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Abstract

For the last two decades the dominant paradigm in early-universe cosmology has
been the theory of inflation. According to this theory the universe underwent a
brief period of exponential expansion during which it became nearly homogeneous on
scales much larger than those we can observe today. The theory also states that the
density of matter during this period nearly vanished, and all the matter we observe
in the universe today was produced after inflation in a process known as reheating.
Although the basic mechanisms of inflation are well understood and accepted, many
unresolved problems remain concerning the production of matter after inflation and
the subsequent transition to a more traditional, hot big bang model of the evolution
of the universe. These problems are particularly difficult because we do not know the
correct effective theory of physics for the energy scales relevant to inflationary theory,
and because most models that we can consider involve non-perturbative, nonlinear

interactions that can only be fully studied using numerical techniques.

The research described here consists of a combination of analytical and numerical
work aimed at describing the possible mechanisms of reheating. My collaborators
and I have studied the effects of parametric resonance, symmetry breaking and phase
transitions, gravitational particle production, tachyonic (aka spinodal) instability, and
a novel mechanism of reheating that we call ”instant preheating.” We investigated
these effects in the context of single field inflation models with polynomial potentials,
single field models with no minima, and multi-field hybrid inflation models. We found
that many inflationary models could be ruled out on the basis of cosmologically unac-
ceptable consequences such as domain walls, moduli fields, or excessive isocurvature

fluctuations. Conversely we found that some seemingly impossible models could be

iv



rescued by means of a secondary stage of inflation, or by instant preheating.

Much of this work required the use of numerical calculations, and in many cases
only full scale lattice simulations could capture the nonlinear dynamics. Over the
past several years I have been one of the two developers of a C++ lattice program
for simulating the evolution of interacting scalar fields. This program, called LAT-
TICEEASY, has been a key element of the research described in this thesis. The
program is now available on the World Wide Web at

http://physics.stanford.edu/gfelder/latticeeasy/.
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We are a bit of stellar matter gone wrong. We are physical machinery -
puppets that strut and talk and laugh and die as the hand of time pulls
the strings beneath. But there is one elementary inescapable answer. We
are that which asks the question.

-Sir Arthur Eddington
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I thirsted for a meaningful vision of human life - so I became a scientist.
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Let’s start at the very beginning. A very good place to start.
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Chapter 1
Motivation

The topic of this thesis is reheating after inflation. Put in a more general way, I intend
to talk about where all the matter we see in the universe (including dark matter) came
from. Cosmologists today generally believe that this matter was produced about
15 billion years ago following a period of rapid expansion known as inflation. The
theory of inflation, including this period of matter production known as reheating, is
a modification of the standard big bang model of cosmology developed early in this

century by Einstein, Hubble, Friedmann, and others.

Much of the thesis is fairly technical and assumes a basic knowledge of general
relativity and quantum field theory. For the sake of completeness, however, I have
written a self-contained “inflation primer” outlining the basic structure of the big
bang model, the motivations for inflation as a modification of that model, and some
of the key ideas in the theory of inflation and reheating.

Subsequent chapters will explain work I have done exploring different mechanisms
by which reheating can occur. The wide variety of models being considered is a
reflection of our current state of ignorance about the early universe. On the one hand
we have no direct observational knowledge of any processes that occurred before the
time of nucleosynthesis, i.e. the formation of nuclei of the light elements such as
deuterium, helium, and lithium. Inflation was certainly over long before this period.
On the other hand we have very little theoretical guidance as to what model to use for

describing physics at the high energy scales that prevailed during the time of inflation.



Most theorists agree that the standard model of particle physics that describes all of
physics at the energy scales we can observe is almost certainly not valid at energy
scales much higher than our current observations. We have many ideas about possible
elements of a theory of high energy physics, including supersymmetry, Grand Unified
Theories, and string theory, but no specific model has been formulated and tested for
physics at high energies.!

So the physics of the early universe has not been observed, and the theory describ-
ing it is not known. Given such a dearth of knowledge it might seem that research
into inflation would be hopeless. It turns out, however, that many results can be
formulated that seem to be generic across a wide spectrum of possible models. Some
of the generic predictions of inflation have already been tested and others are likely to
be tested in the next 5-10 years, mostly by experiments testing in detail the properties
of the microwave background radiation.

Moreover, a lot of important work has been done and continues to be done explor-
ing the parameter space of possible inflationary models. On the observational side
we can use currently available data to constrain the space of inflationary models, and
over the last decade this technique has allowed us to eliminate many candidate mod-
els. On the theoretical side we can use ideas such as supersymmetry and supergravity
to guide our searches for inflationary models and explore some of the consequences
of models that incorporate those theoretical ideas. As better experimental and the-
oretical results become available our modeling will be more tightly constrained. Of
course the hope is to eventually have a clear theoretical knowledge of what fields and
interactions exist at high energies, use our knowledge of inflation to make detailed,
testable predictions within that model, and have the experimental sophistication to
test those predictions. We are still a long way from accomplishing any of those three

goals, but progress is being made on all three.

!By high energies I mean anything from the scale of our current observations, roughly 1000 GeV,
up to the Planck scale at about 10'° GeV. Within this range it is still likely that physics is described
by some quantum field theory, but we don’t know the specific fields and interactions involved.
At energies above the Planck scale quantum field theory itself may break down because quantum
fluctuations of spacetime become important. Unless I specify otherwise I will always use ”high
energy theory” to mean something in the range from 103 to 10'? GeV. Essentially all inflationary
models involve typical energy scales within this range.



4 CHAPTER 1. MOTIVATION

Given all of this, I view the role of inflationary theorists in the following way. We
need to understand what mechanisms and predictions hold generically in inflation.
We need to explore the space of models and figure out what observational signatures,
if any, would allow us to distinguish between these models. Finally we need to develop
techniques of analysis, both analytical and numerical, that are general enough to be
of use as the theoretical and observational foundation of our work changes. It is in

the spirit of these goals that the work presented here was done.



Chapter 2

Outline of the Thesis

This thesis is divided into three main sections. The first section contains general
introductory material (including this outline), followed by a short inflation primer.
The material in the primer does not assume any knowledge of advanced physics and
it should serve as a general introduction for anyone not familiar with the field of
cosmology. It describes the standard big bang theory that has held sway for most of
this century, why many people came to believe this theory was in need of modification,
and how inflationary theory has been able to address some of the problems with the
standard big bang cosmology. Finally, the introduction ends with a brief discussion
of reheating, the process by which we believe all the matter in the observable universe
was generated.

The following section, part 11, constitutes the main bulk of the thesis. The chapters
in this section are adapted from the papers that I have co-authored as part of my
graduate research. In general, these chapters describe different mechanisms by which
reheating can occur and the consequences of those different processes. A more detailed
outline of the material in the chapters and my specific role in the different aspects of
the research is presented at the beginning of part II.

A good deal of the research described here has been done with the help of lattice
simulations. Building on a program originally written by Igor Tkachev I developed a
C++ program for performing such simulations of fields in the early universe. Much

of my graduate work has been devoted to developing this program. This work has
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included aspects of physics, mathematics, and programming. The final section of the
thesis is thus a description of these lattice simulations. The website I created for the
lattice program contains detailed documentation on the internal functioning and the
use of the program itself. In this thesis I concentrate instead on the physics underlying
the simulations. I also describe in more detail there the separate contributions that

Dr. Tkachev and I each made to this work.



Chapter 3

A Primer on Inflation

3.1 The Big Bang Model

3.1.1 Overview of the Model

For most of this century our view of the large scale structure and history of the
universe has been dominated by the big bang model. According to this model the
universe at early times was a nearly homogeneous expanding collection of high energy
particles in thermal equilibrium. As the universe expanded and cooled very small
inhomogeneities were then amplified by gravity and collapsed to form the structures
we see today such as clusters, and galaxies. Extrapolating backwards, on the other
hand, that homogeneous fireball would have had higher temperatures and densities
at earlier times, ultimately reaching infinite density at a time called the big bang,
about 15 billion years ago.

This model is in perfect accord with the theory of general relativity, which predicts
that a universe with the initial conditions specified by the model will expand and cool
in exactly that way. Moreover there have been many observational confirmations of
the big bang model. These confirmations include the apparent motions of distant
objects relative to us, the electromagnetic radiation emitted in the early universe
and detectable now in the form of microwaves, and the abundances of light elements

predicted by the theory of nucleosynthesis.

7



8 CHAPTER 3. A PRIMER ON INFLATION

I want to focus in particular on the latter of these. Nuclear theory is well tested
and understood, and by applying this theory to a homogeneous, expanding medium at
high temperature we can predict what relative abundances of hydrogen, deuterium,
helium, and lithium nuclei should have emerged when these nuclei were formed in
the early universe. These predictions accurately match the observational data. This
match is particularly important because it provides the earliest observational evidence
we have for the big bang model. We have no direct measurements of any processes
that occurred before nucleosynthesis. So in that sense we are free to imagine any
deviations we wish from the big bang model before that point. However, since it
seems unlikely that a very different scenario would give the same predictions for these
abundances, any such models are constrained to reduce to the big bang scenario by

the time of nucleosynthesis.

Given how successful the big bang model has been in matching essentially every
observation to date one might legitimately wonder why we would want to modify it at
all, rather than just accepting it straight back to the moment of the big bang. Such
a complete extrapolation of the theory is not possible, however, because of certain
limitations of our theories of high energy physics. When we talk about extrapolating
backwards in the big bang model we are referring to running the equations of general
relativity backwards to earlier times and higher densities. We know, however, that
general relativity ceases to be valid when we try to describe a region of spacetime
whose density exceeds a certain value known as the Planck density, roughly 1096%.
If we try to consistently apply quantum mechanics and general relativity at such a
density we find that quantum fluctuations of spacetime should be important, and we

have no theory that describes such a situation.

So the best we can do in using the big bang model to describe the very early
universe is the following. At some point in the past the density of the universe was
above the Planck density. We don’t know what physics governs such a case so we can
make no predictions based on it. Somehow this super-Planckian state (sometimes
called spacetime foam) gave rise to at least one region of sub-Planckian density with
the right initial conditions to produce the universe we currently see. From now on

when I refer to the “initial conditions” for our universe I will mean the state that the
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observable part of the universe was in after the density first became sub-Planckian
and the universe (or at least this region of it) could thus be described classically.
Even in this more limited sense, however, there are certain problems with extend-
ing the big bang model back to the beginning of the universe. These problems can
be categorized into “initial condition problems” and “relic problems.” I define what

each of these are in the following two sections.

