ording to [16℄, the ne essary onditions for this transition to
o ur and to be of the rst order an be formulated as follows:
(i) At the time of the phase transition, the point  = 0 should be a lo al minimum
of the e e tive potential. From (8.3), we see that this means that Ng 2 h2i i > v 2 .
(ii) At the same time, the typi al momentum p of i parti les should be smaller
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than gv . This is the ondition of the existen e of a potential barrier. Parti les with
momenta p < gv annot penetrate the state with jj  v , so they annot hange the
shape of the e e tive potential at jj  v . Therefore, if both onditions (i) and (ii)
are satis ed, the e e tive potential has a lo al minimum at  = 0 and two degenerate
minima at   v .
(iii) Before the minima at   v be ome deeper than the minimum at  = 0, the
in aton's zero mode should de ay signi antly, so that it performs small os illations
near  = 0. Then, after the minimum at jj  v be omes deeper than the minimum
at  = 0, u tuations of  drive the system over the potential barrier, reating an
expanding bubble.
The investigation performed in [16℄ on rmed that for suÆ iently large g 2 and
N these onditions are indeed satis ed and the phase transition is rst order. One
may wonder whether for g 2   one may have a stage of in ation in the metastable
va uum  = 0.
Analyti al estimates of Ref. [14℄ suggested that this is indeed the ase, and the
degree of this in ation for N = 1 is expe ted to be

a  g 2 1=4
  ;
a0

(8.7)

 4 1=4
whi h is mu h greater than the number 10 1 g
in the thermal in ation s enario.
One ould also expe t that the duration of in ation, just like the strength of the
phase transition, in reases if one onsiders N elds i with N  1.
However, the theory of preheating is extremely ompli ated, and there are some
fa tors that ould not be adequately taken into a ount in the simple estimates of
[14℄. The most important fa tor is the e e t of res attering of parti les produ ed
during preheating [99, 100℄. This e e t tends to shut down the resonant produ tion
of parti les and thus shorten or prevent entirely the o urren e of a se ondary stage of
in ation. Thus the estimates above re e t the maximum degree of in ation possible
for a given set of parameter values, but in pra ti e the expansion fa tor will be
somewhat smaller than these predi tions. The only way to fully a ount for all the
e e ts of ba krea tion and expansion is through numeri al latti e simulations. In the
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next se tion I will des ribe the basi features of our method and des ribe our main
results.

8.3 Simulation Results and Their Interpretation
I take   10 13 , whi h gives the proper magnitude of in ationary perturbations of
density [3, 101℄. I assume that g 2  , and onsider v  1016 GeV, whi h orresponds
to the GUT s ale. A numeri al investigation of preheating in the model (8.1) was
rst performed in [16℄. The authors found a strongly rst order phase transition.
The strength of the phase transition in reased with an in rease of g 2 = and of the
number N of the elds i . However, for the parameters of the model studied in
[16℄ (g 2 =  200) there was no in ation during symmetry restoration. This is not
unexpe ted be ause the estimates dis ussed above indi ated that the expansion of
the universe during the short stage of nonthermal in ation annot be greater than
2
( g )1=4 .
Keeping in mind that  in this model is extremely small, one would expe t that
in realisti versions of this model one may have g 2= as large as 1010 , whi h ould
lead to a relatively long stage of in ation. However, for very large g 2 = our analyti al
estimates are unreliable, and latti e simulations be ome extremely diÆ ult: One
needs to have enormously large latti es to keep both infrared and ultraviolet e e ts
under ontrol.
To mimi the e e ts of large g 2, we onsidered a large number of the elds i .
We performed simulations for g 2 = = 800 and N = 19. With these parameters the
strength of the phase transition be ame mu h greater, and there was a short stage of
in ation prior to the phase transition.
The details of our latti e al ulations an be found in part III. Here I present
only our main results for this model. These results were obtained using a grid of 1283
1 where 0 = :342Mp is the value of the
points and a grid spa ing of dx = :133 p
0
in aton eld at the end of in ation, and hen e at the beginning of our simulation.
These parameters orrespond to a total box size roughly equal to 10 Hubble radii at
the end of in ation.
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Figure 8.1: The spatial average of the in ation eld  as a fun tion of time. The eld
 is shown in units of v , the symmetry breaking parameter. Time is shown in Plan k
units.
The simulation showed that the os illations of the in aton eld de reased until the
eld was trapped near zero. It remained there until the moment of the phase transition
when it rapidly jumped to its symmetry breaking value, as shown in Fig. 8.1.
The trapping of the eld o urred be ause of the orre tions to the e e tive potential indu ed by the parti les  and  produ ed during preheating, just like in the
theory of high-temperature phase transitions. In this ase, however, this e e t has
some unusual features.
To rst order in g 2 , the leading ontribution to the equation of motion  = V 0
is given by g 2 h2 i, where
1
N Z nk k2 dk
2
h i  22 ! () :
k
0
q

(8.8)

Here !k = k2 + g 2(2 + h2 i) is the energy of i parti les with momentum k and
nk is their o upation number;  is the homogeneous omponent of the eld. For
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h2i, one has

1
N Z q nk k2 dk
:
(8.9)
=0 
2 2 0 k2 + g 2 h2i
This quantity does not depend on ; it an be evaluated using our latti e simulations
when the eld  os illates near  = 0. It leads to the usual quadrati orre tion to the
e e tive potential, see Eq. (8.2). This orre tion adequately des ribes the hange of
the shape of the e e tive potential for  smaller than the amplitude of the os illations
of this eld, be ause most of the time
prior to the moment of the phase transition
q
this amplitude is mu h smaller than h2 i.
However, if we want to evaluate the e e tive potential at all values of jj from 0 to
v , rather than for  similar to the amplitude of the os illations, then one shouldqtake
into a ount that for suÆ iently large jj the term g jj be omes greater than g h2 i
and than the typi al momentum k of parti les i . In this ase the main ontribution
to h2 i is given by nonrelativisti parti les with !k  +g jj, and one has

h2 i

1
N Z nk k2 dk n
2
h i  22
=
;
g jj
0 g jj

(8.10)

where n is the total density of all types of i parti les. This implies that at large jj
the e e tive potential a quires a orre tion

ÆV

 gjjn:

(8.11)

Thus, instead of being quadrati or ubi in jj, as one ould expe t from the analogy
with the high-temperature theory [93, 97℄, the orre tions to the e e tive potential
at large jj are proportional to jj [5, 7℄.
The ombination of these two types of orre tions to the e e tive potential (quadrati
at small jj and linear at large jj) leads to the symmetry restoration that we have
found in our latti e simulations.
It is instru tive to look in a more detailed way at the small region near the time
of the phase transition. The rst of the graphs in Fig. 8.2 shows the os illations
of the eld  soon before the phase transition, whereas the se ond one shows these
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Figure 8.2: The spatial average of the in ation eld  as a fun tion of time in the
vi inity of the phase transition. The left gure shows the eld just before the phase
transition and at the moment of the transition. The eld os illates with an amplitude
approa hing 10 3 v . The right gure shows the eld  after the phase transition,
when it os illates near the (time-dependent) position of the minimum of the e e tive
potential at   v . Time is shown in Plan k units.
os illations soon afterwards.
First of all, one an see that just before the phase transition the eld os illates
with an amplitude three orders of magnitude smaller than v , whi h is a lear sign of
symmetry restoration. Another interesting feature is that the frequen y of os illations
does not vanish as we approa h the phase transition, but remains nearly onstant.
Moreover, this frequen y is only about two times smaller than the frequen y of os ilp
lations after the phase transition, whi h is equal to 2m. Note that the frequen y
of the os illations is determined by the e e tive mass of the s alar eld, whi h is
given by the urvature of the e e tive potential: m2 = V 00 . This means that at the
moment of the phase transition the e e tive potential has a deep minimum at  = 0
with urvature V 00  +m2 , i.e. the phase transition is strongly rst order. Su h phase
transitions should o ur due to the formation of bubbles ontaining nonvanishing eld
.
Indeed, we found that this transition o urred in a nearly spheri al region of the
latti e that qui kly grew to en ompass the entire spa e. The growth of this region
of the new phase is shown in Fig. 8.3. The nearly perfe t spheri ity of this region is
an additional indi ation that the transition was strongly rst-order. In omparison,
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Figure 8.3: These plots show the region of spa e in whi h symmetry breaking has
o urred at four su essive times.
the bubble observed in the latti e simulations of [16℄ for g 2 =  200 was not exa tly
spheri ally symmetri .
The rst order phase transition and bubble formation seen in our simulations an
be understood as a result of gradual a umulation of lassi al u tuations Æ(t; ~x).
These u tuations sto hasti ally limb up from  = 0 towards the lo al maximum
 of the e e tive potential. Consider the regions in whi h Æ(t; ~x) >  . If the
probability of formation of su h regions is small be ause they orrespond to high
peaks of the random eld , then these regions will have a nearly spheri al shape
and an be represented by spheri al surfa es of radius R (bubbles). If the radius R
is small, gradient terms will prevent the eld  inside the region from rolling down
towards the global minimum at  = v (sub riti al bubble). If R is large enough,

88

CHAPTER 8.

INFLATION AFTER PREHEATING

800

600

400

200

0
0

12

1´10

12

2´10

12

3´10

12

4´10

12

5´10

p

Figure 8.4: The s ale fa tor a as a fun tion of time. In the beginning a  t, whi h
is a urve with negative urvature, but then at some stage it begins to turn upwards,
indi ating a short stage of in ation.
the gradient terms annot push the eld ba k to the metastable state  = 0 and
the eld inside the bubble rolls towards the global minimum, forming a bubble of
ever in reasing radius. This pro ess an be des ribed within the sto hasti approa h
to tunneling proposed in [102℄. Typi ally, the gradient terms annot win over the
potential energy terms if R > O(jm 1j), where m orresponds to the e e tive mass
of the s alar eld in the interior of the bubble. This provides an estimate for the
initial size of the bubble R  O(jm 1 j).
The phase transition o urs from a state with energy density dominated by the
va uum energy density V (0). Figure 8.4 shows the s ale fa tor a as a fun tion of time.
The urvature be omes slightly positive at the time before the phase transition, whi h
indi ates a short stage of exponential growth of the universe. Be ause the urvature
is hard to see in gure 8.4 I have also plotted the se ond derivative a in gure 8.5.
While the in aton is trapped in the false va uum state, a be omes positive, indi ating
a brief stage of in ation.
Another signature of in ation is an equation of state with negative pressure. Figure 8.6 shows the parameter = p=, whi h be omes negative during the metastable
phase. At the moment of the phase transition the universe be omes matter dominated
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Figure 8.5: The se ond derivative of the s ale fa tor, a. A universe dominated by
ordinary matter (relativisti or nonrelativisti ) will always have a < 0, whereas in an
in ationary universe a > 0. We see that starting from the moment t  2  1012 (in
Plan k units) the universe experien es a elerated (in ationary) expansion.
and the pressure jumps to nearly 0.
From the beginning of this in ationary stage (roughly when the pressure be omes
negative) to the moment of the phase transition the total expansion fa tor is 2.1. As
expe
ted this is of the same order but somewhat lower than the predi ted maximum,
 2 1=4
g
 5:3. We an thus on lude that it is possible to a hieve in ation for

parameters for whi h this would not have been possible in thermal equilibrium (g 4 
). In our simulation we showed the o urren e of a very brief stage of in ation.
This stage may be mu h longer for larger (realisti ) values of g 2 =. However, to
he k whether this is indeed the ase one would need to perform a more detailed
investigation on a latti e of a mu h greater size.

8.4 Nonthermal phase transitions and produ tion
of topologi al defe ts
In this se tion I would like to dis uss possible impli ations of our investigation for the
theory of produ tion of topologi al defe ts after preheating [16, 17, 98℄.
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Figure 8.6: The ratio of pressure to energy density p=. (Values were time averaged
over short time s ales to make the plot smoother and more readable.)
The bubbles that appear after the phase transition an ontain either positive
or negative eld,  = v . If bubbles of either type are formed with omparable
probability, then after the phase transition the universe be omes divided into nearly
equal numbers of domains with  = v , separated by domain walls. Su h domain
walls would lead to disastrous osmologi al onsequen es, whi h would rule out the
models where this may happen [14, 15℄.
In general, the number of bubbles with  = +v may be mu h greater (or mu h
smaller) than the number of bubbles with  = v . Then the domain wall problem
does not appear be ause the bubbles with  = +v would rapidly eat all their ompetitors with  = v (or vi e versa). This may happen, for example, if the moment
of the bubble produ tion is determined by the oherently os illating s alar eld .
In su h a ase, after os illating a bit near the top of the e e tive potential, the eld
 may wind up in the same minimum of the e e tive potential everywhere in the
universe.
To investigate the domain wall problem in our model one would need to repeat the
al ulation many times with slightly di erent initial onditions or to make them in a
box of a mu h greater size that would allow one to see many bubbles simultaneously.
Fortunately, the results obtained in our study may be suÆ ient to give an answer to
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this question without extremely large simulations.
First of all, a ording to the sto hasti approa h [102℄ to the theory of tunneling
with bubble formation [103, 104℄, the bubbles of the eld  are reated as a result of
the a umulation of long-wavelength u tuations of the s alar eld with momenta k
smaller than the typi al mass s ale m asso iated with this eld, see Se tion 8.3. In
our ase this mass s ale is related to the frequen y of os illations of the s alar eld
at the moment of the phase transition. At that moment the leading ontribution to
the u tuations h2 i is given by u tuations with momenta mu
h smaller than m .
q
We al ulated the value of the long-wavelength omponent of h2 i and found that
it is (approximately) of the same order as the amplitude of os illations of the eld 
at the moment of the phase transition. The existen e of a rst-order phase transition suggests that the probability of bubble formation must have been exponentially
suppressed during the metastable stage. Su h suppression would only o ur only if
the amplitude
of u tuations required to form a bubble of the new phase was mu h
q
larger than h2 i [102℄, whi h would in turn mean the required amplitude was mu h
greater than the amplitude of os illations of . This suggests that the probability of
the bubble formation is almost entirely determined by the in oherent u tuations of
the eld  rather than by the small oherent os illations of this eld. Consequently,
the probability of formation of bubbles ontaining  = +v in the rst approximation
must be equal to the probability of formation of bubbles ontaining  = v .
To make this statement more reliable one would need to estimate the amplitude
of the long-wavelength u tuations of the eld  in a more pre ise way, whi h would
involve using latti es of a greater size. However, there is additional eviden e suggesting that the number of bubbles with positive and negative  must be approximately
equal to ea h other.
Indeed, as we have seen, the urvature of the e e tive potential remained approximately onstant during dozens of os illations of the eld  prior to the moment of
the phase transition. This suggests that the shape of the e e tive potential and,
onsequently, the probability of the tunneling, did not hange mu h during a single
os illation. Therefore one may expe t that, within a single os illation, the probability
of a bubble forming when the os illating eld  was negative was approximately the
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same as the probability of the bubble forming when it was positive.
If the number of bubbles with positive and negative  are approximately equal to
ea h other, the phase transition leads to the formation of dangerous domain walls,
whi h rules out our model [105℄. If orre t, this is a rather important on lusion
that shows that the investigation of nonthermal phase transition may rule out ertain
lasses of in ationary models that otherwise would seem quite legitimate [14, 15℄.
But this on lusion does not imply that all theories where the nonthermal phase
transition is strongly rst order are ruled out. For example, one may onsider a model
(8.1) with  being not a real but a omplex eld,  = p12 (1 + i2 ), jj2 = 12 (21 + 22 ).
Sin e the main ontribution to the e e tive potential of the eld  in the theory (8.1)
is given not by the eld(s)  but by the elds i , we expe t that this generalization
will not lead to a qualitative modi ation of our results. In parti ular, we expe t that
for suÆ iently large N and g 2 = the phase transition will be strongly rst order and
there will be a short stage of in ation after preheating. However, in the new model
we will have strings instead of domain walls.
A similar model in the absen e of intera tion of the elds  with the elds 
was studied in [17, 98℄. It was argued that even in this ase in nite strings may
be formed. The theory of galaxy formation due to osmi strings is urrently out of
favor, but it is ertainly true that osmi strings produ ed after in ation may add new
interesting features to the standard theory of formation of the large-s ale stru ture
of the universe [106, 107, 108, 109℄
The possibility of strongly rst order phase transitions indu ed by preheating in
models with g 2   adds new eviden e that in nite strings an be produ ed after
nonthermal phase transitions. Indeed, in nite strings may not be produ ed if the
dire tion in whi h the eld  falls from the point  = 0 at the moment of the phase
transition is determined by the os illations of the eld . If, just as in qthe ase
dis ussed above, the amplitude of these os illations are mu h smaller than h2i at
the moment of the phase transition, then in nite strings are indeed formed.
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8.5 Con lusions
The results of our latti e simulation on rmed our expe tations that preheating may
lead to nonthermal phase transitions even in those theories where spontaneous symmetry breaking o urs at the GUT s ale, v  1016 GeV. Some time ago this question
was intensely debated in the literature. Some authors laimed that nonthermal phase
transitions indu ed by preheating are impossible, and the notion of the e e tive potential after preheating is useless. I believe that Figs. 1, 2 and 3 give a lear answer
to this question. In parti ular, Fig. 1 shows that 90% of the time from the end of
in ation to the moment of symmetry breaking the eld  os illates about  = 0 with
an amplitude mu h smaller than v . This ould happen only be ause the orre tions
to the e e tive potential indu ed by parti les  and  hange the shape of V () near
 = 0, turning its maximum into a deep lo al minimum.
In some theories, this e e t may lead to produ tion of superheavy strings, whi h
may have important osmologi al impli ations for the theory of formation of the large
s ale stru ture of the universe. In some other theories, these phase transitions may
lead to ex essive produ tion of monopoles and domain walls. This may rule out a
broad lass of otherwise a eptable in ationary models.
In this paper we have shown that under ertain onditions a nonthermal phase
transition may lead to a short se ondary stage of in ation. It would be interesting
to study the possibility that a se ondary stage of in ation indu ed by preheating
ould help solve the moduli and gravitino problems. The answer to this question will
be strongly model-dependent be ause gravitinos an be produ ed by the os illating
s alar eld even after the se ondary in ation [61, 80℄. Independently of all pra ti al
impli ations, the possibility of a se ondary stage of in ation indu ed by preheating
seems very interesting be ause it learly demonstrates the potential importan e of
nonperturbative e e ts in post-in ationary osmology.