3.1.2 Initial Condition Problems

These problems consist of a number of seemingly fine-tuned aspects of the early
universe in the big bang model. For example, we know that the universe was almost
perfectly homogeneous at early times. Such statements are, to one way of thinking,
not problems at all. As I discussed in the previous section, we do not know what
physics gave rise to these initial conditions, so they are free parameters of the theory.
Put another way, we can imagine that somewhere in the ultra-high energy physics
theory that we don’t yet know is an explanation for why our universe emerged from
the spacetime foam with exactly the right initial conditions to produce the kind of
universe we see. It would be more satisfying if we could find an explanation for these
features within known physics, but nature is not obliged to satisfy us. As it happens,
we do know of such an explanation. Before discussing this solution, however, I want

to describe some of these initial condition problems.

Homogeneity

The universe we observe today is very lumpy on small scales, e.g. those of people or
galaxies, but on sufficiently large scales appears to be smooth and uniform. We know
from our observations of the microwave background radiation that at much earlier
times the universe was almost completely uniform even on smaller scales, with a mean
variation dp/p ~ 107°. 1 If the initial conditions were random it might seem strange

that there should be such good homogeneity, but of course the initial conditions were

!The Greek letter p is often used to mean density. So the meaning of this equation is that the
energy density of any two points in the universe differed on average by less than one part in 100, 000.
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presumably not random but set by some unknown physics. It’s not hard to imagine
that some physical mechanism drove the universe to a state of high homogeneity.
However, this mechanism must have been imperfect because the universe retained a
small amount of inhomogeneity. If it weren’t for these small inhomogeneities there
would have been no seeds for galaxy formation and hence no structure formation. A
mechanism that would drive the universe to near-perfect uniformity while still leaving

these small but observable fluctuations seems a little stranger.

Flatness

General relativity relates the curvature of spacetime to the matter in that spacetime.
In the case of an expanding, nearly homogeneous universe such as ours the curvature
depends on the overall density of matter and energy. If this density is above a critical

" meaning parallel lines will diverge. If the den-

value then the universe will be “open,’
sity is sub-critical the universe will be “closed,” meaning parallel lines will converge.
Finally, if the universe is exactly at critical density the universe will be “flat,” i.e.
Euclidean. Typically the ratio of the density in the universe to the critical density
moves away from one over time. A perfectly flat universe will always remain so but
a curved universe will become more curved over time, whether it’s open or closed.
Currently we can measure that the universe is within a factor of two or three of
critical density. (Based on recent measurements it’s probably within about 10% of
critical density.) For this to be true now p/pe must have been 1+ 1075 at the
time when the universe had Planck density. If the deviation had been a few orders
of magnitude greater than that the universe would either have recollapsed long ago,

or would have a nearly vanishing energy density by now. Was there some mechanism

that drove the universe to such near-perfect (or possibly perfect) flatness?

Horizon

This problem is related to the homogeneity problem described above. According to
the theory of relativity no causal effect can propagate faster than the speed of light.

If we believe that the universe had a beginning a finite time ago, then there is a finite
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radius across which causal effects could have propagated by now. At the time when the
microwave background was emitted there should have been roughly a million causally
disconnected regions within the region of the universe we can currently observe. What
could have caused such strong homogeneity over such a vast region before any causal

signals could have spread information throughout this space?

3.1.3 Relic Problems

Another set of problems with the big bang model has to do with the production of
exotic particles at high energies. By “high energies” in this context I mean energies
below the Planck scale but above the prevalent scale at nucleosynthesis. We don’t have
a clear understanding of physics at these energies, but we do know some theoretical
ideas that are likely to be part of such high energy theory, including Grand Unified
Theories (“GUT’s”), supersymmetry, and supergravity. All such theories tend to
include species of particles that can only be produced at energies far above what we
can produce today or what was present during nucleosynthesis. If we believe that the
big bang model was valid back to the Planck era then the universe must have passed
through a stage where the energies were high enough for these particles to have been
produced.

In many cases these particles have long lifetimes. Some of them could, if produced,
last until nucleosynthesis and spoil the predictions of light element abundances. Oth-
ers could survive to the present and would be expected to dominate the current energy
density. Particles in either of these two groups are known as relic particles because
they persist from an earlier and higher energy epoch. For those familiar with theories

of particle physics, such particles include moduli, gravitinos, monopoles, and more.

3.1.4 Summary of the Problems With the Big Bang Model

As T said before, every testable prediction of the big bang model to date has been
verified, and it is almost certain that this model gives an accurate description of the
universe back at least as far as the time of nucleosynthesis. The earliest it could

possibly be applied would be the Planck era. If this extrapolation were valid then we
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would have to suppose that all the very fine-tuned initial conditions we observe such
as homogeneity and flatness were present from the beginning, presumably as a result
of some unknown quantum gravity effects. Even given this assumption, however, it
is unclear how the theory could avoid the production of relic particles that would
destroy the successful description it has made of the later universe.

It would be wonderful if a theory existed that with a minimum of assumptions
could explain the initial conditions such as flatness and homogeneity, provide a causal
mechanism for propagating information over all the seemingly causally disconnected
regions in the early universe, eliminate all high energy relic particles, and then segue
into the big bang model itself by the time of nucleosynthesis. Fortunately such a

theory exists. It’s known as inflation.

3.2 Inflation

The basic idea of inflation is extremely simple, and has to do with the rate at which
the universe is expanding. In the standard big bang model the universe experiences

I

“power-law expansion,” meaning the distance between any two distant objects grows
like t? where ¢ is the time since the big bang and p is a number that depends on what
the universe is made of. Typically p will be either 1/2 or 2/3, or possibly something
in between the two. According to inflationary theory, before this power law expansion
there was a brief period of exponential expansion. In other words distances during this
time grew as e’ where ¢ is once again time and H can be any number.? Exponential
growth can be much faster than power-law growth. During this time the universe
expanded by at least 60 e-folds, i.e. by a factor of at least €® (roughly 10%, or
nearly a billion billion billion). There are two obvious questions raised by this idea:
What mechanism would cause such an expansion to occur and what would be the
consequences if it did? In the next section I will explain how inflation can come

about in the context of basic field theory. I will argue that inflation is a very natural

occurrence that may be expected to take place within a wide variety of high energy

2The symbol e just refers to a number, roughly 2.8, that is typically used for convenience. You
could also write this law as 107t and you would simply get a different value for H.
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physics models. In the following section I will describe some of the basic consequences
of inflation, including the resolution of all the problems raised in the previous section

on the big bang model.

3.2.1 Why Inflation Occurs

In this section I am going to use a little more math and physics than in the rest of
the primer. For any non-technical readers who find this section confusing you should
be able to skip it, take my word that inflation does occur naturally in the context of
many models of physics, and go on to the section on the consequences of inflation.
In general relativity the expansion of a homogeneous patch of the universe is

described by the Friedmann equations

k 8
2
A A
a2 a2 (3:1)
v
0= — . .2
a 3012 (p+3p)a (3.2)

The scale factor a is proportional to the distance between two objects comoving with
the expansion. The constant k£ indicates the curvature of the universe; £k = —1, 0,
or 1 for an open, flat, or closed universe respectively. The Hubble parameter H is
defined as H = % and the other terms in the equations are the energy density p, the
pressure p, and the Planck mass M, = 1/v/G ~ 1.22 x 10"°GeV .

Starting from the first Friedmann equation, the second one is equivalent to the
statement of energy conservation, dE = —pdV, applied to a local patch of the uni-
verse. Taking E = pV and V o a® this energy conservation equation becomes the
equation of continuity

p=—3H (p+p). (3.3)

For an equation of state of the form p = ap the solution to the equation of continuity
is
p o< a”30FY), (3.4)

For the two most common cases of nonrelativistic particles (“matter”) and relativistic
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particles (“radiation”) the values of o are 0 and 1/3, meaning that p decreases as a*

4 respectively in these two cases. Note that in both of these cases the energy

and a~
density is decreasing faster than the curvature term in equation [3.1]. This is why in

a matter or radiation dominated universe curvature tends to increase.

What would happen if the universe were dominated by a form of energy with
a = —1,ie. p = —p? In this case the energy density wouldn’t decrease at all as
the universe expanded. The curvature would quickly become negligible and equation
[3.1] would reduce to
8T
H?> = — 3.5

which for a constant p gives a constant H. Recalling that H = % this equation implies
a= et (3.6)

in other words inflation.

Having said this, however, we are still faced with the question of what would give
rise to such a strange equation of state. One possibility is a “cosmological constant,”
i.e. an energy density associated with the vacuum. Because this density wouldn’t
change as the universe expanded (the vacuum presumably still being the same) it
would behave as we have just described. (There are other, more direct ways to
show that in general relativity the only consistent way to have a frame-independent
vacuum energy would be for it to have the equation of state p = —p.) A cosmological
constant term would not be a useful way to have inflation, however, because in this

case inflation would never end.

A simple way to mimic the effects of a cosmological constant, however, would be
to have a potential dominated scalar field. The energy density and pressure for a

scalar field with potential V' minimally coupled to gravity in a FRW universe are
Liy 1 2
p=5¢" +5IVol +V (3.7)

p= 58— Vg -V 3:8)
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So if the dominant energy term is V' the equation of state will be p = —p and the
field ¢ will act like a cosmological constant, maintaining a constant energy density as
the universe expands. This behavior can be intuitively understood simply by noting
that for a given potential function V' (@), if ¢ is not changing the energy density V'

should not change.

The term “inflation” was coined by Alan Guth [1], who developed a model where
a scalar field was trapped in a local minimum of its potential with V' > 0. In such a
case the field would remain potential dominated until it tunneled to its true minimum,
thus ending inflation. Unfortunately this model suffered from a number of problems.
For example, it failed to produce the right level of inhomogeneities. It was also far
from obvious what would have driven the field to be trapped in this minimum in
the first place, so to some degree the model simply traded one set of fine-tunings for

another.

Since Guth’s paper came out there have been many different versions of inflation

W ” W«

devised, including “new inflation,” “chaotic inflation,” “hybrid inflation,” “extended
inflation,” and on and on. Most plausible models, however, are based on some variant

of the following idea, first developed by Andrei Linde in 1983 [2].

The evolution equation for a homogeneous scalar field in an expanding universe is

. . IV
¢+ 3Ho+

55 =0 (3.9)

Note that H plays the role of a friction term in this equation, slowing the motion of
¢. If ¢ starts out at a value with a large potential, then by equation [3.1] H will be
large and ¢ will tend to roll very slowly. In this case the potential term will dominate
over the kinetic term and both V and H will vary slowly. The universe will thus
expand quasi-exponentially, i.e. inflation will occur. Eventually, however, ¢ will roll
to a small enough value that H will no longer overdamp the system, ¢ will become

important, and inflation will end.

Linde showed that for simple potentials such as V o ¢* or V o ¢* such inflation
can occur. If you assume that the field ¢ had chaotic initial conditions when the

universe first began with sub-Planckian energy density then there will in general be
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some patch where the potential energy of ¢ dominates over the kinetic and gradient
terms enough to cause inflation. If in the entire universe there is one patch, even a
Planck size one, with these conditions, then inflation will drive the size of this patch
to exponentially large values. Such inflationary regions will quickly come to dominate
the volume of the universe. In fact, using the assumption of chaotic initial conditions
an inflationary region will typically expand by at least about 10'%" times, and often
much more.

So the requirements for having inflation are fairly simple. Provided the quantum
field theory governing sub-Planckian physics has a scalar field with a reasonable po-
tential and somewhere in the universe a region exists where the potential energy of
that field is large and dominates the overall energy density, inflation will occur in that
region. Regions where inflation occurs will then fill nearly all of space. The scalar
field that drives inflation in this way is often referred to as the “inflaton”. Note that
a “reasonable potential” includes the polynomial potentials mentioned above as well
as others. At present we have never directly observed a scalar field, but at least one
such field must exist in nature if the standard model is correct, and supersymmetry
predicts the existence of many scalar fields. So although we don’t know the correct
fundamental physics model that would give rise to the inflaton, it seems at the very

least reasonable to suppose that such a field might exist.

3.2.2 Some Basic Consequences of Inflation

The impact of inflation on the initial condition problems mentioned before is quite
simple. If the universe undergoes exponential expansion then any local patch of
it will come to be very homogeneous and flat, like the surface of a balloon being
blown up very rapidly. Mathematically this can be seen from the argument above
explaining why curvature tends to grow in a matter or radiation dominated universe
but decrease in an inflationary universe. Given the enormous expansion that occurs
during inflation, the growth of the curvature that has occurred since then should be
completely negligible and we would expect to see an essentially perfectly flat universe

now.
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Inflation can also solve the horizon problem. The statement that the observable
universe at the Planck era consisted of many causally disconnected regions comes from
extrapolating back assuming matter and/or radiation domination. During inflation,
however, a single, Planck size, causally connected region can expand to become many
times bigger than the current observable universe, thus creating causal correlations

on scales much bigger than we can hope to observe.

Inflation also solves the problem of relic particles because during inflation the
density of all particles will be exponentially suppressed. When inflation ends and the
universe moves towards a state of thermal equilibrium, the temperature may be low

enough to avoid reproducing these relic particles.

All of these results of inflation are theoretically attractive as explanations of the
features we observe in the universe at large scales. Probably the most important
success of inflation, however, is its explanation of the origin of inhomogeneities in the
universe. At first this idea might seem contradictory given that I said inflation flattens
the universe and reduces to effectively zero the density of anything that was in it. It
turns out, however, that small inhomogeneities can be generated during inflation. The
fluctuations that are generated in this way early in inflation are typically stretched out
by the exponential expansion to scales much greater than we can observe (although
see chapter 7 for some possible consequences of these large scale fluctuations). The
fluctuations generated at the last stages of inflation, however, form the seeds of the
inhomogeneities that we observe in the CMB, and which subsequently gave rise to

the structures we observe in the universe.

The origin of these inhomogeneities is in quantum fluctuations that are stretched
out during inflation. As the wavelength of these fluctuations grows larger than the
Hubble radius H ! they cease oscillating and get frozen in as classical waves. The
fluctuations on the scales we can observe today were all generated during the last 60

or so e-folds of inflation. See [3] for more details on this process.

The overall amplitude of these fluctuations depends on the parameters in the in-
flaton potential, so these parameters must be adjusted to match the observed CMB

anisotropy. The form of the fluctuations, however, is a robust prediction of inflation.
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In almost all versions of inflation these fluctuations have the form of Gaussian, adi-
abatic perturbations with a nearly scale-invariant spectrum.? So far the predictions
of inflation have fit the CMB data excellently, and no other theory has been able to

reproduce these predictions.

3.3 Reheating

Although inflation produces a universe with many of the features we observe in our
own, such as near-homogeneity with small fluctuations, the universe immediately after
inflation is in one sense almost completely empty. While inflation gets rid of all relic
particles such as gravitinos and monopoles, it also gets rid of all other particles as
well. After inflation nearly all the energy density in the universe is in the homogeneous
inflaton field. Once inflation ends this field must somehow decay and give its energy
to other fields, eventually giving rise to the panoply of particles we see around us
today. The process by which the inflaton decays into other forms of energy is known
as reheating.

The issue of reheating has been explored for almost as long as inflationary theory
itself (see e.g. [4]). In the earliest papers on the subject it was noted that after
inflation ends the homogeneous inflaton field would oscillate about its minimum.
Assuming the inflaton were coupled to other fields it would then decay, leading to a
cascade of energy density into many different forms. Several methods were developed
for perturbatively investigating this decay.

In 1994 it was realized that there is in general a much more efficient mechanism
by which the inflaton could decay, namely parametric resonance [5]. To see how this
works consider the simple case of a field x coupled to the inflaton ¢ via an interaction

term
1
V;nteraction = 592¢2X2- (310)

The equation of motion for x will be that of an oscillator whose frequency depends

on ¢. As ¢ oscillates this frequency will change, causing fluctuations of y to be

3There are many introductions and reviews about the CMB available. See for example http://cfa-
www.harvard.edu/ mwhite/htmlpapers.html.
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rapidly amplified in bands of resonant frequencies. (For a more complete discussion
of parametric resonance in general see [6] and for a discussion of parametric resonance
during reheating see [7, 8].) This effect is known as preheating because it rapidly
transfers much of the inflaton’s energy to fluctuations of the field x before the slower,
perturbative mechanisms of reheating can occur.

Since the discovery of preheating a great deal of work has been done to understand
the consequences of nonperturbative effects in reheating. These effects can include
phase transitions, the production of topological defects, the production and/or elim-
ination of various kinds of relic particles, and secondary stages of inflation. Such
nonperturbative effects often involve strong, nonlinear interactions between fields far
from thermal equilibrium in an expanding universe. Thus progress in this field has
in many cases required large-scale numerical simulations.

The work described in this thesis forms part of the ongoing investigation into
different mechanisms by which reheating can occur and the consequences of those

mechanisms within various models of inflationary cosmology.
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Mechanisms of Reheating
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Chapter 4
Introduction to the Research

This part of the thesis is adapted from the papers I have published in the course of
my graduate research. All of these papers deal with probing mechanisms of reheating
after inflation. Collectively they, along with my work on lattice simulations described

in part III, form the essential content of this thesis.

Before presenting this research it is appropriate that I should say a few words
about my contributions to the work presented here. Of course most of the work done
in scientific collaboration is the result of numerous discussions, arguments, and other
forms of give and take that make it impossible to separate out individual contributions
in a meaningful way. Nonetheless I can note in a general sense that all of the lattice
calculations reported in these chapters were done by me. I also performed various
other numerical calculations such as the linear calculations described in chapter 7.
The interpretation of these results was collaborative. The development of the lattice
simulations, and in particular the physics (as opposed to computational) aspects
of them, has continually evolved over the last several years as a result of discussions
between me and several of my collaborators. The program itself was originally written
by Igor Tkachev and has subsequently been rewritten and extended by me. Part III
contains a more detailed discussion of our respective contributions to the simulations.
The theoretical parts of the research, including the discussions and conclusions, was
worked out in so many exchanges between so many people that I don’t think individual

contributions can meaningfully be attributed.
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The rest of this introduction consists of a brief summary of the subject matter
of the chapters in this part. This summary is not intended as a full, pedagogical
account of the content of the research, and it will be presented in a technical form
most suitable for people familiar with inflationary cosmology. The details of the work
are contained in the chapters themselves and this section is merely intended as a

quick reference to those results.

Summary of Papers

Chapter 5, “Instant Preheating” explains a novel mechanism by which the decay of
the inflaton can produce particles many orders of magnitude heavier than the inflaton
particles themselves. My collaborators and I call this mechanism instant preheating
because it can lead to essentially complete decay within a single oscillation. The basic
idea is that if the inflaton field ¢ is coupled to another field y, e.g. through a g2¢?x>
coupling, then the mass of the y particles will depend on ¢. In particular, as ¢ passes
through zero the y particles will be momentarily massless. The resulting nonadiabatic
change of the y mass will lead to the production of a certain number density of yx
particles. All of this has been understood for many years. What wasn’t appreciated,
however, was the effect that the continued movement of the ¢ field would have on the
x particles. In particular, as ¢ moves away from zero these particles would become
massive. In most typical inflationary models ¢ will continue to roll to a value of the
order of a Planck mass, meaning that if g*> = O(1) the y particles will acquire masses
of the order of the Planck mass, irrespective of the mass of ¢. If ¢ then rolls back and
settles near zero this changing x mass will be relatively unimportant. If, however, y
can in turn decay to another species of massive particles then it can effectively drain
all the energy from the ¢ field in a single oscillation while producing particles with
near Planckian masses. If ¢ doesn’t oscillate but continues rolling (as for example in
some quintessence models) then this mechanism will be even more efficient, an issue
that is taken up in more detail in chapter 6.

Chapter 6 on NO models describes a class of inflationary models in which the

inflaton field has no minimum, but rather continues rolling in an asymptotically flat
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potential. Such models generated a lot of interest for a while because of their possible
relevance to the theory of quintessence. Because the usual mechanisms of reheating
don’t work in these models it had been proposed by several authors that reheating
could occur in these cases via gravitational particle production. My collaborators and
I showed that such scenarios suffer from serious problems involving the production
of isocurvature fluctuations and relic particles such as moduli and gravitinos. We
explained how these problems can be avoided, however, by introducing a coupling
between the inflaton and one or more light fields and invoking the instant preheating

mechanism described above.

Chapter 7 on moduli fields reconsiders an old problem, namely the production of
large values of moduli fields during inflation. Moduli, i.e. light, weakly coupled fields,
appear generically in string and supersymmetry motivated models of particle physics.
In this chapter I show that the problems associated with their production in the early
universe are more severe than had been previously realized. In particular, even if
no classical displacement of the moduli fields occur there will be long wavelength
quantum fluctuations of these fields amplified during inflation. The amplitude of
these fluctuations will depend on the duration of inflation and for typical chaotic
inflation models these will be large enough to disrupt nucleosynthesis and in many
cases even cause a new stage of inflation dominated by these light fields. Inflation
driven by such light fields would be in serious conflict with CMB observations. I
discuss how these effects can depend on the details of the models, but do not present

a general solution to the problem.