Chapter 9
The Development of Equilibrium
After Preheating
Note: This hapter is based on a paper by Gary Felder and Lev Kofman, available
on the Los Alamos eprint server as hep-ph/0011160. The full itation appears in the
bibliography [110℄.

Chapter Abstra t
In this hapter I present the results of a fully nonlinear study of the development of
equilibrium after preheating. The rapid transfer of energy from the in aton to other
elds during preheating leaves these elds in a highly nonthermal state with energy
on entrated in infrared modes. We performed latti e simulations of the evolution
of intera ting s alar elds during and after preheating for a variety of in ationary
models. We formulated a set of generi rules that govern the thermalization pro ess
in all of these models. Notably, we found that on e one of the elds is ampli ed
through parametri resonan e or other me hanisms it rapidly ex ites other oupled
elds to exponentially large o upation numbers. These elds qui kly a quire nearly
thermal spe tra in the infrared, whi h gradually propagate into higher momenta.
Prior to the formation of total equilibrium, the ex ited elds group into subsets with
almost identi al hara teristi s (e.g. group e e tive temperature). The way elds
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form into these groups and the properties of the groups depend on the ouplings
between them. We also studied the onset of haos after preheating by al ulating the
Lyapunov exponent of the s alar elds.

9.1 Introdu tion
Reheating typi ally involves some form of rapid, non-perturbative preheating phase.
The hara ter of preheating may vary from model to model, e.g. parametri ex itation
in haoti in ation [7℄ or ta hyoni preheating in hybrid in ation (see hapter 10),
but its distin t feature remains the same: rapid ampli ation of one or more bosoni
elds to exponentially large o upation numbers. This ampli ation is eventually shut
down by ba krea tion of the produ ed u tuations. The end result of the pro ess is
a turbulent medium of oupled, inhomogeneous, lassi al waves far from equilibrium
[99℄.
Despite the development of our understanding of preheating after in ation, the
transition from this stage to a hot Friedmann universe in thermal equilibrium has
remained relatively poorly understood. A theory of the thermalization of the elds
generated from preheating is ne essary to bridge the gap between in ation and the
Hot Big Bang. The details of this thermalization stage depend on the onstituents
of the fundamental Lagrangian L(i ; i ; i ; A ; h ; :::) and their ouplings, so at rst
glan e it would seem that a des ription of this pro ess would have to be strongly
model-dependent. We found, however, that many features of this stage seem to hold
generi ally a ross a wide spe trum of models. This fa t is understandable be ause
the onditions at the end of preheating are generally not qualitatively sensitive to the
details of in ation. Indeed, at the end of preheating and beginning of the turbulent
stage (denoted by t ), the elds are out of equilibrium. We examined many models
and found that at t there is not mu h tra e of the linear stage of preheating and
onditions at t are not qualitatively sensitive to the details of in ation. We therefore
found that this se ond, highly nonlinear, turbulent stage of preheating seemed to
exhibit some universal, model-independent features.
Although a realisti model would in lude one or more Higgs-Yang-Mills se tors,
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we treated the simpler ase of intera ting s alars. Within this ontext, however, we
onsidered a number of di erent models in luding several haoti and hybrid in ation
s enarios with a variety of ouplings between the in aton and other matter elds.
There are many questions about the thermalization pro ess that we set out to
answer in our work. Could the turbulent waves that arise after preheating be des ribed
by the theory of (transient) Kolmogorov turbulen e or would they dire tly approa h
thermal equilibrium? Could the relaxation time towards equilibrium be des ribed by
the naive estimate   (nint ) 1 , where n is a density of s alar parti les and int
is a ross-se tion of their intera tion? If the in aton  were de aying into a eld
, what e e t would the presen e of a de ay hannel  for the  eld have on the
thermalization pro ess? For that matter, would the presen e of  signi antly alter
the preheating of  itself, or even destroy it as suggested in [111℄? How strongly
model-dependent is the pro ess of thermalization; are there any universal features
a ross di erent models? Finally there's the question of haos. It is known that
Higgs-Yang-Mills systems display haoti dynami s during thermalization [112℄. The
possibility of haos in the ase of a single, self-intera ting in aton was mentioned in
passing in [99℄, but when we began our work it was un lear at what stage of preheating
haos might appear, and in what way.
Be ause the systems we studied involve strong, nonlinear intera tions far from
thermal equilibrium it is not possible to solve the equations of motion using linear
analysis in Fourier spa e. Instead we solved the s alar eld equations of motion
dire tly in position spa e using latti e simulations. These simulations automati ally
take into a ount all nonlinear e e ts of s attering and ba krea tion. Using these
numeri al results we were able to formulate a set of empiri al rules that seem to govern
thermalization after in ation. These rules qualitatively des ribe thermalization in a
wide variety of models. The features of this pro ess are in some ases very di erent
from our initial expe tations.
Se tions 9.2 and 9.3 des ribe the results of our numeri al al ulations. Se tion
9.2 des ribes one simple haoti in ation model that we hose to fo us on as a lear
illustration of our results, while se tion 9.3 dis usses how the thermalization pro ess
o urs in a variety of other models. Se tion 9.4 des ribes the onset of haos during
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preheating and in ludes a dis ussion of the measurement and interpretation of the
Lyapunov exponent in this ontext. Se tion 9.5 ontains a list of empiri al rules that
we formulated to des ribe thermalization after preheating. Se tion 9.6 dis usses these
results and other aspe ts of non-equilibrium s alar eld dynami s.

9.2 Cal ulations in Chaoti In ation
In this se tion I present the results of our numeri al latti e simulations of the dynami s of intera ting s alars after in ation. I dis uss in detail one simple model that
illustrates the general properties of thermalization after preheating. The next se tion
will dis uss thermalization in the ontext of other models.

9.2.1 Model
The example I have hosen to fo us on is haoti in ation with a quarti in aton
potential. The in aton  has a four-legs oupling to another s alar eld , whi h in
turn an ouple to one or more other s alars i . The potential for this model is
1
1
1
V = 4 + g 22 2 + h2i 2 i2 :
4
2
2

(9.1)

The equations of motion for the model (9.1) are given by

a_
 + 3 _
a

1 2  2 2 2
r  +  + g   = 0
a2

(9.2)


a_
1 2
22 + h2  2   = 0
 + 3 _
r

+
g
(9.3)
i i
a
a2
a_
1
2 i + h2 2  i = 0:
i + 3 _i
=
r
(9.4)
i
a
a2
We also in luded self- onsistently the evolution of the s ale fa tor a(t). The model
des ribed by these equations is a onformal theory, meaning that the expansion of the
universe an be (almost) eliminated from the equations of motion by an appropriate
hoi e of variables [8℄.
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A detailed explanation of our latti e simulations is in part III of this thesis. For
the haoti in ation potential des ribed in this se tion we res aled the variables from
Plan k units in the following ways

fpr =

p
p dt
a
f ; ~xpr = 0~x; dtpr = 0 ;
0
a

(9.5)

where the subs ript pr (for \program") indi ates the variables used in our al ulations.
The variable 0 = :342Mp is the initial value of  in the simulations. All plots in this
hapter are shown in these program variables.
Preheating in this theory in the absen e of the i elds was des ribed in [8℄. For
2
g >
  the eld  will experien e parametri ampli ation, rapidly rising to exponentially large o upation numbers. In the absen e of the  eld (or for suÆ iently
small g )  will be resonantly ampli ed through its own self-intera tion, but this selfampli ation is mu h less eÆ ient than the two- eld intera tion. The results shown
here are for  = 9  10 14 (for COBE normalization) and g 2 = 200. When I add a
third eld I take h21 = 100g 2 and when I add a fourth eld I take h22 = 200g 2.

9.2.2 The Output Variables
There are a number of ways to illustrate the behavior of s alar elds, and di erent
ones are useful for exploring di erent phenomena. The raw data is the value of the
eld f (t; ~x), or equivalently its Fourier transform fk (t). One of the simplest quantities
one an extra t from these values is the varian e




Z

h f (t) f(t) 2 i = (21 )3 d3kjfk (t)j2 ;

(9.6)

where the integral does not in lude the ontribution of a possible delta fun tion at
~k = 0, representing the mean value f.
One of the most interesting variables to al ulate is the ( omoving) number density
of parti les of the f - eld
1 Z 3
nf (t) 
d knk (t) ;
(9.7)
(2 )3
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where nk is the ( omoving) o upation number of parti les

nk (t) 

1 _ 2 !k 2
jf j + 2 jfk j
2!k k
q

!k  k2 + m2eff
2V
m2eff  2 :
f
For the model (9.1) this e e tive mass is given by
8
>
3h2i + g 2 h2 i
>
>
<
m2eff = > g 2h2 i + h2i hi2 i
>
>
: h2 h2 i

(9.8)
(9.9)
(9.10)

(9.11)

i

for , , and i respe tively. For the lassi al waves of f that we are dealing with, nk
orresponds to an adiabati invariant of the waves. Formula (9:8) an be interpreted
as a parti le o upation number in the limit of large amplitude of the f - eld. As
we will see below this o upation number spe trum ontains important information
about thermalization. Noti e that the e e tive mass of the parti les depends on the
varian es of the elds and may be signi ant and time-dependent. The momenta of
the parti les do not ne essarily always ex eed their masses, meaning the intera ting
s alar waves are not ne essarily always in the kineti regime. In parti ular this means
R
that in general we annot al ulate the energies of the elds simply as d3 k !k nk
be ause intera tion terms between elds an be signi ant.
From here on I will use n without a subs ript to denote the total number density
for a eld, and will use the subs ript only to spe ify a parti ular eld, e.g. n . I use
ntot to mean the sum of the total number density for all elds ombined. O upation
number will always be written nk and it should be lear from ontext whi h eld is
being referred to.
In pra ti e it is not very important whether you onsider the spe trum fk and
the varian e of f or the spe trum nk and the number density. Both sets of quantities
qualitatively show the same behavior in the systems we onsidered. The varian e and
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number density grow exponentially during preheating and evolve mu h more slowly
during the subsequent stage of turbulen e. Most of our results are shown in terms of
number density nf and o upation number nk be ause these quantities have obvious
physi al interpretations, at least in ertain limiting ases. I shall o asionally show
plots of varian e for omparison purposes.
In what follows I dis uss the evolution of n(t) and nk (t). The evolution of the
total number density ntot is an indi ation of the physi al pro esses taking pla e. In
the weak intera tion limit the s attering of lassi al waves via the intera tion term
1 g 2 2 2 an be treated using a perturbation expansion with respe t to g 2 . The
2
leading four-legs diagrams for this intera tion orresponds to a two-parti le ollision
( ! ), whi h onserves ntot . The regime where su h intera tions dominate orresponds to \weak turbulen e" in the terminology of the theory of wave turbulen e
[113℄. If we see ntot onserved it will be an indi ation that these two-parti le ollisions onstitute the dominant intera tion. Conversely, violation of ntot (t) = onst
will indi ate the presen e of strong turbulen e, i.e. the importan e of many-parti le
ollisions. Su h higher order intera tions may be signi ant despite the smallness of
the oupling parameter g 2 (and others) be ause of the large o upation numbers nk .
Later, when these o upation numbers are redu ed by res attering, the two-parti le
ollision should be ome dominant and ntot should be onserved.
For a bosoni eld in thermal equilibrium with a temperature T and a hemi al
potential  the spe trum of o upation numbers is given by

nk =

1

e

!k 
T

1

:

(9.12)

(I use units in whi h h = 1.) Preheating generates large o upation numbers for
whi h equation (9.12) redu es to its lassi al limit

nk 

!k

T



;

(9.13)

whi h in turn redu es to nk / 1=k for k  m;  and nk  onst: for k  m; . We
ompared the spe trum nk to this form to judge how the elds were thermalizing. Here
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I onsider the hemi al potential of an intera ting s alar elds as a free parameter.
Unless otherwise indi ated all of our results are shown in omoving oordinates
that, in the absen e of intera tions, would remain onstant as the universe expanded.
Note also that for most of the dis ussion I onsider eld spe tra only as a fun tion of
j~kj, de ned by averaging over spheri al shells in k spa e. For a Gaussian eld these
spe tra ontain all the information about the eld, and even for a non-Gaussian eld
most useful information is in these averages. This issue is dis ussed in more detail in
se tion 9.4.

9.2.3 Results
The key results for this model are shown in Figures 9.12-9.19, whi h show the evolution of n(t) with time for ea h eld and the spe trum nk for ea h eld at a time long
after the end of preheating. These results are shown for runs with one eld ( only),
two elds ( and ), and three and four elds (one and two i elds respe tively). I
will begin by dis ussing some general features ommon to all of these runs, and then
omment on the runs individually.
All of the plots of n(t) show an exponential in rease during preheating, followed
by a gradual de rease that asymptoti ally slows down. See for example Figure 9.1.
This exponential in rease is a onsequen e of explosive parti le produ tion due to
parametri resonan e. This regime is fairly well understood [8℄. After preheating the
elds enter a turbulent regime, during whi h n(t) de reases. This initial, fast de rease
an be interpreted as a onsequen e of the many-parti le intera tions dis ussed above;
as nk shifts from low to high momenta the overall number de reases. Realisti ally,
however, the onset of weak turbulen e should be a ompanied by the development of
a ompensating ow towards infrared modes, whi h we were unable to see be ause
of our nite box size. Thus the ontinued, slow de rease in n(t) well into the weak
turbulent regime is presumably a onsequen e of the la k of very long wavelength
modes in our latti e simulations.
To see why this shift is o urring look at the spe tra nk (Figures 9.16-9.19, see
also [111, 114℄). Even long after preheating the infrared portions of some of these
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Figure 9.1: Number density n for V = 14 4 + 12 g 2 2 2 . The plots are, from bottom
to top at the right of the gure, n , n , and ntot . The dashed horizontal line is simply
for omparison. The end of exponential growth and the beginning of turbulen e (i.e.
the moment t ) o urs around the time when ntot rea hes its maximum.
spe tra are tilted more sharply than would be expe ted for a thermal distribution
(9.13). Even more importantly, many of them show a uto at some momentum k,
above whi h the o upation number falls o exponentially. Both of these features,
the infrared tilt and the ultraviolet uto , indi ate an ex ess of o upation number
at low k relative to a thermal distribution. This ex ess o urs be ause parametri
resonan e is typi ally most eÆ ient at ex iting low momentum modes, and be omes
ompletely ineÆ ient above a ertain uto k . A lear pi ture of how the ow to
higher momenta redu es these features an be seen in Figure 9.2, whi h shows the
evolution of the spe trum nk for  in the two eld model.
Figure 9.2 illustrates the initial ex itation of modes in parti ular resonan e bands,
followed by a rapid smoothing out of the spe trum. The ultraviolet uto is initially
at the momentum k where parametri resonan e shuts down, but over time the
uto moves to higher k as more modes are brought into the quasi-equilibrium of the
infrared part of the spe trum. Meanwhile the infrared se tion is gradually attening
as it approa hes a true thermal distribution. During preheating the ex itation of the
infrared modes drives this slope to large, negative values. From then on it gradually
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Figure 9.2: Evolution of the spe trum of  in the model V = 14 4 + 12 g 2 2 2 . Red
plots orrespond to earlier times and blue plots to later ones. For bla k and white
viewing: The sparse, lower plots all show early times. In the thi k bundle of plots
higher up the spe trum is rising on the right and falling on the left as time progresses.
approa hes thermal equilibrium (i.e. a slope of 1 to 0 depending on the hemi al
potential and the mass). The relaxation time for the equilibrium is signi antly
shorter than that given by formula 1=nint . This estimate is valid for dilute gases
of parti les, but in our ase the large o upation numbers amplify the s attering
amplitudes [7℄.

2
Figure 9.3 shows the evolution of the varian es h f f i for the two eld model.
As indi ated above it shows all the same qualitative features as the evolution of n for
that model.
I an now go on to point out some di eren es between the models, i.e. between
runs with di erent numbers of elds. The one eld model (pure 4 ) shows the basi
features dis ussed above, but the tilt in the spe trum is still very large at the end
of the simulation and n is de reasing very slowly ompared to the spe tral tilt and
hange in n we see in the two eld ase. This di eren e o urs be ause the intera tions
between  and  greatly speed up the thermalization of both elds. In the one eld
ase  an only thermalize via its relatively weak self-intera tion.
The spe tra in the two eld run also show a novel feature, namely that the spe tra
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Figure 9.3: Varian es for V = 41 4 + 12 g 2 2 2 . The upper plot shows h   i and
the lower plot shows h( )2 i.

for  and  are essentially identi al, whi h means among other things

n  n :

(9.14)

This mat hing of the two spe tra o urs shortly after preheating and from then on the
two elds evolve identi ally (ex ept for the remaining homogeneous omponent of ).
A posteriori this result an be understood as follows. Looking at the potential 4 +
g 2 2 2 , the se ond term dominates be ause of the hierar hy of oupling strengths
g 2 = 200. So the potential V  g 2 2 2 is symmetri with respe t to the two elds,
and therefore they a t as a single e e tive eld.
Figures 9.14 and 9.18 show the e e ts of adding an additional de ay hannel for
. The intera tion of  and  does not a e t the preheating of , but does drag
 exponentially qui kly into an ex ited state. The eld  is exponentially ampli ed
not by parametri resonan e, but by its stimulated intera tions with the ampli ed 
eld. Unlike ampli ation by preheating, this dire t de ay nearly onserves parti le
number, with the result that n de reases as  grows, and the spe tra of  and  are
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no longer identi al. Instead  and  develop nearly identi al spe tra,

n  n < n ;

(9.15)

and they both thermalize (together) mu h more rapidly than  did in the absen e
of  . There is a looser relationship n  n + n , whose a ura y depends on the
ouplings. The in aton, meanwhile, thermalizes mu h more slowly; note the low k
of the uto in the  spe trum in Figure 9.18. By ontrast, there is no visible uto
in the spe tra of  and  and the tilt is relatively mild. The most striking property
of this hain of intera tion is the grouping of elds;  and  behave identi ally to
ea h other and di erently from . This again an be understood by the hierar hy of
oupling onstants, h2 = 100g 2 = 20; 000. The term h2 2  2 is dominant and puts 
and  on an equal footing.
Varying the oupling h did not hange the overall behavior of the system, but it
hanged the time at whi h  grew. In the limiting ase h  g ,  grew with  during
preheating and remained indistinguishable from it right from the start. (We found
this, for example, for h2 = 10; 000g 2.)
When we added a se ond  eld we found that the  eld most strongly oupled
to  would grow very rapidly and the more weakly oupled one would then grow
relatively slowly. Note for example that n2 in Figure 9.19 grows more slowly than
n in Figure 9.18 despite the fa t that they have the same oupling to . In the four
eld ase n is redu ed when the more strongly oupled  eld grows and this slows
the growth of the more weakly oupled one. Nonetheless, the addition of another 
eld on e again sped up the thermalization of  and the  elds. The three elds ,
1 , and 2 on e again have identi al spe tra

n  n1  n2 < n ;

(9.16)

but in the four eld ase by the end of the run they look indistinguishable from
thermal spe tra. If there is an ultraviolet uto for these spe tra it is at momenta
higher than an be seen on the latti e we were using. Again, we noti ed a loose
relationship n  n + n1 + n2 . in this ase.
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Figure 9.4: E e tive masses for V = 14 4 + 12 g 2 2 2 as a fun tion of time in units of
omoving momentum. The lower plot is m and the upper one is m .

I'll lose this se tion with a few words about the e e tive masses of the elds,
equation (9.10). All the masses are s aled in the omoving frame, i.e. I onsider
a2 m2eff . Figure 9.4 shows the evolution of the e e tive masses in the two eld model.
Note that the verti al axis of these plots is in the same omoving units as the horizontal (k) axes of the spe tra plots. Sin e the momentum uto was of order k  5 10
(see Figure 9.2) the mass of  was onsistently smaller than the typi al momenta
of the eld. By ontrast m started out mu h larger and only gradually de reased.
The u tuations of  remained massive through preheating (although with a physi al mass  1=a) and for quite a while afterwards the typi al momentum of these
u tuations was k  m.
Figure 9.5 shows the evolution of the e e tive masses for the three eld model.
On e again m remains small. Although m grows large brie y it qui kly subsides.
However, m , with ontributions from  and , remains relatively large. Note, however, that the spe trum of  has no lear uto after  has grown, so it is diÆ ult to
say whether this mass ex eeds a \typi al" momentum s ale or not.
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Figure 9.5: Time evolution of the e e tive masses for the model V = 14 4 + 21 g 2 2 2 +
1 h2 2  2 . From bottom to top on the right hand side the plots show m , m , and m .
2

9.3 Other Models of In ation and Intera tions
The model (9.1) was hosen to illustrate our basi results be ause 4 in ation and
preheating is relatively simple and well studied. Our main interest, however, was in
universal features of thermalization. In this se tion I therefore more brie y dis uss our
results for a variety of other models. First I ontinue with 4 in ation by dis ussing
variants on the intera tion potential des ribed above. Next I dis uss thermalization
in m2 2 models of haoti in ation. Finally I dis uss hybrid in ation.

9.3.1 Variations on Chaoti In ation With a Quarti Potential
We looked at several simple variants of the potential (9.1). We onsidered a model
with a further de ay hannel for  so that the total potential was
1
1
1
1
V = 4 + g 22 2 + h21 2  2 + h22  2 2 :
4
2
2
2

(9.17)

Setting h1 = h2 we found that for this four eld model the evolution of the eld
u tuations, spe tra, and number density were qualitatively similar to those in the
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four eld model (9.1). We found that at late times

n  n  n < n :

(9.18)

The elds ,  , and formed a group with nearly identi al spe tra and evolution
and rapid thermalization, while  remained distin t and thermalized more slowly.
Compare these results to the four eld model results in Figures 9.15 and 9.19.
We also onsidered parallel de ay hannels for 
1
1
1
1
V = 4 + g12 2 2 + g22 2 2 + h2 2  2 :
4
2
2
2
Setting g1 = g2 and h2 = 100g12 we found that at late times

n  n > n  n :

(9.19)

(9.20)

In other words the four elds formed into two groups of two, with ea h group having
a hara teristi number density evolution.
Finally we looked at adding a self-intera tion term for 
1
1
1
V =  4 + g 2 2 2 +  4
4
2
4

(9.21)

with  = g 2 and found the results were essentially un hanged from those of the two
eld runs with no 4 term. The  self- oupling aused the spe tra of  and  to
deviate slightly from ea h other, but their overall evolution pro eeded very similarly
to the ase with no  self-intera tion term.

9.3.2 Chaoti In ation with a Quadrati Potential
We also onsidered haoti in ation models with an m2 2 in aton potential. Figures 9.20-9.23 show results for the model
1
1
1
V = m2 2 + g 2 2 2 + h2 2  2 ;
2
2
2

(9.22)
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with m = 10 6Mp  1:22  1013 GeV (for COBE), g 2 = 2:5  105 m2 =Mp2 , and h2 =
100g 2. The res alings used for this model were

fpr =

a3=2
f ; ~xpr = m~x; dtpr = mdt;
0

(9.23)

and on e again all plots here are shown in these res aled variables. The initial value
0 was set to :193Mp.
We onsidered separately the ase of two elds  and  and three elds , , and  .
This model exhibits parametri resonan e similar to the resonan e in quarti in ation
[7℄, whi h results in the rapid growth of n seen in these gures. The spe tra produ ed
in this way are on e again tilted towards the infrared. In the two eld ase,  and
 do not have identi al spe tra as they did for quarti in ation. This is be ause the
oupling term 1=2g 22 2 redshifts more rapidly than the mass term 1=2m2 2 , so the
latter remains dominant in the potential, whi h is therefore not symmetri between 
and . In the three eld ase we again see similar spe tra for  and  , although they
are not as indistinguishable as they were in 4 theory. The basi features of rapid
growth of n, high o upation of infrared modes, and then a ux of number density
towards ultraviolet modes and a slow de rease in ntot are all present as they were for
4 theory. The shape of the  spe trum does not appear thermal, but it is un lear
if this spe trum is ompatible with Kolmogorov turbulen e.

9.3.3 Hybrid In ation
Hybrid in ation models involve multiple s alar elds. The simplest potential for
two- eld hybrid in ation is


V (;  ) = ( 2
4

g2
v 2 )2 + 2  2 :
2

(9.24)

In ation in this model o urs while thep homogeneous  eld slow rolls from large 
towards the bifur ation point at  = g v (due to the slight lift of the potential in
 dire tion). On e (t) rosses the bifur ation point, the urvature of the  eld,
m2   2 V= 2 , be omes negative. This negative urvature results in exponential
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growth of  u tuations. In ation then ends abruptly in a \waterfall" manner.
In hapter 10 I dis uss preheating in hybrid in ation, whi h typi ally o urs via a
me hanism alled \ta hyoni preheating." Although this me hanism is very di erent
in some ways from parametri resonan e the result is quite similar; u tuations of
the elds are rapidly driven to a state with exponentially large o upation numbers
up to some uto in momentum. I won't dis uss ta hyoni preheating in any detail
here. Rather my on ern here is to note how thermalization o urs after preheating.
One reason to be interested in hybrid in ation is that it an be easily implemented
in supersymmetri theories. In parti ular, for illustration I will use supersymmetri
F-term in ation as an example of a hybrid model. The potential is


 
j
4 v 2 j2 + 4jj2 jj2 + j j2 + h2 2 jj2 ;
(9.25)
4
where  = 2:5  10 5 and h2 = 2. Here ,  and  are the omplex s alar elds
of the in aton se tor and  is an additional matter eld. In ation o urs along the
 dire tion for hi  v , when  =  = 0. When the magnitude of the slow-rolling
eld  rea hes the value hj ji = v2 spontaneous symmetry breaking o urs and the
 elds be ome ex ited. It an be shown that at the end of in ation and the start
of symmetry breaking the ompli ated potential (9.25) an be e e tively redu ed to
the simple two eld potential (9.24) (where  and  are ombinations of  and , 
and g 2 = 21 ) plus the oupling term with h2 2 jj2 .

V=

Figure 9.6 show the evolution of the six degrees of freedom of the in aton se tor
as well as the eld . We see that all of the in aton elds ex ept Im() are ex ited
very qui kly. Later the elds  and Im() are dragged into ex ited states as well.
This dragging orresponds to preheating in the non-in aton se tor. The elds  and
Im() are ex ited by their stimulated intera tions with the rest of the elds. The
result of this ampli ation is a turbulent state that evolves towards equilibrium very
similarly to the haoti models. Although the details of in ation and preheating are
very di erent in hybrid and haoti models, we found that on e a matter eld has
been ampli ed, the thermalization pro ess pro eeds in the same way.
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Figure 9.6: Evolution of varian es of elds in the model (9.25). The two elds that
grow at late times, in order of their growth, are  and Im().