Chapter 8, “Inflation After Preheating,” also deals with a secondary stage of
inflation, but one of a very different sort. It was known from previous work that
if the inflaton has a symmetry breaking potential and couples to another field then
fluctuations of this second field created during preheating can temporarily lead to
symmetry restoration, followed by a first order phase transition. It was speculated
that such symmetry restoration could lead to a very brief secondary stage of inflation,
perhaps alleviating some problems of relic production during inflation and preheating.
In this chapter I report the results of lattice simulations in which my collaborators

and I verified this prediction. In particular we found that after symmetry was restored
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in our simulations there was a brief period where the pressure was negative and the
expansion of the universe was accelerating, i.e. a period of inflation.

Chapter 9 on the development of equilibrium considers what happens to the in-
flaton and the products of its decay after the explosive stage of particle production
associated with preheating. I report here the results of a series of lattice simulations
in different models. My collaborator and I used these results to derive a set of empir-
ical rules that seem to govern the process of thermalization. Most notably, we argued
that in most models of inflation there is some mechanism that leads to rapid particle
production, with the excitation concentrated in the infrared modes of the produced
fields. Following this initial excitation all fields that are directly or indirectly coupled
to the excited sector also get excited exponentially rapidly. The fields then form into
groups, in which all of the fields within a particular group have identical spectra and
time evolution. Within each group, the fields then thermalize by spreading their en-
ergy to the ultraviolet end of the spectrum. The composition of these groups depends
strongly on the detailed interactions between the fields.

Finally, chapter 10 on tachyonic preheating describes a new mechanism by which
the inflaton can rapidly decay. If the inflaton sector includes a direction in field space
with negative curvature then fluctuations can be rapidly produced via a spinodal
instability. Such potentials occur generically in models of hybrid inflation. Essentially
the process being described is just spontaneous symmetry breaking. The existence of
spinodal instabilities has long been known in condensed matter physics, and of course
spontaneous symmetry breaking has been studied extensively in condensed matter
and particle physics. However, so far as I know nobody had previously realized that
in the context of the sudden appearance of a negative curvature (as occurs in hybrid
inflation) this mechanism of decay is so efficient as to lead to a complete decay of the
homogeneous field(s) within a single oscillation. We found this result to be generic

for a wide variety of models and parameters.



Chapter 5
Instant Preheating

Note: This chapter is based on a paper by Gary Felder, Lev Kofman, and Andrei
Linde, available on the Los Alamos eprint server as hep-ph/9812289. The full citation
appears in the bibliography [9].

Chapter Abstract

I describe here a new efficient mechanism of reheating. Immediately after rolling
down the rapidly moving inflaton field ¢ produces particles x, which may be either
bosons or fermions. This is a nonperturbative process that occurs almost instantly:;
no oscillations or parametric resonance are required. The effective masses of the
X particles may be very small at the moment when they are produced, but they
“fatten” when the field ¢ increases. When the particles y become sufficiently heavy,
they rapidly decay to other, lighter particles. This leads to an almost instantaneous
reheating accompanied by the production of particles with masses which may be as
large as 10'7 — 10'® GeV. This mechanism works in the usual inflationary models
where V(¢) has a minimum, where it takes only a half of a single oscillation of the
inflaton field ¢, but it is especially efficient in models with effective potentials slowly

decreasing at large ¢ as in the theory of quintessence.
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5.1 Introduction

As discussed in the introduction to the thesis, the first stages of preheating are typi-
cally governed by nonperturbative effects. In particular, the most efficient mechanism
of reheating known before the publication of the research in this chapter was based
on the theory of the nonperturbative decay of the inflaton field due to the effect of
broad parametric resonance [5, 7, 8]. To distinguish this stage of nonperturbative
particle production from the stage of particle decay and thermalization which can
be described using perturbation theory [10, 11, 12] (see also [13, 4]), it was called
preheating.

This process can rapidly transfer the energy of a coherently oscillating scalar field
to the energy of other fields or elementary particles. Because of the nonperturbative
nature of the process, it may lead to many unusual effects, such as nonthermal cos-
mological phase transitions [14, 15, 16, 17]. Another unusual feature of preheating
discovered in [5, 7, 8] is the possibility of the production of a large amount of super-
heavy particles with masses one or two orders of magnitude greater than the inflaton
mass. In the simplest versions of chaotic inflation with the inflaton mass m ~ 10'3
GeV this can lead to the copious production of particles with masses up to 10'* —10'?
GeV [5, 7, 8, 18, 19, 20, 21, 22, 23]. This issue is rather important since interactions
and decay of superheavy particles may lead to baryogenesis at the GUT scale [18, 19].

However, GUT baryogenesis was only marginally possible in previously studied
models of preheating because the masses of produced particles just barely approached
the GUT scale. Moreover, in some models the particles created by the resonance
strongly interact with each other, or rapidly decay. This may take them out of the
resonance band, in which case parametric resonance does not last long or does not
happen at all. Also, there are some models where the effective potential does not have
a minimum, but instead slowly decreases at large ¢ [24, 25, 26, 27, 28, 29]. In these
models the scalar field does not oscillate at all after inflation, so neither parametric
resonance nor the standard perturbative mechanism of inflaton decay works there.

Such models are discussed at more length in chapter 6.

In this chapter I show how my collaborators and I turned these potential problems
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into an advantage. I describe a new mechanism of preheating, which works even
in the models where parametric resonance cannot develop. The new mechanism is
also nonperturbative but very simple. It leads to an almost instantaneous reheating
accompanied by the production of superheavy particles with masses which may be as
great as 107 — 10'® GeV. In some cases it may even lead to the production of black

holes of a Planckian mass, which immediately evaporate.

5.2 Instant preheating: The basic idea

To explain the main idea of the new scenario I will consider the simplest model of
chaotic inflation with the effective potential m;¢2 or %¢4 and assume that the inflaton
field ¢ interacts with some other scalar field x with the interaction term V = $g2¢%y%.
In these models inflation occurs at |¢| > 0.3M, [3]. Suppose for definiteness that
initially ¢ is large and negative, and inflation ends at ¢ ~ —0.3M,. After that the
field ¢ rolls to ¢ = 0, then it grows up to 107'M,, ~ 10" GeV, and finally rolls back
and oscillates about ¢ = 0 with a gradually decreasing amplitude. If the coupling
constant g is large enough (g > 10~*), then, according to [5, 7, 8], the production of
particles x occurs for the first time when the scalar field ¢ reaches the point ¢ = 0
after the end of inflation. With each subsequent oscillation, particle creation occurs
as ¢ crosses zero. This mechanism of particle production is described by the theory
of preheating in the broad resonance regime [5, 7, 8]. But now I will concentrate on
the first instant of this process. Remarkably, in certain cases this is all that we need
for efficient reheating.

Usually only a small fraction of the energy of the inflaton field ~ 1072¢? is trans-
ferred to the particles x at that moment (see Eq. (5.7) in the next section). The role
of parametric resonance was to increase this energy exponentially within several os-
cillations of the inflaton field. But suppose that the particles y interact with fermions
¢ with the coupling hitpx. If this coupling is strong enough, then y particles may
decay to fermions before the oscillating field ¢ returns back to the minimum of the
effective potential. If this happens, parametric resonance does not occur. However,

as | will show, something equally interesting may occur instead of it: The energy
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density of the x particles at the moment of their decay may become much greater

than their energy density at the moment of their creation.

Indeed, prior to their decay the number density of x particles, n,, remains practi-
cally constant [5, 7, 8], whereas the effective mass of each x particle grows as m, = g¢
when the field ¢ rolls up from the minimum of the effective potential. Therefore their
total energy density grows. One may say that x particles are “fattened,” being fed by
the energy of the rolling field ¢. The fattened x particles tend to decay to fermions
at the moment when they have the greatest mass, i.e. when ¢ reaches its maximal
value ~ 10~ ' M, just before it begins rolling back to ¢ = 0.

At that moment x particles can decay to two fermions with mass up to my ~
210~ *M,, which can be as large as 5 x 10'" GeV for g ~ 1. This is two orders of
magnitude greater than the masses of the particles that can be produced by the usual
mechanism based on parametric resonance [5, 7, 8]. As a result, the total energy
density of the produced particles also becomes two orders of magnitude greater than
their energy density at the moment of their production. Thus the chain reaction
¢ — x — v considerably enhances the efficiency of transfer of energy of the inflaton
field to matter.

More importantly, superheavy particles ¢ (or the products of their decay) may
eventually dominate the total energy density of matter even if in the beginning their
energy density was relatively small. For example, the energy density of the oscillating
inflaton field in the theory with the effective potential %gﬁ“ decreases as a™* in an
expanding universe with a scale factor a(t). Meanwhile the energy density stored in
the nonrelativistic particles 1 (prior to their decay) decreases only as a—3. Therefore
their energy density rapidly becomes dominant even if originally it was small. A

subsequent decay of such particles leads to a complete reheating of the universe.

Since the main part of the process of preheating in this scenario (production of x
and v particles) occurs immediately after the end of inflation, within less than one
oscillation of the inflaton field, we called it nstant preheating. 1 should emphasize
that instant preheating is a completely nonperturbative effect, which can lead to the
production of particles with momenta and masses many orders of magnitude greater

than the inflaton mass. This would be impossible in the context of the elementary
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theory of reheating developed in [10, 11, 12]. In what follows I will give a more

detailed description of the instant preheating scenario.

5.3 The simplest models

Consider first the simplest model of chaotic inflation with the effective potential
V(p) = mTQQSZ, and with the interaction Lagrangian —3g¢%¢?x? —htoox. 1 will take m =
10-°M,, as required by microwave background anisotropy [3], and in the beginning I
will assume for simplicity that x particles do not have a bare mass, i.e. m,(¢) = g|¢|.
Reheating in this model is efficient only if g > 107 [5, 7, 8], which implies gM,, >
10%m for the realistic value of the mass m ~ 107°M,. Thus, immediately after the
end of inflation, when ¢ ~ M, /3, the effective mass g|¢| of the field x is much greater
than m. It decreases when the field ¢ moves down, but initially this process remains
adiabatic, |1, | < m?.