9.4 The Onset of Chaos, Lyapunov Exponents and
Statisti s
Intera ting waves of s alar elds onstitute a dynami al system, meaning there is no
dissipation and the system an be des ribed by a Hamiltonian. Dynami al haos is
one of the features of wave turbulen e. In this se tion I address the question if, how
and when the onset of haos takes pla e after preheating.
The s alar eld u tuations produ ed during preheating are generated in squeezed
states [115, 7℄ that are hara terized by orrelations of phases between modes ~k and
~k . Be ause of their large amplitudes we an onsider these u tuations to be standing lassi al waves with de nite phases. During the linear stage of preheating, before
intera tions between modes be omes signi ant, the evolution of these waves may
or may not show haoti sensitivity to initial onditions. Indeed, for wide ranges of
oupling parameters parametri resonan e has sto hasti features [7, 8℄, and prior to
this work the issue of the numeri al stability of parametri resonan e had not been
investigated. When intera tion (res attering) between waves be omes important, the
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waves be ome de oherent. At this stage the waves have well de ned o upation numbers but not well de ned phases, and the random phase approximation an be used to
des ribe the system. This transition signals the onset of turbulen e, following whi h
the system will gradually evolve towards thermal equilibrium.
To investigate the onset of haos in this system we followed the time evolution of
two initially nearby points in the phase spa e, see e.g. [112℄. Consider two on gurations of a s alar eld f and f 0 that are identi al ex ept for a small di eren e of
the elds at a set of points xA . I use f (t; ~xA ); f_(t; ~xA ) to indi ate the unperturbed
eld amplitude and eld velo ity at the point ~xA and f 0 (t; ~xA ); f_0 (t; ~xA ) to indi ate
slightly perturbed values at this point. In other words, the eld on gurations with
f (t; ~xA ); f_(t; ~xA ) and f 0 (t; ~xA ); f_0 (t; ~xA ) are initially lose points in the eld phase
spa e. We independently evolved these two systems (phase spa e points) and observe how the perturbed eld values diverge from the unperturbed ones. Chaos an
be de ned as the tenden y of su h nearby on gurations in phase spa e to diverge
exponentially over time. This divergen e is parametrized by the Lyapunov exponent
for the system, de ned as
1 D(t)
  log
(9.26)
t
D0
where D is a distan e between two on gurations and D0 is the initial distan e at
time 0. Here we de ned the distan e D(t) simply as

D(t)2 

X
A

(jfA0

fA j)2 + (jf_A0

f_A j)2 ;

(9.27)

where fA  f (t; ~xA ) and the summation is taken over all the points where the ongurations initially di ered.
For illustration I present the al ulations for the model V = 14 4 + 12 g 2 2 2 . We
did two latti e simulations of this model with initial onditions that were identi al
ex ept that in one of them we multiplied the amplitude of  by 1 + 10 6 at 8 evenly
spa ed points on the latti e. Figure 9.7 shows the Lyapunov exponent for both elds
 and . Note that the verti al axis is t rather than just . During the turbulent
stage the parameter D(t) is arti ially saturated to a onstant be ause of the limited
phase spa e volume of the system. Fortunately, the most interesting moment around

9.4.

THE ONSET OF CHAOS, LYAPUNOV EXPONENTS AND STATISTICS

113

Λ t
25
20
15
10
5
100

200

300

400

500

t

Figure 9.7: The Lyapunov exponent  for the elds  (lower urve) and  (upper
urve). The verti al axis is t.

t , where the haoti motion begins, is overed by this simple approa h. Certainly,
the eld dynami s ontinue to be haoti in subsequent stages of the turbulen e, and
one an use more sophisti ated methods to al ulate the Lyapunov exponent during
these stages [116, 112℄. However, this issue is less relevant for our study.
Both elds show roughly the same rate of growth of , but  grows mu h earlier
than  and therefore rea hes a higher level. The reason for this is simple. The
amplitude of  is initially very small and grows exponentially, so even in the absen e
of haos we would expe t that during preheating the
di eren e 0 (t; ~xA ) (t; ~xA )
R
must grow exponentially, proportionally to   e dt(t) itself. So this exponential
growth is not a true indi ator of haos.
To get around this problem and de ne the onset of haos in the ontext of preheating more meaningfully we introdu ed a normalized distan e fun tion
(t) 

X
A

!
!2
fA0 fA 2
f_A0 f_A
+ _0 _
fA0 + fA
fA + fA

(9.28)
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Figure 9.8: The Lyapunov exponent 0 for the elds  and  using the normalized
distan e fun tion .
that is well regularized even while the eld  is being ampli ed exponentially. Fig(t) for . In this ase we see the
ure 9.8 shows the Lyapunov exponent 0  1t log (
t0 )
onset of haos only at the end of preheating. The plot for the  eld is nearly idential. The Lyapunov exponents for the elds were 0  0  0:2 (in the units of time
adopted in the simulation). This orresponds to a very fast onset of haos.
Thus we see that haoti turbulen e starts abruptly at the end of preheating.
Initially wave turbulen e is strong and res attering does not onserve the total number
of parti les ntot . The fastest variation in ntot o urs at the same time as the onset of
haos, t  100 200. We onje ture that the entropy of the system of intera ting
waves is generated around the moment t . As the parti le o upation number drops,
the turbulen e will be ome weak and ntot will be onserved. Figure 9.1 learly shows
this evolution of the total number of parti les ntot in the model.
We also onsidered the statisti al properties of the intera ting lassi al waves in
the problem. The initial onditions of our latti e simulations orrespond to random
gaussian noise. In thermal equilibrium, the eld velo ity f_ has gaussian statisti s,
while the eld f itself departs from that unless it has high o upation numbers.
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Figure 9.9: The probability distribution fun tion for the eld  after preheating. Dots
show a histogram of the eld and the solid urve shows a best- t Gaussian.
Figure 9.9 shows the probability distribution of the eld  during the weak turbulen e
stage after preheating, and indeed the distribution is nearly exa tly gaussian. Thus, at
this stage we an treat the superposition of lassi al s alar waves with large o upation
numbers and random phases as random gaussian elds.
During preheating, however, this gaussian distribution is altered. A simple measure of the gaussianity of a eld omes from examining its moments. For a gaussian
eld there is a xed relationship between the two lowest nonvanishing moments,
namely
3hÆ2i2 = hÆ4 i ;
(9.29)
where Æ   hi and angle bra kets denote ensemble averages or, equivalently,
large spatial averages. We measured the ratio of the left and right hand sides of this
equation for  and  and their time derivatives using spatial averages over the latti e.
The results are shown in Figures 9.10 and 9.11. As expe ted, the elds are initially
gaussian, deviate from it during preheating, and rapidly return to it afterwards. The
plots for the moments of the eld velo ities are similar, although the eld velo ities
remain loser to gaussianity.
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Figure 9.10: Deviations from Gaussianity for the eld  as a fun tion of time. The
solid, red line shows 3hÆ2i2 =hÆ4i and the dashed, blue line shows 3hÆ _ 2i2 =hÆ _ 4i.
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Figure 9.11: Deviations from Gaussianity for the eld  as a fun tion of time. The
solid, red line shows 3hÆ2 i2 =hÆ4 i and the dashed, blue line shows 3hÆ _ 2 i2 =hÆ _ 4 i.
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It is quite important to noti e that gaussianity is broken around the end of preheating and the beginning of the strong turbulen e. In parti ular, it makes invalid
the use of the Hartree approximation beyond this point.

9.5

Rules of Thermalization

This resear h was primarily empiri al. We numeri ally investigated the pro esses of
preheating and thermalization in a variety of models and determined a set of rules
that seem to hold generi ally. These rules an be formulated as follows:
1. In many, if not all viable models of in ation there exists a me hanism for exponentially amplifying u tuations of at least one eld . These me hanisms tend to
ex ite long-wavelength ex itations, giving rise to a highly infrared spe trum.
The me hanism of parametri resonan e in single- eld models of in ation has been
studied for a number of years. Contrary to the laims of some authors, this e e t is
quite robust. Adding additional elds (e.g. our  elds) or self- ouplings (e.g. 4 )
has little or no e e t on the resonant period. Moreover, in many hybrid models a
similar e e t o urs due to other instabilities. The qualitative features of the elds
arising from these pro esses seem to be largely independent of the details of in ation
or the me hanisms used to produ e the elds.
2. Ex iting one eld  is suÆ ient to rapidly drag all other light elds with whi h 
intera ts into a similarly ex ited state.
We saw this e e t when multiple elds were oupled dire tly to  and when hains
of elds were oupled indire tly to . All it takes is one eld being ex ited to rapidly
amplify an entire se tor of intera ting elds. These se ond generation ampli ed elds
will inherit the basi features of the  eld, i.e. they will have spe tra with more
energy in the infrared than would be expe ted for a thermal distribution.
3. The ex ited elds will be grouped into subsets with identi al hara teristi s (spe tra,
o upation numbers, e e tive temperatures) depending on the oupling strengths.
We saw this e e t in a variety of models. For example in the models (9.1) and
(9.17) the  and  elds formed su h a group. In general, elds that are intera ting
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in a group su h as this will thermalize mu h more qui kly than other elds, presumably be ause they have more potential to intera t and s atter parti les into high
momentum states.
4. On e the elds are ampli ed, they will approa h thermal equilibrium by s attering
energy into higher momentum modes.
This pro ess of thermalization involves a slow redistribution of the parti le o upation number as low momentum parti les are s attered and ombined into higher
momentum modes. The result of this s attering is to de rease the tilt of the infrared
portion of the spe trum and in rease the ultraviolet uto of the spe trum. Within
ea h eld group the evolution pro eeds identi ally for all elds, but di erent groups
an thermalize at very di erent rates.

9.6 Dis ussion
We investigated the dynami s of intera ting s alar elds during post-in ationary preheating and the development of equilibrium immediately after preheating. We used
three dimensional latti e simulations to solve the non-linear equations of motion of
the lassi al elds.
There are a number of problems both from the point of view of realisti models
of early universe preheating and from the point of view of non-equilibrium quantum
eld theory that I have not yet addressed. In this se tion I shall dis uss some of them.
Although we onsidered a series of models of in ation and intera tions, we mostly
restri ted ourselves to four-legs intera tions. (The sole ex eption was the hybrid
in ation model, whi h develops a three-legs intera tion after symmetry breaking.)
This meant we still had a residual homogeneous or inhomogeneous in aton eld.
In realisti models of in ation and preheating we expe t the omplete de ay of the
in aton eld. (There are radi al suggestions to use the residuals of the in aton
os illations as dark matter or quintessen e, but these require a great deal of ne
tuning.) The problem of residual in aton os illations an be easily ured by three-legs
intera tions. In the s alar se tor three-legs intera tions of the type g 2 v2 may result
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in stronger preheating. Yukawa ouplings h  will lead to parametri ex itations
of fermions [32, 117℄.
There are subtle theoreti al issues related to the development of pre ise thermal
equilibrium in quantum and lassi al eld theory due to the large number of degrees
of freedom, see e.g. [118℄. In our simulations we see the attening of the parti le
spe tra nk and we des ribe this as an approa h to thermal equilibrium, but in light
of these subtleties we should larify that we mean approximate thermal equilibrium.
Often lassi al s alar elds in the kineti regime display transient Kolmogorov
turbulen e, with a as ade towards both infrared and ultraviolet modes [119, 113℄. In
our systems it appears that the ux towards ultraviolet modes is o urring in su h a
way as to bring the elds loser to thermal equilibrium (9.13). Indeed, the slope of the
spe tra nk at the end of our simulations is lose to 1. However, given the size of the
box in these simulations we were not able to say mu h about the phase spa e ux in
the dire tion of infrared modes. This question ould be addressed, for example, with
the omplementary method of hains of intera ting os illators, see [119℄. This is an
interesting problem be ause an out-of-equilibrium bose-system of intera ting s alars
with a onserved number of parti les an, in prin iple, develop a bose- ondensate.
It would be interesting to see how the formation of this ondensate would or would
not take pla e in the ontext of preheating in an expanding universe. One highly
spe ulative possibility is that a osmologi al bose ondensate ould play the role of a
late-time osmologi al onstant.
The highlights of our study for early universe phenomenology are the following.
The me hanism of preheating after in ation is rather robust and works for many
di erent systems of intera ting s alars. There is a stage of turbulent lassi al waves
where the initial onditions for preheating are erased. Initially, before all the elds
have settled into equilibrium with a uniform temperature, the reheating temperature
may be di erent in di erent subgroups of elds. The nature of these groupings is
determined by the oupling strengths.
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Number Density vs. Time
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Figure 9.12: V = 1=44. (Note that the Figure 9.14: V = 1=44 + 1=2g 22 2 +
verti al s ale is larger than for the subse- 1=2h22  2 , g 2 = = 200, h2 = 100g 2. The
quent plots.)
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O upation Number vs. Momentum
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Figure 9.18: V = 1=44 + 1=2g2 2 2 +
1=2h2 2 2 , g2 = = 200, h2 = 100g2 The 

and  spe tra are similar, but  rises in the
infrared). The spe trum of  is markedly
di erent from the others.
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Figure 9.19: V = 1=44 + 1=2g2 2 2 +
1=2h2i 2 i2 , g2 = = 200, h21 = 200g2 ; h22 =
100g2 . All elds other than the in aton have
nearly identi al spe tra.
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Number Density vs. Time
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Chapter 10
Dynami s of Symmetry Breaking
and Ta hyoni Preheating
Note: This hapter is based on a paper by Gary Felder, Juan Gar ia-Bellido, Patri k
Greene, Lev Kofman, Andrei Linde, and Igor Tka hev, available on the Los Alamos
eprint server as hep-ph/0012142. The full itation appears in the bibliography [120℄.

Chapter Abstra t
We re onsidered the old problem of the dynami s of spontaneous symmetry breaking
using 3d latti e simulations, and developed a theory of ta hyoni preheating, whi h
o urs due to the spinodal instability of the s alar eld. Ta hyoni preheating is
so eÆ ient that symmetry breaking typi ally ompletes within a single os illation
of the eld distribution as it rolls towards the minimum of its e e tive potential.
As an appli ation of this theory we onsidered preheating in the hybrid in ation
s enario, in luding SUSY-motivated F-term and D-term in ationary models. We
showed that preheating in hybrid in ation is typi ally ta hyoni and the stage of
os illations of a homogeneous omponent of the s alar elds driving in ation ends
after a single os illation. Our results may also be relevant for the theory of the
formation of disoriented hiral ondensates in heavy ion ollisions.
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10.1 Introdu tion
Spontaneous symmetry breaking is a basi feature of all realisti theories of elementary
parti les. In the simplest models, this instability appears be ause of the presen e
of ta hyoni mass terms su h as m2 2 =2 in the e e tive potential. As a result,
long wavelength quantum u tuations k of the eld  with momenta k < m grow
p
exponentially, k  exp(t m2 k2 ), whi h leads to spontaneous symmetry breaking.
This pro ess may o ur gradually, as in the theory of se ond order phase transitions, when the parameter m2 slowly hanges from positive to negative and the degree
of symmetry breaking gradually in reases in time [88, 89, 92, 90, 91℄. Sometimes the
symmetry breaking o urs dis ontinuously, due to a rst order phase transition [93℄.
But there is also another possibility, whi h I dis uss in this hapter: The ta hyoni
mass term may appear suddenly, on a time s ale that is mu h shorter than the time
required for symmetry breaking to o ur. This may happen, for example, when the
hot plasma reated by heavy ion ollisions in the `little Big Bang' suddenly ools down
[121, 122, 123, 124, 125℄. A more important appli ation from the point of view of
osmology is the pro ess of preheating in the hybrid in ation s enario [126, 127, 128℄,
where in ation ends in a `waterfall' regime triggered by ta hyoni instability.
The pro ess of symmetry breaking has been studied before by advan ed methods of
perturbation theory, see e.g. [129, 130℄ and referen es therein. However, spontaneous
symmetry breaking is a strongly nonlinear and nonperturbative e e t. It usually leads
to the produ tion of parti les with large o upation numbers inversely proportional to
the oupling onstants. As a result the perturbative des ription, in luding the Hartree
and 1=N approximations, has limited appli ability. It does not properly des ribe
res attering of reated parti les and other important features su h as produ tion
of topologi al defe ts. For these reasons we addressed the problem using latti e
simulations. In addition to a urately apturing the full dynami s of res attering,
these simulations allowed us to have a lear visual pi ture of all the pro esses involved.
At several points in this hapter I will make referen e to omputer generated movies
available on the World Wide Web that illustrate di erent aspe ts of spontaneous
symmetry breaking.

10.2.

TACHYONIC INSTABILITY AND SYMMETRY BREAKING

125

I will show here that ta hyoni preheating an be extremely eÆ ient. In many
models it leads to the transfer of the initial potential energy density V (0) into the
energy of s alar parti les within a single os illation. Contrary to some expe tations,
the rst stage of preheating in hybrid in ation is typi ally ta hyoni , whi h means
that the stage of os illations of a homogeneous omponent of the s alar elds driving
in ation either does not exist at all or ends after a single os illation.

10.2 Ta hyoni Instability and symmetry breaking
Symmetry breaking o urs due to ta hyoni instability and may be a ompanied by
the formation of topologi al defe ts. Here I will onsider two toy models that are
prototypes for many interesting appli ations, in luding symmetry breaking in hybrid
in ation.

10.2.1 Quadrati potential
The simplest model of spontaneous symmetry breaking is based on the theory with
the e e tive potential


V () = (2
4

v 2 )2 

m4
4

m2 2  4
 +  ;
2
4

(10.1)

where   1. V () has a minimum at  = v and a maximum at  = 0 with
urvature V 00 = m2 .
The development of ta hyoni instability in this model depends on the initial onditions. I will assume that initially the symmetry is ompletely restored so that the
eld  does not have any homogeneous omponent, i.e. hi = 0. But then hi remains
zero at all later stages, and for the investigation of spontaneous symmetry breaking
one needs to nd the spatial distribution of the eld (x; t). To avoid this ompli ation, many authors assume that there is a small but nite initial homogeneous
ba kground eld (t), and even smaller quantum u tuations Æ(x; t) that grow on
top of it. This approximation may provide some interesting information, but quite
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often it is inadequate. In parti ular, it does not des ribe the reation of topologial defe ts, whi h, as we will see, is not a small nonperturbative orre tion but an
important part of the problem.
For de niteness, I assume that in the symmetri phase  = 0 there are usual
quantum u tuations of the massless eld with the mode fun tions p12k eikt+i~k~x and
then at t = 0 we `turn on' the term m2 2 =2 orresponding to the negative mass
squared m2 . The modes with k = j~kj < m grow exponentially so the dispersion of
these u tuations an be estimated as
m

Z
p
hÆ2i = 41 2 dk k e2t m2
0

k2

:

(10.2)

To get a qualitative understanding of the pro ess of spontaneous symmetry breaking, instead of many growing waves with momenta k < m in (10.2) let us onsider
rst a single sinusoidal wave Æ = (t) os kx with k  m and with initial amplitude
 2m in one-dimensionalpspa e. The amplitude of this wave grows exponentially until
its be omes O(v )  m= . This leads to the division of the universe into domains
of size O(m 1 ) in whi h the eld hanges from O(v ) to O( v ). The gradient energy density of domain walls separating areas with positive and negative  will be
 k2 Æ2 = O(m4=). This energy is of the same order as the total initial potential
energy of the eld V (0) = m4 =4. This is one of the reasons why any approximation
based on perturbation theory and ignoring topologi al defe t produ tion annot give
a orre t des ription of the pro ess of spontaneous symmetry breaking.
Thus a substantial part of the false va uum energy V (0) is transferred to the
gradient energy of the eld  when it rolls down to the minimum of V (). Be ause
the initial state ontains many quantum u tuations with di erent phases growing at
a di erent rate, the resulting eld distribution is very ompli ated, so it annot give
all of its gradient energy ba k and return to its initial state  = 0. This is one of
the reasons why spontaneous symmetry breaking and the main stage of preheating
in this model may o ur within a single os illation of the eld .
Meanwhile if one were to make the usual assumption that initially there exists
a small homogeneous ba kground eld   v with an amplitude greater than the
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p

amplitude of the growing quantum u tuations Æ, so that m=2   < m= ,
one would nd out that when  falls to the minimum of the e e tive potential the
gradient energy of the u tuations remains relatively small. One would thus ome
to the standard on lusion that the eld should experien e many u tuations before
it relaxes near the minimum of V (). To avoid this error, we performed a omplete
study of the growth of all ta hyoni modes and their subsequent intera tion without
making this simplifying assumption about the existen e of the homogeneous eld .
Consider the ta hyoni growth of all u tuations with k < q
m, i.e. those that
ontribute to hÆ2 i in Eq. (10.2). This growth ontinues until hÆ2 i rea hes the
p
value  v=2, sin e at   v= 3 the urvature of the e e tive potential vanishes and
instead of ta hyoni growth one has the usual os illations of all the modes. This
2
happens within the time t  21m ln  . The exponential growth of u tuations up to
that moment an be interpreted as the growth of the o upation number of parti les
with k  m. These o upation numbers at the time t grow up to
!
2
2
nk  exp(2mt )  exp ln
=



 1:

(10.3)

One an easily verify that t depends only logarithmi ally on the hoi e of the initial
distribution of quantum u tuations. For small  the u tuations with k  m have
very large o upation numbers, and therefore they an be interpreted as lassi al
waves of the eld .
The dominant ontribution to hÆ2i in Eq. (10.2) at the moment t is given
p
by the modes with wavelength l  2k 1  2m 1 ln1=2 (C 2 =) > m 1 , where

C = O(1). As a result, at the moment
when the u tuations of the eld  rea h the
q
minimum of the e e tive potential, h2i  v , the eld distribution looks rather homogeneous on a s ale l <
 l. On average, one still has hi = 0. This implies that the
universe be omes divided into domains with two di erent types of spontaneous sym2
metry breaking,   v . The typi al size of ea h domain is l =2  p2 m 1 ln1=2 C ,
whi h di ers only logarithmi ally from our previous estimate m 1 . At later stages the
domains grow in size and per olate (eat ea h other up), and spontaneous symmetry
breaking be omes established on a ma ros opi s ale.
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Of ourse, these are just simple estimates that should be followed by a detailed
quantitative investigation. When the eld rolls down to the minimum of its e e tive
potential, its u tuations s atter o ea h other as lassi al waves. It is diÆ ult to
study this pro ess analyti ally, but fortunately one an do it using latti e simulations.
We performed our simulations on latti es with either 1283 or 2563 gridpoints. The
details of these latti e simulations are given in part III.
Figure 10.1 illustrates the dynami s of symmetry breaking in the model (10.1).
It shows the probability distribution P (; t), whi h is the fra tion of the volume
ontaining the eld  at a time t if at t = 0 one begins with the probability distribution
on entrated near  = 0, with the quantum me hani al dispersion (10.2).
As we see from this gure, after the rst os illation the probability distribution
P (; t) be omes narrowly on entrated near the two minima of the e e tive potential
orresponding to  = v . In this sense one an say that symmetry breaking ompletes
within one os illation. These results hold for a wide range of values of the oupling
onstant ; this gure is shown for a run with  = 10 4 . Note that only when
the distribution stabilizes and the domains be ome large an one use the standard
language of perturbation theory des ribing s alar parti les as ex itations on a (lo ally)
homogeneous ba kground. That is why the use of the nonperturbative approa h based
on latti e simulations was so important for our investigation.
The growth of u tuations in this model is shown in Fig. 10.2. It shows how
u tuations grow in a two-dimensional sli e of 3D spa e. Maxima orrespond to
domains with  > 0, minima orrespond to domains with  < 0.
The dynami s of spontaneous symmetry breaking in this model is even better
illustrated by the omputer generated movie that an be found at
http://physi s.stanford.edu/gfelder/hybrid/1.gif. It onsists of an animated sequen e
of images similar to the one shown in Fig. 10.2. These images show the whole pro ess
of spontaneous symmetry breaking from the growth of small gaussian u tuations of
the eld  to the reation of domains with  = v .
Figure 10.1 shows a lopsided distribution where one domain is noti eably larger
than the other. This asymmetry is the result of small sampling due to the nite box
size. To illustrate this pro ess on a larger s ale we also did a 2D simulation in a 10242
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Figure 10.1: The pro ess of symmetry breaking in the model (10.1) for  = 10 4 . In
the beginning the distribution is very narrow. Then it spreads out and shows two
maxima that os illate about  = v with an amplitude mu h smaller than v . These
maxima never ome lose to the initial point  = 0. The values of the eld are shown
in units of v .

box. Figure 10.3 shows the development of domains for this run. This gure shows a
run with  = 10 2 .
Similar results are valid for the theory of a multi- omponent s alar eld i with the
potential (10.1). For example, the behavior of the probability distribution P (1; 2 ; t)
p
in the theory of a omplex s alar eld  = (1 +i2 )= 2 is shown in Fig. 10.4. For this
gure I used  = 10 4 . As we see, after a single os illation this probability distribution
has stabilized at jj  v . A omputer generated movie illustrating this pro ess an
be found at http://physi s.stanford.edu/gfelder/hybrid/2.gif. Symmetry breaking of
a omplex eld gives rise to strings. Figure 10.5 shows the distribution of strings
in a 3D latti e after the eld has fallen down to the minimum. (For omputational
purposes a string was de ned as the olle tion of gridpoints for whi h jj2 < :02v .)
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Figure 10.2: Growth of quantum u tuations in the pro ess of symmetry breaking in
the quadrati model (10.1).

10.2.2 Cubi potential
Another important example of ta hyoni preheating is provided by the theory

V=

 3  4  4
v +  + v :
3
4
12

(10.4)

This potential is a prototype of the potential that appears in des riptions of symmetry
breaking in F-term hybrid in ation [131, 132℄.
The rst question to address on erns the initial amplitude of the ta hyoni modes
in this model. This is nontrivial be ause m2 () = 2v + 32 vanishes at  =
0. However, eq. (10.2) implies that s alar eld u tuations with momentum  k
have initial amplitude
hÆ2i  8k22 . They enter a self-sustained ta hyoni regime if
q
v
k2 < jm2e j = 2v hÆ2i  vk
2 , i.e. if k < 2 . The average initial amplitude of the
growing ta hyoni u tuations with momenta smaller than v
2 is

Ærms 

v
:
4 2

(10.5)

These u tuations grow until the amplitude of Æ be omes omparable to 2v=3, and
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Figure 10.3: The development of domain stru ture in the quadrati model (10.1).
the e e tive ta hyoni mass vanishes. At
that moment the eld an be represented
q
as a olle tion of waves with dispersion hÆ2 i  v , orresponding to oherent states
 2 2
of s alar parti les with o upation numbers nk  4  1:
Be ause of the nonlinear dependen e of the ta hyoni mass on , a detailed des ription of this pro ess is more involved than in the theory (10.1). Indeed, even
though the typi al amplitude of the growing u tuations is given by (10.5), the speed
of the growth of the u tuations in reases onsiderably if the initial amplitude is
somewhat bigger than (10.5). Thus even though the u tuations with amplitude a
few times greater than (10.5) are exponentially suppressed, they grow faster and may
therefore have greater impa t on the pro ess than the u tuations with amplitude
(10.5). Low probability u tuations with Æ  Ærms orrespond to peaks of the
initial Gaussian distribution of the u tuations of the eld . Su h peaks tend to
be spheri ally symmetri [133℄. As a result, the whole pro ess looks not like a uniform growth of all modes, but more like bubble produ tion (even though there are
no instantons in this model). The results of our latti e simulations for this model
are shown in Fig. 10.6. These results are for  = 10 2. The bubbles (high peaks
of the eld distribution) grow, hange shape, and intera t with ea h other, rapidly
dissipating the va uum energy V (0). A omputer generated movie illustrating this
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Figure 10.4: The pro ess of symmetry breaking in the model (10.1) for a omplex
eld . The eld distribution falls down to the minimum of the e e tive potential
at jj = v and experien es only small os illations with rapidly de reasing amplitude
jj  v.
pro ess an be found at http://physi s.stanford.edu/gfelder/hybrid/3.gif.
Fig. 10.7 shows the probability distribution P (; t) in the model (10.4). As we
see, in this model the eld also relaxes near the minimum of the e e tive potential
after a single os illation.
One should note that numeri al investigation of this model involved spe i ompli ations due to the ne essity of performing renormalization. Latti e simulations
involve the study of modes with large momenta that are limited by the inverse latti e
spa ing. These modes give an additional ontribution to the e e tive parameters of
the model. In the simple model (10.1) these orre tions were relatively small, but
in the ubi model they indu e an additional linear term vh2i. This term should
be subtra ted by the proper renormalization pro edure, whi h brings the e e tive
potential ba k to its form (10.4). For more details on this pro edure see se tion 12.3.
For ompleteness I should mention that in the theory with the quarti potential
V = V (0) 14 4 the de ay of the symmetri phase o urs via tunneling and the
formation of bubbles, even though there is no barrier between  = 0 and  6= 0
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Figure 10.5: The distribution of strings in the model (10.1) for a omplex eld .
[104, 3℄. In this ase quantum tunneling an be heuristi ally interpreted as a building
up of sto hasti u tuations Æ [102℄. In this respe t the hara ter of ta hyoni
instability for the ubi potential is intermediate between the quadrati and quarti
potentials.