The adiabaticity condition becomes violated and particle production occurs when
ihy| ~ g|@| becomes greater than m2 = g?¢®>. For a harmonic oscillator one has
|go| = m®, where |¢y| is the velocity of the field in the minimum of the effective
potential, and ® ~ 107'M,, is the amplitude of the first oscillation. This implies
that the process becomes nonadiabatic for g¢? < m®, i.e. for —¢, < ¢ < ¢., where
Oy ~ \/? [5, 7, 8]. Here ® ~ 107! M, is the initial amplitude of the oscillations of
the inflaton field. Note that under the condition g > 10~* which is necessary for
efficient reheating, the interval —¢, < ¢ < ¢, is very narrow: ¢, < ®. As a result,

the process of particle production occurs nearly instantaneously, within the time

Aty ~ 25 (gm) V2, (5.1)

|90
This time interval is much smaller than the age of the universe, so all effects related
to the expansion of the universe can be neglected during the process of particle pro-

duction. The uncertainty principle implies in this case that the created particles will

!Note that if one takes g > 1073, radiative corrections to the effective potential may consid-
erably change its shape [3]. However, this does not happen in supersymmetric theories where the
contributions of fermions and bosons nearly cancel each other.
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have typical momenta k& ~ (At,)”! ~ (gm®)"/2. The occupation number n; of y
particles with momentum £ is equal to zero all the time when it moves toward ¢ = 0.
When it reaches ¢ = 0 (or, more exactly, after it moves through the small region

—¢. < ¢ < @) the occupation number suddenly (within the time At,) acquires the

value [5, 7, 8] .
T
= - 5.2
ni = exp ( gm@) , (5.2)

and this value does not change until the field ¢ rolls to the point ¢ = 0 again.

A detailed description of this process including the derivation of Eq. (5.2) was
given in Ref. [7]; see in particular Eq. (55) there. This equation (5.2) can be written
in a more general form. First of all, the shape of the effective potential does not
play any role in its derivation. The essential point of the derivation of Eq. (5.2) is
that y particles are produced in a small vicinity of the point ¢ = 0, when ¢(¢) can be
represented as ¢(t) & ¢o(t—t,). The only thing which one needs to know is not V(¢),
m or @, but the velocity of the field ¢ at the time when it passes the point ¢ = 0.

Therefore one can replace m® by |¢g\ in this equation. Also, the same equation is

2
X’

bare mass of the particles x at ¢ = 0. (A similar result is valid for fermions and for

valid for massive particles y as well, if one replaces k* by k? + m?, where m, is the

vector particles.) Therefore Eq. (5.2) in a general case (for any m, and V(¢)) can

be written as follows:

k2 _|_ 2
Ny = exp (—w> : (5.3)
990l
This can be integrated to give the density of x particles
1 x° 1 \3/2 2
Ny = —Q/dk k*ny, = % exp (— me> : (5.4)
2m J 8w glool

Numerical investigation of inflation in the theory m72¢2 with m = 1075 M, gives |¢| =
1077 M?2, whereas in the theory $¢* with A = 107'% one has a somewhat smaller value
|do| = 6 x 107%M;. This implies, in particular, that if one takes g ~ 1, then in the
theory m72¢2 there is no exponential suppression of production of x particles unless

their mass is greater than m, ~ 2 x 10" GeV. This agrees with a similar conclusion
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obtained in [5, 7, 8, 18, 19, 20, 21, 22, 23].

2
X

particles is not exponentially suppressed. In this case

Let us now concentrate on the case m2 < g|do|, when the number of produced

1 \3/2
ny & (gg% : (5.5)

According to Eq. (5.3), a typical initial energy (momentum) of each particle x at

1/2

the moment of their production is ~ (g/¢||/7)'/2, so their total energy density is

-~ (9@0)2 ‘

Px 87/2

(5.6)

The ratio of this energy to the total energy density p, = ¢§/2 of the scalar field ¢ at
this moment gives

Px 5% 1073 g2, (5.7)
Ps

This result is practically model-independent, given the interaction term —3g?¢?y?.
In particular, it does not depend on the inflaton mass m in the theory m72¢2. The

same result can be obtained in the theory %gﬁ“ independently of the value of .

An interesting possibility appears if one has mi ~ g\q30|. Then the probability of
production of such particles is not exponentially suppressed during the first oscilla-
tion, but it is exponentially suppressed during all subsequent oscillations because \d)|
decreases due to the expansion of the universe, and the condition mi < g\¢\ becomes
violated. In this case new particles y are not created. However, as we already ex-
plained, these new particles may not even be necessary. For example, in the theory
%d)‘l the energy density of the inflaton field p; decreases as a™*, whereas the energy
density stored in the nonrelativistic particles x (prior to their decay) decreases only
as a~3. Therefore their energy density rapidly becomes dominant even if originally it

was small. Their subsequent decay makes the process of reheating complete.

But preheating in this model becomes much more efficient if one uses the mech-
anism described in the beginning of this chapter. Indeed, let us assume that the

particles x survive until the field ¢ rolls up from ¢ = 0 to the point ¢; from which
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it returns back to ¢ = 0. In the theory m72d>2 one has ¢; ~ 0.07 M,, whereas in the
theory 2¢* one has ¢ ~ 0.12 M,. I will take ¢; ~ 0.07 M, in my estimates. At that
time the mass of each particle y will be gg, ~ 107'gM,, they will be nonrelativistic,
and their total energy density (for the case of the theory m;qSZ) will be

(9&0)3/2

873

py = myn, = 107" gM, ~ 10_14g5/2M;,1 . (5.8)
Therefore the ratio of the energy density of x particles to the energy density of the
inflaton field ~ ¢2/2 will be

oy —1/2
B 1072 go| P Mg? ~ 2972 (5.9)

P
The last result follows from the relation |¢o| ~ 10~ 'mM,, ~ 107"M for m ~ 1075M,,.
Under the condition g > 107, which is the standard condition for efficient preheating
[5, 7, 8], this ratio is much greater than the one in Eq. (5.7).

If the particles x do not decay when the field ¢ reaches ¢, then their energy will
decrease again in parallel with |¢|, until it reaches the value given by Eq. (5.7). Thus,
preheating is most efficient if all particles x can decay at the moment when the field ¢
reaches its maximal value ¢;. This is possible if the lifetime of the particles y created
at the moment ty is close to At ~ wm~!/4. Particles y in this model can decay to
fermions, with the decay rate [5, 7, 8|
_ Rmy _ hglg)

— . 5.10
& 8 ( )

T(x = ¥v)

Note that the decay rate grows with the growth of the field |4|, so particles tend to
decay at large |¢|. One can easily check that the particles xy decay when the field ¢

reaches its maximal value |¢| ~ 0.07M,, if

500m

h?g ~ ~5x 107" (5.11)

p

At the moment when |@| reaches 0.07M,, the particles x have effective mass m, =
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glo| ~ 0.07gM,. Such particles can decay to two fermions ¢ if m, < 0.035gM,,.
This implies that after the first half of an oscillation, the scalar field ¢ can produce
fermions with mass up to 0.035gM,. For example, in the theory with g ~ 107
h ~ 7 x 1072 one can produce fermions with mass up to my ~ 4 x 10'% GeV, and
in the theory with g ~ 1, h ~ 2 x 1072 one can produce particles with mass up to

4 x 10'7 GeV.

As we have found, initially the ratio Z—z is suppressed by the factor 2¢°/2

, see Eq.
(5.9). But this suppression is not very strong, and if the energy density of the ¢
particles during some short period of the evolution of the universe decreases not as
fast as the energy density of the inflaton field and other products of its subsequent
decay, then very soon the universe will be dominated by the products of decay of the

particles 1, and reheating will be complete.

If h?2g > 5x107%, the y particles may decay before the oscillating field ¢ reaches its
maximal value ¢; ~ 107'M,,. This can make our mechanism somewhat less efficient.
However, the decay cannot occur until m, = g¢|¢| becomes greater than 2m,. If,
for example, the fermions have mass ~ 0.03 gM,, then the decay occurs only when
the field ¢ reaches its maximal value ¢; even if h%2g > 5 x 10~*. This preserves the
efficiency of our mechanism even for very large h%g.

On the other hand, for h?g < 5 x 107%, the particles y do not decay within a
single oscillation. In this case the parametric resonance regime becomes possible,
which again leads to efficient preheating according to [5, 7, 8]. Moreover, superheavy
fermions still will be produced in this regime, because the oscillating field will spend
a certain amount of time at ¢ ~ ¢;. During this time superheavy particles will be

produced, and their number may not be strongly suppressed.

The mechanism of particle production described above can work in a broad class of
theories. For example, one can consider models with the interaction %X2(¢+v)2. Such
interaction terms appear, for example, in supersymmetric models with superpotentials
of the type W = gx?(¢+v) [30]. In such models the mass m, vanishes not at ¢; = 0,
but at ¢; = —v, where v can take any value. Correspondingly, the production of y
particles occurs not at ¢ = 0 but at ¢ = —v. When the inflaton field reaches the

minimum of its effective potential at ¢ = 0, one has m, ~ gv, which may be very
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large. If one takes v ~ M, one can get m, ~ gM,, which may be as great as 10'®
GeV for g ~ 107!, or even 10" GeV for g ~ 1. If, however, one takes v > M, the
density of y particles produced by this mechanism will be exponentially suppressed
by the subsequent stage of inflation. This possibility will be discussed in the next
section.

Since parametric amplification of particle production is not important in the con-
text of the instant preheating scenario, it will work equally well if the inflaton field
couples not to bosons but to fermions [31, 32]. Indeed, the creation of fermions with
mass g|¢| also occurs because of the nonadiabaticity of the change of their mass at
¢ = 0. The theory of this effect at g > 10~ is very similar to the theory of the
creation of y particles described above; see in this respect [32]. The efficiency of
preheating will be enhanced if the fermions ¢ with a growing mass ¢|@| can decay
into other fermions and bosons, as in the scenario described in the previous section.

It is amazing that oscillations of the field ¢ with mass m = 10'® GeV can lead to
the copious production of superheavy particles with masses 4 - 5 orders of magnitude
greater than m. The previously known mechanism of preheating was barely capable
of producing particles of mass ~ 10*® GeV, which is somewhat below the GUT scale,
and even that was possible only in the strong coupling limit ¢ = O(1). This new
mechanism allows for the production of particles with mass greater than 106 GeV
even if the coupling constants are relatively small. This fact may play an important

role in the theory of baryogenesis in GUTs.

5.4 Fat wimpzillas

There have been a number of papers published on the possibility of the production of
superheavy WIMPS after inflation [33, 34, 35, 36, 37, 38, 23]. Such particles (which
have been proudly called WIMPZILLAS [39]) could be responsible for the dark matter
content of the universe, and, if they have a very large but finite decay time, they can
also be responsible for cosmic rays with energies greater than the Greisen—Zatsepin—
Kuzmin limit [40, 41]. The focus of these works in a certain sense was opposite to that

of the theory of preheating: It was necessary to find a mechanism for the production
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of stable (or nearly stable) particles which would survive until now. For that purpose,
the mechanism of their production must be extremely inefficient, since otherwise the
present density of such relics would be unacceptably large.