10.3 Ta hyoni preheating in hybrid in ation
The results obtained in the previous se tion have important impli ations for the
theory of reheating in the hybrid in ation s enario. The basi form of the e e tive
potential in this s enario is [126, 127℄


V (;  ) = ( 2
4

v 2 )2 +

g2 2 2 1 2 2
 + m :
2
2

(10.6)

p

The point where  =  = M=g and  = 0 is a bifur ation point. Here M  v .
The global minimum is lo ated at  = 0 and j j = v . However, for  >  the squares
of the e e tive masses of both elds m2 = g 22 v 2 + 3 2 and m2 = m2 + g 2  2
are positive and the potential has a valley at  = 0. In ation in this model o urs
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Figure 10.6: Fast growth of the peaks of the distribution of the eld  in the ubi
model (10.4). It should be ompared with Fig. 10.2 for the quadrati model (10.1).
while the  eld rolls slowly in this valley towards the bifur ation point. When 
rea hes  , in ation ends and the elds rapidly roll towards the global minimum at
 = 0, j j = v . If  is a real one- omponent s alar, this may lead to the formation
of domain walls. To avoid this problem, we assume that  is a omplex eld. In this
ase symmetry breaking after in ation produ es osmi strings instead of domain
walls [126, 127℄.
In realisti versions of this model the mass m is extremely small, as is the initial
velo ity _ . The elds fall down along a ertain traje tory (t);  (t) in su h a way
that initially this traje tory is absolutely at, then it rapidly falls down, and then
it be omes at again near the minimum of V (;  ). This implies that the urvature
of the e e tive potential along this urve is initially negative. Therefore the elds
should experien e ta hyoni instability along the way.
The de ay of the homogeneous in aton eld and preheating in hybrid in ation
were onsidered in two papers: for the simplest non-supersymmetri s enario with a
variety of parameters [128℄ and for a SUSY F-term model [132℄. Both papers were
fo used on the possibility of parametri resonan e. However, in [128℄ it was also
pointed out that for g 2   the eld  falls down only when the eld  rea hes some
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Figure 10.7: Histograms des ribing the pro ess of symmetry breaking in the model
(10.4) for  = 10 2 . After a single os illation the distribution a quires the form shown
in the last frame and after that it pra ti ally does not os illate.
point    . As a result, the motion of the eld  o urs just like the motion of
the eld  in the theory (10.1). In this ase one has a ta hyoni instability and the
elds relax near the minimum of V (;  ) within a single os illation [128℄. For all other
relations between g 2 and  the elds follow more ompli ated traje tories. One might
expe t that the elds would in general experien e many os illations, whi h might or
might not lead to parametri resonan e [128, 132℄.
We performed an investigation of preheating in hybrid in ation in the model (10.6)
with two s alar elds (one real and one omplex) and in SUSY-motivated F-term and
D-term in ation models with three omplex elds. We used methods similar to those
dis ussed in the previous se tion, in luding 3D latti e simulations. We found that
eÆ ient ta hyoni preheating is a generi feature of the hybrid in ation s enario,
whi h means that the stage of os illations of the quasi-homogeneous omponents
of the s alar elds driving in ation is typi ally terminated by the ba krea tion of
u tuations.
Fig. 10.8 shows the pro ess of spontaneous symmetry breaking in the theory (10.6)
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for g 2 = 10 4 ,  = 10 2 , M = 1015 GeV. The probability distribution os illates along
the ellipse g 2 2 +  2 = g 2 2 . As before, it relaxes near the minimum of the e e tive
potential within a single os illation. A omputer generated movie illustrating this
pro ess an be found at http://physi s.stanford.edu/gfelder/hybrid/4.gif.

Figure 10.8: The pro ess of symmetry breaking in the hybrid in ation model (10.6)
for g 2  . The eld distribution moves along the ellipse g 2 2 +  2 = g 2 2 from the
bifur ation point  =  ,  = 0.
The theory of preheating in D-term in ation for various relations between g 2 and
 [134, 135℄ is very similar to the theory dis ussed above. Meanwhile, in the ase
g 2 = 2 the e e tive potential (10.6) has the same features as the e e tive potential
of SUSY-inspired F-term in ation [131℄. In this s enario the elds  and  fall down
along a simple linear traje tory [132℄, so that instead of following ea h of these elds
one may onsider a linear ombination of them and nd the e e tive potential in this
dire tion. This e e tive potential has exa tly the same shape as our ubi potential
(10.4). Thus all of the results that we obtained for ta hyoni preheating in the theory
(10.4) should be valid for F-term in ation as well, with minor modi ations due to
the presen e of additional degrees of freedom that an be ex ited during preheating.
Indeed, we were able to on rm these on lusions by latti e simulations of the F-term
and D-term models.
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Thus we see that ta hyoni preheating is a typi al feature of hybrid in ation. The
produ tion of bosons in this regime is nonperturbative, very fast, and eÆ ient, but it
is usually not related to parametri resonan e. Instead it is related to the produ tion
and s attering of lassi al waves of the s alar elds. Of ourse, one should keep
in mind that there may exist some parti ular versions of hybrid in ation in whi h
ta hyoni preheating is ineÆ ient, e.g. be ause of fast motion of the eld  near the
bifur ation point.
The ta hyoni nature of preheating in hybrid in ation implies that instead of the
produ tion of gravitinos by a oherently os illating eld [61, 136, 80, 137℄, in hybrid
in ation one should study gravitino produ tion due to the s attering of lassi al
waves of the s alar elds produ ed by ta hyoni preheating. Our results may also be
important for the theory of the generation of the baryon asymmetry of the universe
at the ele troweak s ale [114℄.
From a more general point of view, however, the most important appli ation of
our results is to the general theory of spontaneous symmetry breaking. This theory
onstitutes the basis of all models of weak, strong and ele tromagneti intera tions.
By applying the methods of latti e simulations we developed for the study of preheating we have been able to a tually see the pro ess of spontaneous symmetry breaking
and to reveal some of its rather unexpe ted features.

Part III
LATTICEEASY: Latti e
Simulations of S alar Field
Dynami s
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Chapter 11
Introdu tion to LATTICEEASY
Mu h of the work reported in this thesis has involved the use of numeri al al ulations, and in parti ular of lassi al latti e simulations of eld dynami s. These
simulations were done using a program developed by Igor Tka hev and me, whi h we
have made available on the Web under the name LATTICEEASY. A great deal of
my ontribution to this resear h has involved working out both the physi s and the
programming required for these simulations. This part of the thesis des ribes these
simulations, with an emphasis on the physi s behind the ode.
This hapter ontains a motivational introdu tion explaining the need for latti e
simulations and the role they play in osmologi al resear h su h as this, followed by
a se tion des ribing my ontribution to the development of the simulations. The following hapter des ribes the equations solved by the program, in luding the evolution
equations for the elds and for the expansion of the universe, as well as the initial
onditions. The initial onditions are determined by quantum u tuations present
at the end of in ation. The hapter on equations ends with a brief dis ussion of
renormalization of eld theories in latti e al ulations. The nal hapter deals with
the omputational methods employed by LATTICEEASY. These in lude the methods used for time evolution (staggered leapfrog) and spatial derivatives (se ond order
nite di eren ing). This hapter also dis usses issues related to the stability and
a ura y of the solutions obtained by LATTICEEASY.
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11.1 Latti e Simulations and Cosmology
Studying the early universe requires des ribing the evolution of intera ting elds in
a dense, high-energy environment. The study of reheating after in ation and the
subsequent thermalization of the elds produ ed in this pro ess typi ally involves
non-perturbative intera tions of elds with exponentially large o upations numbers
in states far from thermal equilibrium. Various approximation methods have been
applied to these al ulations, in luding linearized analysis and the Hartree approximation. These methods fail, however, as soon as the eld u tuations be ome large
enough that they an no longer be onsidered small perturbations. In su h a situation linear analysis no longer makes sense and the Hartree approximation negle ts
important res attering terms. What we have learned in the last several years is that
in many models of in ation preheating an amplify u tuations to these large s ales
within a few os illations of the in aton eld. Moreover, su h large ampli ation appears to be a generi feature, arising in virtually all known in ationary models due
to either parametri resonan e, ta hyoni instability, or both.
The only way to fully treat the nonlinear dynami s of these systems is through
latti e simulations. These simulations dire tly solve the lassi al equations of motion for the elds. Although this approa h involves the approximation of negle ting
quantum e e ts, these e e ts are exponentially small on e preheating begins. So in
any in ationary model in whi h preheating an o ur latti e simulations provide the
most a urate means of studying post-in ationary dynami s.
Over the past several years Igor Tka hev and I have developed a program for
performing su h latti e simulations. The program, whi h we all LATTICEEASY, is
freely available on the World Wide Web at
http://physi s.stanford.edu/gfelder/latti eeasy. This website ontains detailed do umentation on how to use the program for di erent in ationary models. In this thesis
I will fo us instead on dis ussing the physi s behind the simulations.
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11.2 My Contributions to LATTICEEASY
Be ause LATTICEEASY was reated jointly by Igor Tka hev and me it is appropriate
that for this thesis I should delineate what aspe ts of it were my ontribution.
The original version of the latti e program was written by Dr. Tka hev. The
idea of solving the lassi al equations of motion for s alar elds in the early universe
on a latti e, using quantum me hani al dispersions as initial onditions, and using a
staggered leapfrog algorithm were all in pla e before I began working on the proje t.
Moreover the justi ation of using these lassi al equations was worked out in detail
by Dr. Tka hev and others.
Nonetheless, all of the equations derived in the latti e simulation part of this
thesis were derived by me. Dr. Tka hev had orre tly adjusted the initial modes to
ompensate for the box size and latti e spa ing as des ribed here (se tion 12.2.1),
but so far as I have been able to nd he never wrote down his reasons for using
the equations he did. He orre tly negle ted the initial time dependen e of !k in
setting the mode derivatives, but never explained why; see se tion 12.2.4. Likewise
the ombination of the Einstein equations used by the program was used in Dr.
Tka hev's original version, but the derivation presented here is due to me. In the
ourse of deriving these equations I found a number of minor errors in the program.
For example neither Dr. Tka hev, nor to the best of my knowledge anyone else, had
ever noti ed that the Gaussian distribution of the omplex eld modes required a
Rayleigh distribution for their amplitudes. I don't intend my mentioning the presen e
of this and other errors to be a riti ism of Dr. Tka hev. The latti e program is a very
large and ompli ated pie e of ode and it is not unusual for small bugs to o ur in
su h ases. I mention these orre tions simply by way of noting that in ollaborating
with Dr. Tka hev I had to rederive from s rat h all of the equations used by the
program.
Some of the physi s des ribed here was added after Dr. Tka hev wrote his original
version. In parti ular, the orre tion of the initial modes to preserve isotropy (se tion
12.2.3) and the introdu tion of renormalization (se tion 12.3) were both implemented
by me with the help of dis ussion and advi e from Drs. Linde and Kofman. Also the
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de nitions of o upation number and energy spe tra as adiabati invariants of the
elds were mine.
Computationally and organizationally the basi on ept of the program as des ribed above was Dr. Tka hev's, and everything sin e then has been mine. He
originally provided me with a program in Fortran and I rewrote it in C++. Later,
when I had derived all of the equations and understood the workings of the program
better I dropped the original version entirely and rewrote the entire thing with a
di erent stru ture. It was after this rewrite that Dr. Tka hev and I jointly released
the program under the name LATTICEEASY. It was our intent to make it available
as a tool for the osmology ommunity, although to the best of my knowledge it has
not been used by anyone other than us.
It was in the ourse of rewriting the program that I devised the orre tions to
the s ale fa tor evolution equations (se tion 13.2). More importantly, I developed a
method for systemati ally res aling the elds and spa etime oordinates to allow the
al ulations to be feasible for a broad variety of models. This subje t is dis ussed
brie y in this thesis but forms a large part of the do umentation for LATTICEEASY.
In summary, I would say that the basi on epts behind these latti e simulations
pre eded my involvement in the proje t and were largely due to Dr. Tka hev, whereas
the systemati derivations of the equations and methods used was primarily my work.

Chapter 12
Equations
12.1 Evolution Equations
12.1.1 Field Equations and Coordinate Res alings
The equation of motion for a s alar eld in an expanding universe is (see e.g. [3℄)

a_
f + 3 f_
a

1 2
V
r
f+
= 0:
2
a
f

(12.1)

In prin iple this equation, ombined with an appropriate evolution equation for the
s ale fa tor a, ould simply be solved dire tly in this form. In pra ti e, however, there
are several ways in whi h the pro ess of solving su h equations an be made easier
by res aling the variables. In parti ular, by res aling the eld and time variables by
appropriate powers of the s ale fa tor, the rst derivative term an be eliminated from
the equation of motion. Other useful riteria for hoosing res aling parameters in lude
keeping the dominant time s ale of the problem xed as the universe expands and
setting the natural time and distan e s ales to be of order unity. The LATTICEEASY
do umentation explains these res alings in detail. Be ause they are model-spe i and
largely used for omputational onvenien e, I will not dis uss them further here. All
equations for the rest of the thesis will be given in physi al variables and it should be
understood that in the a tual program they are solved in a res aled form.
143

144

CHAPTER 12.

EQUATIONS

12.1.2 S ale Fa tor Evolution
The equation for the s ale fa tor a is derived from the Friedmann equations for a at
universe
4a
a =
( + 3p)
(12.2)
3
 2
8
a_
= :
(12.3)
a
3
For a set of s alar elds fi in an FRW universe

=T +G+V; p=T

1
G V
3

(12.4)

where T , G, and V are kineti (time derivative), gradient, and potential energy
respe tively, given by
1
1
(12.5)
T = f_i2 ; G = 2 jrfi j2 :
2
2a
Equations (12.2) and (12.3) and the eld evolution equations form an overdetermined
system. In prin iple either s ale fa tor equation ould be used but in pra ti e it is
easiest to ombine them so as to eliminate the time derivative term T be ause in the
staggered leapfrog algorithm f and f_ are known at di erent times. Eliminating T we
get
3  a_ 2
T=
G V
(12.6)
8 a



4a
a_ 2
2
a_ 2 8  1
2
2
a =
(4T 2V ) = 2 + 8a G + V = 2 +
jrf j + a V :
3
a
3
a
a 3 i
(12.7)
This equation still poses problems for the leapfrog algorithm be ause of the presen e
of a_ in the equation. Se tion 13.2 dis usses this problem and how to solve it.
The program an be set to not use expansion, in whi h ase only the eld evolution
equations are solved with a = 1 and H = 0. Finally, there is also an option in the
program to impose a xed power-law expansion. This option is dis ussed in the
do umentation but be ause it wasn't used for any of the resear h dis ussed in this
thesis I won't say anything more about it here.
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12.2 Initial Conditions on the Latti e
There are three kinds of initial onditions that need to be set for the latti e al ulations. The rst onsists of the homogeneous values of the elds and derivatives.
The se ond onsists of the u tuations of the elds and eld derivatives. Finally, in
an expanding universe the derivative of the s ale fa tor, or equivalently the Hubble
onstant, needs to be set.
The homogeneous values an simply be set to whatever is appropriate for a given
problem. For example in studies of preheating after haoti in ation the in aton
zeromode is typi ally set to a value orresponding to the end of in ation (e.g.  Mp =3
for 4 in ation).
There is a small problem involved in setting the initial value of the Hubble onstant. As we will see below this value is needed in order to determine the initial eld
u tuations. Stri tly speaking, however, these eld u tuations would be needed
to determine the total energy used to al ulate the Hubble onstant. In pra ti e,
though, we set the initial value of the Hubble onstant based on the homogeneous
eld values, negle ting the initial u tuations. In fa t this method is more a urate
than if the full eld distribution were used be ause the u tuations represent va uum
u tuations whose energy should properly be eliminated by renormalization anyway.
The inhomogeneous modes are determined by quantum u tuations of the elds.
In se tion 12.2.1 we derive equations for the eld u tuations and in se tion 12.2.2
we derive similar expressions for the u tuations of the derivatives. These equations
have to modi ed, however, to preserve isotropy on the latti e. This modi ation is
dis ussed in se tion 12.2.3 Finally se tion 12.2.4 gives a justi ation for an approximation used in setting the u tuations of the derivatives.