As one could expect, it is much easier to make the mechanism inefficient rather
than the other way around. For example, Eq. (5.4) implies that the probability of
production of superheavy y particles is suppressed by a factor of exp <—;T—7jl¢-)oi>. In

the theory m72¢2 with m = 10~ M, we have |¢o| = 1077M2, so this suppression factor

107 wm?2

9M5X>. This implies that for ¢ ~ 1 the production of particles

is given by exp <—
with m, ~ 10'® GeV is suppressed approximately by 107'° and this suppression
becomes as strong as 107 for m, = 2 x 10'® GeV. This same level of suppression
can be achieved, for example, with g = 10~2 and m, = 2 x 10'*. Thus, by fine-tuning
of the parameters m, and g one can obtain any value of the density of WIMPS at
the present stage of the evolution of the universe. This result agrees with the result

obtained in [23] by a different method.

This suppression mechanism is equally operative for the process ¢ — x — @ dis-
cussed here. If the particles y are heavy at ¢ = 0, their number will be exponentially
suppressed. When the field ¢ grows, their masses grow as follows: mi(qﬁ) = mi+g2¢2,
At the moment of their decay these particles can have mass of the order 10'" — 10'®
GeV. The main advantage of this new mechanism is that the process of fattening of
the particles y described above allows for the production of particles ¢» which can
be 10% times heavier than their cousins discussed in [33, 34, 35, 36, 37, 38, 23]. In
the absence of established terminology, one can call such superheavy particles FAT

WIMPZILLAS.

Another way to produce an exponentially small number of superheavy WIMPS
is to produce them at the last stages of inflation. This is possible in theories with
the interaction term %XZ(d) + v)?, as described in the previous section. If one takes

v 2 M,, then the particles x will be created during inflation. The number of x

particles produced during inflation in the simplest theory with V(¢) = m72¢2 does not

depend on v because ¢ does not depend on ¢ and on v in this scenario: ¢ = m;‘f” [3].

However, their density will subsequently be exponentially suppressed by inflation.

This is exactly what we need if the y particles or the products of their decay are



36 CHAPTER 5. INSTANT PREHEATING

WIMPS. For example, in the theory with V(¢) = m72¢2 the universe inflates by
a factor of exp(27rv2/M§) after the creation of x particles [3], so their density at
the end of inflation becomes smaller by a factor of exp(6zv®/M?). This leads to a
desirable suppression for v ~ 2M,. (The exact number depends on the subsequent
thermal history of the universe.) Meanwhile the masses of WIMPS produced by this
mechanism can be extremely large, of order gM,. If the x particles are stable, they
themselves may serve as superheavy WIMPS with nearly Planckian mass. If they

decay to fermions, then the fermions may play a similar role.

5.5 Instant Preheating and NO Models

The mechanism of instant preheating works most efficiently in models where the
inflaton potential becomes flat at large values of ¢. Such non-oscillatory (NO) models
have been the subject of a great deal of interest recently because of their potential
application to the theory of quintessence, i.e. the possibility that a rolling scalar
field with a nearly flat potential could mimic the role of a cosmological constant in
the current universe. The application of instant preheating in these models will be
discussed in detail in chapter 6. Here I will simply note that if the mass of the
particles x grows with ¢ and ¢ has a flat potential then the mass of y can become

essentially arbitrarily large.

5.6 Conclusions

The theory of reheating after inflation is already rather old. For many years it was
thought that the classical oscillating inflaton field could be represented as a collection
of scalar particles of mass m < 10" GeV, that each particle decayed to particles of
smaller mass, and that the final goal was to calculate the reheating temperature 7.

During the last decade we have learned that this simple picture in certain cases can
be very useful, but typically one must use the nonperturbative theory of reheating for
the description of the first stages of reheating. The main ingredient of this theory was

the theory of broad parametric resonance. Particle production in this scenario could
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be represented as a series of successive acts of creation, during which the number of
produced particles increased exponentially. It seems now that this was only a first
step towards a complete understanding of nonperturbative mechanisms of reheating
after inflation. It may be sufficient to consider a single act of creation, especially if
one takes into account the relative increase of energy of produced particles during the
subsequent evolution of the classical inflaton field, and the possibility of the chain
reaction ¢ — x — . This new mechanism is capable of producing particles of
nearly Planckian energy, which was impossible in the previous versions of the theory

of reheating.

One of the key ingredients of the nonperturbative mechanism of preheating de-
scribed above is a nonadiabatic change of the mass m,(¢) near the point where it
vanishes (or at least strongly decreases). Such situations occur very naturally in su-
persymmetric theories of elementary particles if one identifies ¢ and y with moduli
fields that correspond to flat directions of the effective potential. Indeed, in super-
symmetric theories the effective potential often has several flat directions, which may
intersect. When one of the moduli fields (the inflaton) moves along a flat direction
and reaches the intersection, the mass of another field vanishes. A simple example of
this situation was described in section 5.3. The change of the number of massless de-
grees of freedom is a generic phenomenon which is under intense investigation in the
context of supersymmetric gauge theories, supergravity and string theory, where it is

associated with the points of enhanced gauge symmetry, see e.g. [42, 43, 44, 45, 46].

Masses of elementary particles may also change nonadiabatically during cosmolog-
ical phase transitions. At the moment of a phase transition masses of some particles
vanish and may even temporarily become tachyonic. In this case particle production

may become even more intense. See chapter 10.

The main conclusion of this work is that with an account taken of the new pos-
sibilities discussed above the scenario of preheating becomes more robust. In the
cases where parametric resonance may occur, it provides a very efficient mechanism
of preheating. Now we have found that efficient preheating is possible even in models

where parametric resonance does not happen because of the rapid decay of produced
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particles. Instant preheating occurs in the usual inflationary models where the infla-
ton field oscillates near the minimum of its effective potential. But this mechanism
works especially well in models with effective potentials which slowly decrease at large
¢, as in the theory of quintessence. The conversion of the energy of the inflaton field
to the energy of elementary particles in these models occurs very rapidly, and it is

always 100% efficient. The next chapter discusses such scenarios.



Chapter 6

Inflation and Preheating in NO
Models

Note: This chapter is based on a paper by Gary Felder, Lev Kofman, and Andrei
Linde, available on the Los Alamos eprint server as hep-ph/9903350. The full citation
appears in the bibliography [47].

Chapter Abstract

In this chapter I discuss inflationary models in which the effective potential of the
inflaton field does not have a minimum, but rather gradually decreases at large ¢. In
such models the inflaton field does not oscillate after inflation, and its effective mass
becomes vanishingly small, so the standard theory of reheating based on the decay of
the oscillating inflaton field does not apply. For a long time the only known mechanism
of reheating in such non-oscillatory (NO) models was based on gravitational particle
production in an expanding universe. This mechanism is very inefficient. I will
show that it may lead to cosmological problems associated with large isocurvature
fluctuations and overproduction of dangerous relics such as gravitinos and moduli
fields. These problems can be resolved in the context of the scenario of instant
preheating described in chapter 5 if there exists an interaction g?¢?x? of the inflaton

field ¢ with another scalar field x. I show that the mechanism of instant preheating in

39
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NO models is much more efficient than the usual mechanism of gravitational particle

production even if the coupling constant g? is extremely small, 107 <« ¢? < 1.

6.1 Introduction

Usually it is assumed that the inflaton field ¢ after inflation rolls down to the min-
imum of its effective potential V' (¢), oscillates, and eventually decays. The stage
of oscillations of the inflaton field is a necessary part of the standard mechanism of
reheating of the universe [10, 11, 12, 5, 7, 8].

However, there exist some models where the inflaton potential V' (¢) gradually
decreases at large ¢ and does not have a minimum. In such theories the inflaton field
¢ does not oscillate after inflation, so the standard mechanism of reheating does not
work there.

Investigation of inflationary models of this type has been rather sporadic [24,
25, 26, 27, 28], and each new author has given them a new name, such as deflation
[25], kination [26, 27], and quintessential inflation [28]. However, the universe does
not deflate in these models, and in general they are not related to the theory of
quintessence. The main distinguishing feature of inflationary models of this type is the
non-oscillatory behavior of the inflaton field, which makes the standard mechanism
of reheating inoperative. Therefore we decided to call such models “non-oscillatory
models,” or simply “NO models.” In addition to describing the most essential feature
of this class of theories which makes reheating problematic, this name reflects the
rather negligent attitude towards these models which existed until recently.

One of the reasons why NO models have not attracted much attention was the
absence of an efficient mechanism of reheating. For a long time it was believed that
the only mechanism of reheating possible in NO models was gravitational particle
production [24, 25, 26, 27, 28], which occurs because of the changing metric in the
early universe [48, 49, 50, 51, 52, 53]. This mechanism is very inefficient, which may
lead to certain cosmological problems.

However, recently the situation changed. The mechanism of instant preheating

described in the previous chapter is very efficient, and it works in NO models even
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better than in the models where V(¢) has a minimum.

In this chapter I will describe various features of NO models. First of all, T will
discuss the problem of initial conditions in these models, which had not been properly
addressed before. The standard assumption made in [24, 25, 26, 27, 28] is that at
the end of inflation in NO models one has a large and heavy inflaton field ¢ that
rapidly changes and creates light particles y minimally coupled to gravity from a
state where the classical value of the field x vanishes. We showed that this setting of
the problem needed to be reconsidered. If the fields ¢ and x do not interact (which
was the standard assumption of Refs. [24, 25, 26, 27, 28]), then at the end of inflation
the field y typically does not vanish. Usually the last stages of inflation are driven by
the light field x rather than by the heavy field ¢. But in this case reheating occurs
due to oscillations of the field y, as in the usual models of inflation.

In addition to reexamining the problem of initial conditions, we will point out po-
tential difficulties associated with isocurvature perturbations and gravitational pro-
duction of gravitinos and moduli fields in NO models.

In order to provide a consistent setting for the NO models one needs to introduce
interaction between the fields ¢ and y. This resolves the problem of initial conditions
in these models and makes it possible to have a non-oscillatory behavior of the inflaton
field after inflation. We show that all of these problems can be resolved in the context
of the recently proposed scenario of instant preheating [9] if there is an interaction
%ngXQ of the inflaton field ¢ with another scalar field y, with ¢? > 10~'*. In this case
the mechanism of instant preheating in NO models is much more efficient than the

usual mechanism of gravitational particle production studied in [24, 25, 26, 27, 28].

6.2 Isocurvature perturbations in NO Models

In chapter 7 T show that if inflation begins with a large value of the inflaton ¢ and
a vanishing value of a light field x then typically large fluctuations of the field y
will be generated by the end of inflation. These fluctuations are largest at long
wavelengths, well outside the horizon, and thus appear effectively homogeneous on

subhorizon scales. For a sufficiently long period of inflation these fluctuations will
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grow large enough to initiate a new inflationary stage driven by the light field x. Thus
the standard assumption that reheating begins with a light field y having vanishing

amplitude is generically incorrect.