12.2.1 Initial Conditions for Field Flu tuations
Although the eld equations are solved in on guration spa e with ea h latti e point
representing a position in spa e, the initial onditions are set in momentum spa e and
then Fourier transformed to give the initial values of the elds and their derivatives
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at ea h grid point. The Fourier transform Fk is de ned by
1 Z 3
f (x) =
d kFk eikx
3
=
2
(2 )

(12.8)

It is assumed that no signi ant parti le produ tion has o urred before the beginning of the program, so quantum va uum u tuations are used for setting the
initial values of the modes. The probability distribution for the ground state of a real
s alar eld in a FRW universe is given by [115, 99℄

P (Fk ) / exp( 2a2 !k jFk j2 )

(12.9)

where

!k2 = k2 + a2 m2 ;
(12.10)
2V
(12.11)
m2 = 2 :
f
Although f is a real eld the Fourier transform is of ourse omplex, so this probability distribution is over the omplex plane. The phase of Fk is uniformly randomly
distributed and the magnitude is distributed a ording to the Rayleigh distribution
P (jFk j) / jFk jexp( 2a2 !k jFk j2 ):

(12.12)

Note that this distribution gives the mean-squared value

< jFk j2 >=

1
:
2a2 !k

(12.13)

There are two adjustments to equation [12.12℄ that must be made in order to
normalize these modes on a nite, dis rete latti e. First this de nition has to be
adjusted to a ount for the nite size of the box. This is ne essary in order to keep
the eld values in position spa e independent of the box size. To see this onsider
the spatial average < f 2 >.

f2 =

1 Z Z 3 3 0
0
d kd k Fk Fk0 ei(k+k )x
3
(2 )

(12.14)
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1 Z 3
1 Z Z Z 3 3 3 0
0 )x
i
(
k
+
k
d xd kd k Fk Fk0 e
= 3 d kjFk j2
(12.15)
L3 (2 )3
L
where L3 is the volume of the region of integration. So in order to keep < f 2 >
onstant as L is hanged the modes Fk must s ale as L3=2 .

< f 2 >=

A ounting for the dis retization of the latti e is even easier. From the de nition
of a dis rete Fourier transform (denoted here as fk ) in three dimensions

fk 

1
F:
dx3 k

(12.16)

Note that values su h as < f 2 > will be a e ted by hanges in the latti e spa ing, but
this is reasonable sin e this spa ing determines the ultraviolet uto of the theory.
Without su h a uto < f 2 > would be divergent. See se tion 12.3 for further
dis ussion of this e e t.
Putting these e e ts together gives us the following expression for the rms magnitudes, whi h we denote by Wk .
q

Wk  < jfk j2 > =

s

L3
2a2 !k dx6

(12.17)

At a point (i1 ; i2 ; i3 ) on the Fourier transformed latti e the value of k is given by
2 q 2 2 2
jkj = L i1 + i2 + i3:

(12.18)

Finally it remains to implement the Rayleigh distribution

P (jfk j) / jfk jexp( jfk j2 =Wk2 )

(12.19)

Normalizing this distribution gives

P (jfk j) =

2
2
2
j
fk je jfk j =Wk :
2
Wk

(12.20)

To generate this distribution from a uniform deviate (i.e. a random number generated
with uniform probability between 0 and 1) rst integrate it and then take the inverse
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where X is a uniform deviate.
There are two more points to note in setting the initial onditions for the u tuations. Before saying what they are I want to say that if anyone has a tually read
this far in my thesis please let me know. The rst person to tell me they've seen this
senten e will get eleven dollars; I'll explain why I hose eleven at the time. The rst
is simply that the s ale fa tor is set to 1 at the beginning of the al ulations and may
thus be dropped from the equations. The se ond is that the phases of all modes are
random and un orrelated, so they are ea h set randomly. The expression for the eld
modes is thus
q
fk = ei Wk2 ln(X )
(12.22)
where

Wk =

3=2

p2L! dx3
k

(12.23)

and  is set randomly between 0 and 2 . The frequen y !k for a given point (i1 ; i2 ; i3 )
on the momentum spa e latti e is given by
 2 
 d2 V
2
2
i21 + i22 + i23 + 2 :
!k =
L
df

(12.24)

There is one more e e t that needs to be a ounted for in setting the initial
u tuations. This e e t is dis ussed in se tion 12.2.3 below, in whi h the equations
for these u tuations are written in their nal form.

12.2.2 Initial Conditions for Field Derivative Flu tuations
To al ulate the eld derivatives it is ne essary to know the time dependen e of the
va uum u tuations being onsidered. The full time dependen e omes from several
sour es. First, there is an os illatory term ei!k t . I'll dis uss in se tion 12.2.3 below
the use of the plus or minus sign in this term. Next, all the modes have an extra fa tor
of 1=a relative to their Minkowski spa e values. This an be seen for example from
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equation (12.13). This extra fa tor ensures that the physi ally meaningful quantity
< f (x)2 > depends on the physi al rather than the omoving momenta of the modes
in the box. Finally, there is an additional time dependen e that arises from the fa t
that !k is time dependent, both be ause of the s ale fa tor multiplying the mass term
and be ause of possible time dependen e of the e e tive mass itself.
Here I will al ulate the eld derivatives taking all of these e e ts into a ount
ex ept the time dependen e of !k . Se tion 12.2.4 explains the justi ation for this
approximation.
Using this approximation the full time dependen e of the mode fk is given by

fk / a 1 ei!k t :
Thus

f_k =


i!k aa_ fk = (i!k H ) fk :



(12.25)
(12.26)

12.2.3 Standing Waves
Equation (12.25) tells us the frequen y of os illation of the mode fk , but the question still remains whether we should use the plus or minus sign in the exponential.
The answer is that we must use both. This fa t arises from a simple property of
Fourier transforms, namely that the Fourier transform of a real eld f must obey the
symmetry
f k = fk :
(12.27)
(It doesn't matter if you are onsidering a omplex eld sin e you must still then set
initial onditions for its real and imaginary parts, and their Fourier transforms will
be onstrained to obey this same symmetry relation.) We an ignore the expansion
of the universe for a moment and imagine that for some mode fk we have hosen to
use the plus sign in the exponential, i.e.

f_k = i!k fk :

(12.28)
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However, sin e both f and f_ are real elds it must be true that

f_ k = f_k = i!k fk = i!k f k :

(12.29)

In other words hoosing the plus sign for a given momentum k ne essarily means using
the minus sign for the momentum k. Re all that a mode fk translates into a fun tion
f (x) with spatial dependen e e ikx . So if you use the plus sign in the exponential
for some positive k and the minus sign for k you have e e tively initialized the two
os illatory modes
f (x) = e i(kx !k t) + ei(kx !k t) :
(12.30)
In other words you have reated a right moving wave. Likewise hoosing the minus
sign in the exponential for a positive value of k orresponds to setting up a left
moving wave. Of ourse there is no physi ally preferred dire tion on the latti e, so
in reality your initial onditions should ontain equal omponents of right and left
moving u tuations.
In pra ti e the signs you use for the exponential time dependen e of di erent
modes has a negligible e e t on the evolution on e preheating begins. Even if every
mode is initialized to be left-moving, the total momentum this imparts to the eld is
unnoti eable by the late stages of the evolution in every problem we have onsidered.
Nonetheless it is presumably desirable to enfor e Lorentz invarian e, at least in an
averaged sense. You ould do this by randomly initializing ea h mode with either a
plus or a minus sign. Instead, I hose to set up both left and right moving waves with
equal amplitude at ea h value of k. In other words
1
fk = p (fk;1 + fk;2 )
2

(12.31)

1
f_k = p i!k (fk;1 fk;2 ) Hfk :
(12.32)
2
where fk;1 and fk;2 are two modes with separate random phases but equal amplitudes
determined by equation [12.21℄. This means that in the free eld limit the initial
u tuations orrespond to standing waves.
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By now it may have stru k you that I seem to be determining these initial onditions based on issues of onvenien e, symmetry, and so on. What about whatever is
the physi ally orre t form for va uum u tuations, as given by their quantum mehani al probability distributions? Shouldn't those distributions provide an answer
to all of these questions as to the orre t form of the equations? The answer is no.
Although equation (12.20) gives the orre t quantum distribution for the mode amplitudes, it is not orre t to use this distribution and then use equation (12.26) to set
the values of the eld derivatives. The problem is that quantum me hani ally fk and
f_k are non ommuting operators and an not be simultaneously set. Although this
un ertainty presents a problem in prin iple it is unimportant in pra ti e. On e parametri resonan e begins the o upation numbers of the modes fk be ome large and
their quantum un ertainty be omes irrelevant. Moreover the rapid growth that o urs
during this resonan e e e tively destroys all information about the initial values of
the modes so that the nal simulation results are insensitive to the details of how the
initial onditions are set. In our experien e runs that use the probability distribution
of equation (12.20) give essentially the same results as ones that use the exa t value
of equation (12.23) for ea h mode, or virtually any other initial distribution for that
matter.

12.2.4 The Adiabati Approximation
We noted in se tion 12.2.2 that the time dependen e of the modes omes from their
expli it time dependen e fk / ei!k t , from the fa tor of 1=a in the initial amplitude
of the modes, and from the time dependen e of !k itself. The full time dependen e
of the modes is given by
1
fk / p ei!k t :
(12.33)
a !k
Thus the derivative is given by

f_k =



i!k  i!_ k t

1 !_ k
2 !k

a_ 
f = !k
a k

"

i

1 !_ k
2 !k2

#

a_
f
!k k

(12.34)
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where the last step uses the fa t that initially t = 0 and a = 1. Negle ting the time
dependen e of !k as we did earlier amounts to making the approximation

!_ k  !k2 ;

(12.35)

whi h is pre isely the ondition that !k is hanging adiabati ally. If this ondition is
not satis ed in the late stages of in ation then gravitational parti le produ tion will
o ur and it will no longer make sense to take the va uum u tuations of equation
(12.9) as initial onditions.
There's another way to view this ondition. Gravitational parti le produ tion will
o ur unless !k > H . Sin e this ondition is automati ally satis ed for k > H onsider
the opposite ase k  H , for whi h !k  am. Then negle ting the time dependen e
of m, !_ k = a_ m = Hm when a = 1, so the ondition !_ k  !k2 is equivalent to the
ondition m  H . In fa t !_ k  !k2 is the stronger (and more a urate) ondition
be ause it also spe i es that m shouldn't be hanging rapidly, whi h would lead to
parti le produ tion irrespe tive of the value of H . However, all parti le masses should
vary slowly during in ation be ause they should only depend on onstants and on
the value of the in aton, whi h must be hanging slowly.
In the ase of a eld with m < H during in ation the approximation that the
eld ends in ation in its ground state is no longer valid. In the limit m  H
the u tuations of the eld produ ed during in ation an be a urately des ribed
by Hankel fun tions [3℄. However in this ase the elds will be opiously produ ed
during in ation, leading to severe osmologi al problems. (See hapter 7). For this
reason we do not implement these Hankel fun tion solutions in the latti e program.
In order to avoid the moduli problem asso iated with light elds it's best to assume
that some me hanism must have given all s alar elds large masses during in ation,
in whi h ase equation (12.9) is an a urate expression for the modes at the end of
in ation.
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12.3 Renormalization
As I've dis ussed, the justi ation for doing a lassi al al ulation for quantum elds
is that on e the eld u tuations are ampli ed suÆ iently quantum e e ts are negligible. There are some ases, however, when these quantum e e ts may be important,
and in su h ases they may be (partially) a ounted for through a simple form of
renormalization.
I won't review the entire theory of renormalization in quantum eld theory here.
It is dis ussed in many standard texts, e.g. [139℄. I will simply note that the basi idea
is as follows. There is some quantity (e.g. a mass or a oupling onstant) whose bare
value formally re eives in nitely large quantum me hani al orre tions. Although
the di eren e between the bare and measured values of this quantity may be in nite,
the di eren es between any two measurable quantities (e.g. the e e tive oupling
at two di erent energy s ales) should remain nite and al ulable. In pra ti e these
al ulations an be performed by adding to the Lagrangian terms that an el these
in nite orre tions. These an ellations an be tuned so as to x the value of one
measurement, e.g. by mat hing the measured oupling at some parti ular energy.
Consider how this applies to the latti e al ulations dis ussed here. Initially the
eld u tuations are only those representing quantum va uum states. These u tuations a e t ouplings, masses, and the total energy of the system in a way that is
dependent on the latti e spa ing. For example, onsider the theory

V = 4

(12.36)

and rewrite the eld  as the sum of a homogeneous omponent  and u tuations
Æ. The e e tive potential felt by the homogeneous eld  will re eive a orre tion
from the u tuations equal to

ÆV

 23  < Æ2 > 2 :

(12.37)

(The 3=2 arises from ombinatori s.) I'm assuming all odd powers of Æ vanish
on average. This orre tion represents an unphysi al e e t in the sense that its
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strength depends on the ultraviolet uto imposed by the latti e. In the limit of zero
latti e spa ing where arbitrarily large momenta would be in luded on the latti e this
orre tion would be ome in nite. This e e t ould be eliminated, however, by adding
a renormalization term

Vrenormalization =

3
 < Æ2 > 2
2

(12.38)

or equivalently by adding the term
3 < Æ2 > 

(12.39)

to the equation of motion for . Note that < Æ2 > in this ase refers to the initial
value that arises from quantum u tuations, not to a dynami quantity that hanges
as the eld evolves. Su h hanges represent physi al e e ts and should not be eliminated. In e e t this orre tion would x the e e tive mass for  (i.e.  2 V= 2 ) to
be at at  = 0 when the eld is in the va uum state.
The above example illustrates how a simple form of renormalization an be implemented on the latti e. This pro edure ould in prin iple be used to renormalize any
mass, oupling onstant, or energy term in the theory. Ordinarily these orre tions
are not important be ause the quantum e e ts are qui kly swamped as the u tuations be ome ampli ed. In some ases, however, quantum e e ts an hange the
initial behavior of the system in important ways. For example in the theory
1
V = 4
4

1 3 1 4
v + v
3
12

(12.40)

the ubi term ontributes a linear term to Veff () that auses the eld to initially
start rolling away from zero. In this ase we found it useful to eliminate this term by
adding
Vrenormalization = v < Æ2 >
(12.41)
to the equation of motion for . See hapter 10.

Chapter 13
Computational Methods Used by
LATTICEEASY
13.1 Time Evolution: The Staggered Leapfrog
Method
LATTICEEASY uses a method alled \staggered leapfrog" for solving di erential
equations. In order to solve a se ond order (in time) equation you need to store
the value of the variable and its rst time derivative at ea h step, and use these to
al ulate the value of the se ond time derivative. The idea of staggered leapfrog is
to store the variables (i.e. the eld values) and their derivatives at di erent times.
Spe i ally, if the program is using a time step dt and the eld values are known at a
time t then the derivatives will initially be known at a time t dt=2. Using the eld
values the program an then al ulate the se ond derivative f at time t and use this
to advan e f_ to t + dt=2. This value of f_ an in turn be used to advan e f to t + dt,
thus restarting the pro ess. S hemati ally, this looks like

f (t) = f (t dt) + dtf_(t dt=2)
f_(t + dt=2) = f_(t dt=2) + dtf[f (t)℄
f (t + dt) = f (t) + dtf_(t + dt=2)
155

(13.1)

156

CHAPTER 13.

COMPUTATIONAL METHODS USED BY LATTICEEASY

Be ause ea h step advan es f or f_ in terms of its derivative at a time in the middle
of the step this method has higher order a ura y and greater stability than a simple
Euler method. However, the method relies on being able to al ulate f in terms of
f at the time t, so both a ura y and stability are generally lost if f depends on the
rst derivative f_. This is the reason we hoose our res alings so as to eliminate rst
derivative terms in the equations of motion. Note that the evolution equation for the
s ale fa tor does have a rst derivative in it. Se tion 13.2 des ribes how this problem
is solved in the program.
To set the initial onditions for the staggered leapfrog al ulations the eld values
and derivatives must be desyn hronized. The initial onditions are set at t = 0 and
then the elds are advan ed by an Euler step of size dt=2 to begin the leapfrog.
Thereafter all al ulations are done in full, staggered steps.

13.2 Corre tion to the S ale Fa tor Evolution Equation to A ount for Staggered Leapfrog
Using a staggered leapfrog algorithm means that in solving for a(t) the value of a_ is
known at t d=2 where d is the time step. See se tion 13.1 for more details. The
solution to this problem is to use the two equations
1
a_ +  a_ + da; a_  (_a+ + a_ )
2

(13.2)

where a_ + and a_ refer to the values of a_ at t + d=2 and t d=2 respe tively and all
other variables are evaluated at time t.1 Take the evolution equation to be

a_ 2
a = C1 + C2 :
a
1 Thanks

to Julian Borrill for suggesting this solution.

(13.3)
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Plugging this form into equation (13.2) and eliminating a_ gives

a_ +  a_ + d

a_ +


=




C1
dC1 2
2
(_a+ + a_ ) + C2 =
a_
4a
4a +

0

s

dC1
a_ a_
2a +

d2 C12 2 dC1
2a  dC1
a_ + 1 
a_ +
a_ + 1
dC1 2a
4a2
a
s
2a
2a
d2 C1 C2
2dC1
a_

a_ +
:
1+
dC1 dC1
a
a

dC1 2
a_ + dC2 + a_
4a
(13.4)
1

d2 C12 2 d2 C1 C2 dC1 A
a_ +
+
a_
4a2
a
a
(13.5)

To determine whether to use the plus or minus sign in equation (13.5) onsider the
limit as d ! 0. In this limit
s

2a
2dC1
2a

1+
a_
dC1 dC1
a

a_ +  a_

 a_


2a  2a

+ 2_a :
dC1
dC1

(13.6)

This suggests that the plus sign must be used in order to redu e to the limit a_ +  a_ .
Hen e
0
1
s
2dC1
2a 
d2 C1 C2 A
a_ +  a_
1+
a_ +
:
(13.7)
1
dC1
a
a
In the program it's useful to al ulate a, whi h is roughly (_a+

a 

2

0

2a 
1
dC1

14
2_a
d

s

a_ )=d, so
13

2dC1a_
d2 C1 C2 A5
1+
+
:
a
a

(13.8)

Thus equation (12.7) be omes

a 

8

1<
2_a
d:

2

a4
1
d

9

3=
4da_
16

1
1+
+ d2 2 a 2 jrfi j2 + a2 V 5; :
a
A
3

s

(13.9)

13.3 Spatial Derivatives
There are two ontexts in whi h the latti e program needs to al ulate spatial derivatives. The rst is in the evolution equations, whi h in lude a Lapla ian term r2 f .
The se ond is in al ulating the eld gradients jrf j2 , both for total energy and for
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the s ale fa tor evolution.
The Lapla ian is al ulated using a simple nearest-neighbor s heme

r2f (x; y; z) 

2f 2f 2f
+
+
x2 y 2 z 2



0

1  X
f
dx2 neighbors

1
6f (x; y; z )A

(13.10)

where dx is the latti e spa ing and the sum over neighbors is taken over the six latti e
points adja ent to (x; y; z ). We tried on several o asions using a higher order s heme
involving twi e removed neighbors, but never found any noti eable di eren e in the
results.
Gradients ould be al ulated using a similar formula, but it turns out there is a
more a urate way that is no more omputationally expensive.2 This simpli ation is
made possible by the fa t that the gradients are only needed for sums over the entire
latti e. Sin e the latti e is periodi we an use integration by parts with no surfa e
term, i.e.
X
X
jrf j2 =
f r2 f:
(13.11)
latti e

latti e

We an thus use the Lapla ian formula above for the gradients as well. Swit hing from
a dire t al ulation of the gradients to this indire t method improved our al ulation
of the total energy so mu h that the amount of energy non onservation in our runs
de reased by more than an order of magnitude!

13.4 The A ura y of the Simulations
13.4.1 The Classi al Approximation
As mentioned before, frequently used approximation s hemes su h as linear analysis
or the Hartree approximation are inadequate for preheating problems, whi h typially involve signi ant res attering. Latti e simulations automati ally a ount for
all res attering e e ts, but one may legitimately ask whether these simulations involve
other, potentially dangerous approximations.
2 Thanks

to Ue-Li Pen for this suggestion.
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Of ourse any numeri al al ulations su er from a ertain amount of ina ura y.
In addition to simple roundo errors latti e simulations also ontain errors due to
their inherent ultraviolet (grid spa ing) and infrared (box size) uto s. Se tion 13.4.2
dis usses how su h errors are monitored and ontrolled in our simulations.
On a more fundamental level, however, simulations su h as ours employ the lassi al approximation. In other words we simply solve the lassi al equations of motion
for the elds in our system, negle ting all quantum me hani al e e ts. This approximation may seem unjusti able, parti ularly given that the initial u tuations
that seed reheating in in ationary osmology are quantum me hani al in origin. In
preheating, however, these u tuations are rapidly ampli ed to exponentially large
amplitudes, whi h permits us to negle t quantum e e ts.
More pre isely, the lassi al limit of a eld theory o urs when the o upation
number be omes mu h larger than one. For a s alar eld  the o upation number
of a parti ular mode k is given by
1
1 _ 2
2
nk = !k jk j + jk j ;
2
!k
where

p

!k  k2 + m2 :

(13.12)
(13.13)

In the va uum the eld has expe tation values
D

jk j2

E

D

E

j_ 2k j

and thus

=

1
2!k

(13.14)

=

!k
2

(13.15)

hnk i = 12 :

(13.16)

In all of our simulations preheating rapidly drives the elds to a state where nk  1.
In fa t it turns out that not all modes on the latti e are ampli ed in this way, but
the ones that aren't make an exponentially small ontribution to the eld dynami s.
More spe i ally, preheating ampli es infrared modes, so for any parti ular model
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there will be a ertain uto in momentum spa e above whi h the modes aren't
ampli ed. To ensure that all relevant physi s is in luded in the simulation the latti e
spa ing should be small enough to in lude all modes below this uto . Then the
small wavelength modes that remain unampli ed make no appre iable di eren e.
This assertion an (and should) always be he ked for a given model by verifying
that the results are insensitive to the exa t latti e spa ing used.
Finally, one might wonder if the initial stages of the al ulation are a sour e for
on ern sin e in these stages all of the u tuations have small o upation numbers.
While this on ern is valid in prin iple, it turns out to be irrelevant in pra ti e.
The nal out ome of preheating in a parti ular model is determined by feedba k
me hanisms that ome into play when the u tuations are large and res attering
important. In all of the models we have examined to date the nal results proved to be
extremely insensitive to the details of the initial onditions, whi h leads us to believe
that any potential ina ura ies in our treatment of the rst stages of preheating should
have little or no e e t on our on lusions. Nonetheless su h on erns are ultimately
valid ones and must be re he ked for ea h model that one wishes to examine using
the lassi al approximation.

13.4.2 Numeri al A ura y
There are numerous ways to monitor the numeri al a ura y of a al ulation. These
in lude straightforward, \brute-for e" methods of trial and error. For example one
should always vary quantities su h as the time step and random number seeds (used
in the initial onditions, see se tion 12.2.1) to make sure that the nal results are
insensitive to hanges in these quantities.
Another useful tri k is to monitor one or more onserved quantities. In the ase
of eld theory in Minkowski spa e it is a straightforward task to ompute the total
energy on the latti e. All of our Minkowski spa e simulations onserve total energy
to within a few per ent, and virtually all of them do so to within at most a few tenths
of a per ent.

13.4.
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Minkowski spa e is only an approximation, however, useful in
pansion an be negle ted. In an expanding universe the situation
ompli ated be ause energy density is not onserved, but rather de
determined by the expansion rate and the equation of state of the
shifting of energy is des ribed by the ontinuity equation

a_
_ + 3 ( + 3p) = 0:
a
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ases where exis a little more
reases in a way
elds. This red(13.17)

Equation (13.17) an be derived from the Friedmann equations, so if these are being
solved exa tly then the ontinuity equation will be obeyed as well. So a simple way
to he k energy onservation in an expanding universe is to use one of the Friedmann
equations, equations (12.2) and (12.3) to evolve the s ale fa tor and then he k if the
other is being satis ed as well. In pra ti e the program uses a ombination of these
two equations so either one an be used as a he k of energy onservation. We use
equation (12.3), i.e.
 2
a_
8
= :
(13.18)
a
3
So when expansion is being in luded in a simulation the program periodi ally al ulates

8 
2
H=
 :
(13.19)
3
This quantity should remain lose to 1 throughout the run. We have generally found
that the deviation of this ratio from one is omparable to the la k of energy onservation for runs done with the same models without expansion. We have also he ked
that using the se ond Friedmann equation, equation (12.2), gives essentially the same
results as this method.
Finally, even assuming all the numeri s are done a urately, there is an inherent
ina ura y in any latti e al ulation related to the ultraviolet and infrared uto s
imposed by the latti e. A ubi latti e in position spa e will have a dis rete Fourier
transform orresponding to a ubi latti e in momentum spa e. The largest momentum modes will have a wavelength of the order of the latti e spa ing, and the smallest
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momentum modes will have a wavelength of the order of the total box size.3 This
means that if there is signi ant physi s o urring at wavelengths outside this range
the latti e will simply not see it, no matter how small a time step you use.
There are a number of ways to minimize the e e t of this problem. The rst
is to know the physi s of the system you are onsidering. For all the problems we
have solved on the latti e the relevant wavelengths ould be approximately al ulated analyti ally, and the latti e ould be used to verify these al ulations. Note
that su h onsiderations may limit the range of parameter spa e available for latti e
al ulations. If a problem has two important wavelengths that di er by ten orders
of magnitude then a latti e simulation su h as ours an not possibly hope to in lude
them both. As long as all the most important wavelengths o ur within a ouple of
orders of magnitude of ea h other, though, they an typi ally be treated a urately.
Se ondly, as with variables su h as the time step, there's no substitute for a little
trial and error. As mu h as possible we would vary the size of our box and latti e
spa ing to make sure that we were in a realm where our results were insensitive to
su h hanges. This pro edure doesn't guard against relevant e e ts o urring far
outside the range of the simulations, but it at least ensures that in the general area
of momentum spa e being onsidered the latti e isn't imposing any limitations.
Finally, it's important to monitor the spe trum of the elds in order to see whi h
modes are playing the most signi ant roles. In the ase of preheating the spe trum
typi ally looks relatively at at long wavelengths and then has an exponential uto
at some point. Thus as long as we kept the latti e spa ing small enough to in lude
modes up to the uto in momentum spa e we felt on dent we weren't missing
important ultraviolet physi s. 4

3 Stri

tly speaking this is not true be ause the lowest momentum mode is k = 0, orresponding
to a perfe tly homogeneous eld. The lowest nonzero momentum, however, will orrespond to a
wavelength omparable to the box size.
4 Note that in the limit of zero latti e spa ing these ultraviolet modes would make an in nitely
large ontribution to the eld dynami s. For more dis ussion of this issue see se tion 12.3 on
renormalization.

Part IV
Con lusion: My Philosophi al
Ramblings
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Working in osmology has one great advantage over work in many other areas of
physi s. In all areas of physi s the mathemati al and other tools used an be ompliated and often provide a barrier between those working in the eld and others who
might be interested in the results of that work. It is diÆ ult for most working physiists to explain to someone outside the eld what they do, or sometimes even why the
questions they are working on are interesting and worth pursuing. In many ases this
diÆ ulty arises not be ause the problems are unimportant but simply be ause there
is a great deal of te hni al ba kground required to understand them. In osmology
it is still true that the tools we use are often highly te hni al and mathemati ally
omplex. However the questions we are trying to answer are in many ases the same
questions that people have always wondered about.
Has the universe been here forever or did it have a beginning? Is it in nite or
nite? Where did all the di erent things in it ome from? Will the universe be here
forever or someday be destroyed? Is our position in the universe unusual or typi al?
All of these and many other questions like them seem so basi to human nature that
in general it requires no explanation for people to understand why we in the eld
onsider these problems worth pursuing.
I am not laiming that osmology has answered these questions, or even that it
ever will. I do believe, however, that whether or not we ever a hieve a omplete
understanding of these issues we an make progress on re ning our understanding of
them. What will be the fate of the universe? Our urrent theories and observations
seem to indi ate that it will expand forever. Where did the all the matter in the
universe ome from? If in ationary theory is orre t it ame from the de ay of the
energy of a single eld. Where did that eld originally ome from? That is one of the
many questions we don't have an answer to. And if we ever have a omplete physi al
theory of the universe from beginning to end we will still be left with the question of
why that theory should be true, and not some other. I don't believe s ien e an in
prin iple address that question.
On the whole, however, I believe that s ien e is apable of making progress on
answering many of the basi questions that humans have wondered about throughout
the ages. I think that the last entury has seen tremendous progress in that dire tion,

165
and the entury to ome will see even more than that. Ultimately, it is these questions
that have motivated me in all the work presented here.
\I want to know God's thoughts. The rest are details." - Albert Einstein
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