Here T will consider a more general question: If the two fields ¢ and y do not
interact, then why should we assume that one of them should vanish at the beginning

of inflation? And if it does not vanish, then how does it change the whole picture?

Suppose for example that the field x is a Higgs field [28] with a relatively small
mass and with a large coupling constant A, > A4. The total effective potential in

this theory (for ¢ < 0) is given by

A A
V(g x) = Z‘W‘ + ZX(XQ —v%)%. (6.1)

Here v is the amplitude of spontaneous symmetry breaking, v < M,. During inflation
and at the first stages of reheating this term can be neglected, so we will study the

simplified model

A A
V(o.x) = o'+ X (6.2)

This model was first analyzed in [54]. It is directly related to the Peebles-Vilenkin
model [28] if the field y is the Higgs boson field with a small mass m.

In general, at the beginning of inflation one has both ¢ # 0 and x # 0. Thus we
will not assume that y = 0, and instead of studying quantum fluctuations of this field

which can make it large, I will assume that it could be large from the very beginning.

Even though the fields ¢ and x do not interact with each other directly, they move
towards the state ¢ = 0 and x = 0 in a coherent way. The reason is that the motion

of these fields is determined by the same value of the Hubble constant H.

The equations of motion for both fields during inflation look as follows:
3Hp = —\so°. (6.3)

3Hy = =M\ X°. (6.4)
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These equations imply that
do  dx (6.5)
Ay @3 N A '

which yields the general solution

1 1 1 1

= -+ — ,
As®?  AXT T Aedh MG

(6.6)

Since the initial values of these fields are much greater than the final values, at the
last stages of inflation one has [54]
A

kb (6.7)

Suppose Ay < A,. In this case the “heavy” field x rapidly rolls down, and then
from the last equation it follows, rather paradoxically, that the Hubble constant at
the end of inflation is dominated by the “light” field ¢. Thus we can consistently
consider the creation of fluctuations of the field y (x particles) at the end of and after
the last inflationary stage driven by the ¢ field. But now these fluctuations occur on

top of a nonvanishing classical field y.

To study the behavior of the classical fields ¢ and x and their fluctuations ana-
lytically, one should remember that during the inflationary stage driven by ¢ one has

H = /2 ]@—2 In this case, as before, the solution for the equation of motion of the
p

3
field ¢ is given by [2]
[ Ao
= —\| =DMyt | . .
¢ ¢oexp< o p) (6.8)
Meanwhile, according to Eq. (6.7),

A A
o B -
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whereas for perturbations of the field x one has:

A
dxX = 0Xo exp <_3”6_:;Mpt) : (6.10)

Let us consider, for example, the behavior of the fields and their fluctuations at
the end of inflation, starting from the moment ¢ = ¢;. One may take, for example,
¢i ~ 4M,, which corresponds to a point approximately 60 e-folds before the end of
inflation. The fluctuations dy; ~ H(¢$;)/2m decrease according to (6.10), and at the

end of inflation one gets

o _H©) (_2 JE y t) RX 6.11)
6r " ' .

X 27X ~ VerM, ¢}

Here ¢, ~ 0.3M, corresponds to the end of inflation.! After that moment the
fields ¢ and y begin oscillating, and the ratio of dy to the amplitude of oscillations
of the field y remains approximately constant. This gives the following estimate for

the amplitude of isocurvature perturbations in this model:

JV(x) ‘5_X_ % 102
o "4y T 2x 0 VA (6.12)

Initially perturbations of V() give a negligibly small contribution to perturba-
tions of the metric because V(x) < V(¢); that is why they are called isocurvature
perturbations. However, the main idea of preheating in NO models is that eventually
x fields or the products of their decay will give the dominant contribution to the
energy-momentum tensor because the energy density of the field ¢ rapidly vanishes
due to the expansion of the universe (ps ~ a ). However, because of the inho-
mogeneity of the distribution of the field y (which will be imprinted in the density
distribution of the products of its decay on scales greater than H~'), the period of the

dominance of matter over the scalar field ¢ will happen at different times in different

2
'We are grateful to Peebles and Vilenkin for pointing out that the factor % should be present
in this equation.
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parts of the universe. In other words, the epoch when the universe begins expanding
as a ~ /t or a ~ t?/* instead of a ~ t'/3 will begin at different moments ¢ (at dif-
ferent total densities) in different parts of the universe. Starting from this time the
isocurvature fluctuations (6.12) will produce metric perturbations, and, as a result,

perturbations of CMB radiation.

Note that if the equation of state of the field x or of the products of its decay
coincided with the equation of state of the scalar field ¢ after inflation, fluctuations
of the field y would not induce any anisotropy of CMB radiation. For example, these
fluctuations would be harmless if the field xy decayed into ultrarelativistic particles
with the equation of state p = p/3 and if the equation of state of the field ¢ at that
time were also given by p = p/3. However, in our case the field ¢ has equation of
state p = p, which is quite different from the equation of state of the field x or of its
decay products.

[socurvature fluctuations lead to approximately 6 times greater large scale anisotropy

of the cosmic microwave radiation as compared with adiabatic perturbations. To avoid

IV (x)
V(x)

field with \, > 1077, then the perturbations discussed above will be unacceptably

cosmological problems, one would need to have < 5 x 1075, If y is the Higgs
large. This may be a rather serious problem. Indeed, one may expect to have many
scalar fields in realistic theories of elementary particles. To avoid large isocurvature

fluctuations each of these fields must be extremely weakly coupled, with A, < 1077,

The general conclusion is that the theory of reheating in NO models, as well as
their consequences for the creation of the large-scale structure of the universe, may
be quite different from what was anticipated in the first papers on this subject. In the
simplest versions of such models inflation typically does not end in the state x = 0,

and large isocurvature fluctuations are produced.



46 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELS

6.3 Cosmological production of gravitinos and mod-

uli fields

If the inflaton field ¢ is sterile, not interacting with any other fields, the elementary
particles constituting the universe should be produced gravitationally due to the
variation of the scale factor a(t) with time. This was one of the basic assumptions
of all papers on NO models [24, 25, 26, 27, 28]. Not all species can be produced this
way, but only those which are not conformally invariant. Indeed, the metric of the
Friedmann universe is conformally flat. If one considers, for example, massless scalar
particles x with an additional term —<5x?R in the Lagrangian (conformal coupling),
one can make conformal transformations of x simultaneously with transformations
of the metric and find that the theory of x particles in the Friedmann universe is
equivalent to their theory in flat space. That is why such particles would not be
created in an expanding universe.

Since conformal coupling is a rather special requirement, one expects a number
of different species to be produced. An apparent advantage of gravitational particle
production is its universality [35, 36, 37]. There is a kind of “democracy” rule for all
particles non-conformally coupled to gravity: the density of such particles produced
at the end of inflation is px ~ axH*, where ax ~ 1072 is a numerical factor specific
for different species and H is the Hubble parameter at the end of inflation.

Unfortunately, democracy does not always work; there may be too many danger-
ous relics produced by this universal mechanism. One of the potential problems is
related to the overproduction of gravitons mentioned in [28]. In order to solve it one
needs to have models with a very large number of types of light particles. This is
difficult but not impossible [28]. However, even more difficult problems will arise if
NO models are implemented in supersymmetric theories of elementary particles.

For example, in supersymmetric theories one may encounter many flat directions
of the effective potential associated with moduli fields. These fields usually are very
stable. Moduli particles decay very late, so in order to avoid cosmological problems
the energy density of the moduli fields must be many orders of magnitude smaller
than the energy density of other particles [55, 56, 57, 58, 59, 60].
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Moduli fields typically are not conformally invariant. There are several different
effects that add up to give them masses CH during expansion of the universe, with
C' = O(1) (in general, C' is not a constant) [55, 56, 57, 58, 59]. This is very similar to
what happens if, for example, one adds a term —%RqﬁZ to the lagrangian of a scalar
field. Indeed, during inflation R = 12H?, so this term leads to the appearance of a
contribution to the mass of the scalar field Am? = 126 H2. Conformal coupling would

correspond to m? = 2H?.

According to [24], the energy density of scalar particles produced gravitationally
at the end of inflation is given by 107 2H*(1 — 6£)2. Thus, unless the constant C
is fine-tuned to mimic conformal coupling, we expect that in addition to the energy
of classical oscillating moduli fields, at the end of inflation one has gravitational
production of moduli particles with energy density ~ 1072H*, just as for all other
conformally noninvariant particles.

In usual inflationary models one also encounters the moduli problem if the energy
of classical oscillating moduli fields is too large [55, 56, 57, 58, 59]. Here we are dis-
cussing an independent problem which appears even if there are no classical oscillating
moduli. Indeed, in NO models all particles created by gravitational effects at the end
of inflation will have similar energy density ~ 1072H*. But if the energy density
of moduli fields is not extremely strongly suppressed as compared with the energy
density of other particles, then such models will be ruled out [55, 56, 57, 58, 59, 60].

See chapter 7 for further discussion of the moduli problem in inflation.

A similar problem appears if one considers the possibility of gravitational (non-
thermal) production of gravitinos. Usually it is assumed that gravitinos have mass
mg/2 = 10 — 10* GeV, which is much smaller than the typical value of the Hubble
constant at the end of inflation. Therefore naively one could expect that gravitinos,
just like massless fermions of spin 1/2, are (almost exactly) conformally invariant and
should not be produced due to expansion of the Friedmann universe.

However, in the framework of supergravity, the background metric is generated
by inflaton field(s) ¢; with an effective potential constructed from the superpotential
W (¢;). The gravitino mass in the early universe acquires a contribution proportional

to W(¢,). Depending on the model, the gravitino mass soon after the end of inflation
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may be of the same order as H or somewhat smaller, but typically it is much greater

than its present value mg/;.

A general investigation of the behavior of gravitinos in the Friedmann universe
shows that the gravitino field in a self-consistent Friedmann background supported
by scalar fields is not conformally invariant [61]. For example, the effective potential
A¢* can be obtained from the superpotential v/A¢? in the global supersymmetry limit.
This leads to a gravitino mass ~ v/A¢>/M2. At the end of inflation ¢ ~ M,, and
therefore the gravitino mass is comparable to the Hubble constant H ~ \/XQSZ/MI,.

This implies strong breaking of conformal invariance.

The theory of gravitational production of gravitinos is strongly model-dependent,
and in some models it might be possible to achieve a certain suppression of their
production as compared to the production of other particles. The problem is that, just
like in the situation with the moduli fields, this suppression must be extraordinarily
strong. Indeed, to avoid cosmological problems one should suppress the number of
gravitinos as compared to the number of other particles by a factor of about 10717
[62, 63, 64, 65, 66, 67]. For a more detailed discussion of the cosmological production

of gravitinos see [61].

The gravitino/moduli problem and the problem of isocurvature perturbations are
interrelated in a rather nontrivial way. Indeed, the gravitino and moduli problems are
especially severe if the density of gravitinos and/or moduli particles produced during
reheating is of the same order of magnitude as the energy density of scalar fields y.
In my previous calculations I assumed, following [24, 28], that the energy density of
the fields y after inflation is O(1072H*). But this statement is not always correct.
It was derived in [24] under an assumption that particle production occurs during
a short time interval when the equation of state changes. Meanwhile in inflationary
cosmology the long-wavelength fluctuations of the field y minimally coupled to gravity
are produced during inflation all the time when the Hubble constant H(t) is smaller
than the mass of the x particles m,. The energy density of x particles produced
during inflation will contain a contribution py = m—’2<<X2), which may be many orders

>
of magnitude greater than 10 2H*.

For the sake of argument, one may consider inflation in the theory %¢4 and take
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m, equal to the value of H at the end of inflation, m, ~ \/X¢Mp. Then, according to
) . Ay m2 g8 _ 6 _

Eq. (7.29), after inflation one has py ~ 361\}[30 ~ 1072H* (ﬂ—i) > 1072H*, because

¢U > Mp-

This is the same effect that I discuss in chapter 7: If ¢g is large enough, we

may even have a second stage of inflation driven by the large energy density of the
fluctuations of the field y. But even if ¢ is not large enough to initiate a second
stage of inflation, it still must be much greater than A, to drive the first stage of
inflation, which makes the standard estimate p ~ 102H* incorrect [68].

There is one more effect that should be considered, in addition to gravitational
particle production. The effective mass of the particles ¢ at ¢ < 0 is given by v/3\¢.
At the end of inflation, at ¢ ~ M, this mass is of the same order as the Hubble
constant ~ v/A¢?/M,. Then, within the Hubble time H~' the field ¢ rolls to the
valley at ¢ > 0 and its mass vanishes. This is a non-adiabatic process; the mass of
the scalar field changes by O(H) during the time O(H~"). As a result, in addition to
gravitational particle production there is an equally strong production of particles ¢
due to the nonadiabatic change of their mass [68, 69).

This may imply that the fraction of energy in gravitinos will be much smaller than
previously expected, simply because the fraction of energy in the fluctuations of the
field x will be much larger. But there is no free lunch. For example, the production of
large number of nearly massless particles ¢ may lead to problems with nucleosynthesis.
Large inflationary fluctuations of the field y can create large isocurvature fluctuations.
One can avoid this problem if one assumes, for example, that the fields x acquire
effective mass O(H) in an expanding universe. Then their fluctuations will not be
produced during inflation. But in such a case their density after inflation will be
given by 1072H*, and therefore we do not have any relaxation of the gravitino and

the moduli problems.

6.4 Saving NO models: Instant preheating

As we will see, the problems discussed above will not appear in theories of a more

general class, where the fields ¢ and x can interact with each other. T will consider a
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model with the interaction %¢2X2- First I will show that in this case it really makes
sense to study preheating assuming that x = 0. Then I will discuss how the instant
preheating mechanism described in chapter 5 allows efficient energy transfer from the
field ¢ to particles of the field y.

6.4.1 Initial conditions for inflation and reheating in the model

with interaction §¢2x2

Consider a theory with an effective potential dominated by the term V (¢, x) =
%gngz. This means that the constant g is large enough for me to temporarily neglect

the terms %"’—qﬁ‘l + %X4 in the discussion of initial conditions.

In this case the Planck boundary is given by the condition

2

g

which defines a set of four hyperbolas
glollx| ~ My . (6.14)

At larger values of ¢ and x the density is greater than the Planck density, so the
standard classical description of space-time is impossible there. On the other hand,
the effective masses of the fields should be smaller than M, and consequently the
curvature of the effective potential cannot be greater than M;. This leads to two

additional conditions:
9l <9 'M,,  |x| <9 "M, (6.15)

I assume that g < 1. Suppose for definiteness that initially the fields ¢ and x belong
to the Planck boundary (6.14) and that |¢| is half-way towards its upper bound (6.15):
|p| ~ g~' M, /2. The choice of the coefficient 1/2 here is not essential; we only want
to make sure that the field x initially is of order M), but it can be slightly greater
than M, This allows for an extremely short stage of inflation when the field x rolls

down towards y = 0.



6.4. SAVING NO MODELS: INSTANT PREHEATING 51

The equations for the two fields are

b+ 3Hd = —g*py> (6.16)

and
X+ 3Hy = —¢*¢*y. (6.17)

The curvature of the effective potential in the ¢ direction initially is ~ g*x* ~ g*M?,
which is very small compared to the initial value of H* ~ M?. Thus the field ¢ will

move very slowly, so one can neglect the term ¢ in Eq. (6.16).

3Ho = —g’dy>. (6.18)

If the field ¢ changes slowly, then the field x behaves as in the theory m—QiX? with
m, ~ g|¢| being slightly smaller than M, and with the initial value of x being slightly
greater than M,. This leads to a very short stage of inflation that ends within a few
Planck times. After this short stage the field x rapidly oscillates. During this stage
the energy density of the oscillating field drops down as a3, the universe expands as
a~t*3 and H = % Thus the square of the amplitude of the oscillations of the field
x decreases as follows: x? ~ x2a™3 ~ t=2. This leads to the following equation for
the field ¢:

-9 (6.19)

. . .. -9 ,
The solution of this equation is ¢ = ¢q (%) with o ~ M, L and ¢g ~ —M,/g.
(The condition ¢y ~ ]\/[p_1 follows from the fact that the initial value of H = % is not

much below M,,.) This gives

M >
~——L (Myt) 7. (6.20)
9
The inflaton field ¢ becomes equal to —M,, after the exponentially large time

-2

t~ M <1>g : (6.21)

9
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During this time the energy of oscillations of the field y becomes exponentially small,
and the small term %"%4 that I neglected until now becomes the leading term driving
the scalar field ¢. At this stage we will have the usual chaotic inflation scenario with
|¢| > M, and with the fields evolving along the direction y = 0.

Thus in the presence of the interaction term 5;@52)(2 one can indeed consider in-
flation and reheating with x = 0. As we have seen, this possibility was rather prob-
lematic in the models where ¢ and y interacted only gravitationally.

The effective mass of the field y during inflation is g|¢|, which is much greater
than the Hubble constant ~ %‘;ﬁ for 9/\—2 > % In realistic versions of this model one
has A ~ 107! [3], and g > \. Therefore long-wavelength fluctuations of the field x
are not produced during the last stages of inflation, when ¢ ~ M.

A similar conclusion is valid if at the last stages of inflation the effective potential
of the field ¢ is quadratic, V(¢) = m72¢2. In this case H ~ g’}—f, and inflationary
fluctuations of the field y are not produced for g > % In realistic versions of this
model one has m ~ 107%M,, [3], and fluctuations §x are not produced if g* > 10~'2.

This means that the problem of isocurvature fluctuations does not appear.

6.4.2 Instant preheating in NO models

To explain the main idea of the instant preheating scenario in NO models, I will
consider for simplicity a model where V(¢) = m72d>2 for ¢ < 0, and V(¢) vanishes for
¢ > 0. I will discuss a more general situation later. I will assume that the effective
potential contains the interaction term 92—2¢2X2, and that y particles have the usual
Yukawa interaction Aty with fermions ¢. For simplicity, we will assume here that
X particles do not have any bare mass, so that their effective mass is equal to g|®|.

In chapter 5 I showed that for this case y particles are produced at the moment

when ¢ = 0 with number density %, which then decreases as a™3(t) to give

_ (9@0)3/2
X 8mdad(t) (6:22)

(See equation (5.5).) Here we take ap = 1 at the moment of particle production.
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Particle production occurs only in a small vicinity of ¢ = 0. Then the field ¢
continues rolling along the flat direction of the effective potential with ¢ > 0, and
the mass of each y particle grows as g¢. Therefore the energy density of produced

particles is _
3/2
Py = (92’;)3 if((f)) . (6.23)

The energy density of the field ¢ drops down much faster, as a 5(¢). The reason
is that if one neglects backreaction of produced particles, the energy density of the
field ¢ at this stage is entirely concentrated in its kinetic energy density %qp, which
corresponds to the equation of state p = p. 1 will study this issue now in a more

detailed way.

The equation of motion for the inflaton field after particle production looks as

follows:
¢+ 3H¢ = —g*d(x°) (6.24)

I will assume for simplicity that the field x does not have bare mass, i.e. m, = g¢. As
soon as the field ¢ becomes greater than ¢* (and this happens practically instantly,
when particle production ends), the particles x become nonrelativistic. In this case

(x?) can be easily related to n,:

0 L [ ek (g00)” (6.25)
272 ] VEZ 4+ 262 T 9o 8mighad(t) '
Therefore the equation for the field ¢ reads
. . ha)3/2
¢+3Hp =—gn, = —gM (6.26)

8m3a’(t)

To analyze the solutions of this equation, I will first neglect backreaction. In this case

one has a ~ t'/3, H = &, and

M, t
log — , 6.27
24371 & ) ( )

o=

J— 1 — MP ~ 5
where o = 3Ho — 2v/3mgo . V3mm'
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One can easily check that this regime remains intact and backreaction is unim-

3
portant for t < t; ~ \;L—., until the field ¢ grows up to
9°do

5M, . 1

i~ log — . 6.28
d)l 4\/3_7'(' Ogg ( )

This equation is valid for ¢ < 1. For example, for ¢ = 107 one has ¢; ~ 3M,,. For
g = 107" one has ¢; ~ M,,. Note that the terms in the left hand side of the Eq. (6.26)
decrease as ¢t~ ? when the time grows, whereas the backreaction term goes as ¢ . As
soon as the backreaction becomes important, i.e. as soon as the field ¢ reaches ¢,
it turns back, and returns to ¢ = 0. When it reaches ¢ = 0, the effective potential

becomes large, so the field ¢ cannot become negative, and it bounces towards large

¢ again.

Now let us take into account interaction of the y field with fermions. This inter-
action leads to decay of the y particles with the decay rate [5, 7, 8]
_ IPmy _ hgld]

— . 6.29
& 8 ( )

T(x — 1)

Note that the decay rate grows with the growth of the field |#|, so particles tend to
decay at large ¢. In our case the field ¢ spends most of the time prior to ¢; at ¢ ~ M,

(if it does not decay earlier, see below). The decay rate at that time is

h?gM
D = 99) ~ =2 (6.30)
T
If F;l <ty ~ %, then particles x will decay to fermions ¢ at ¢ < ¢; and the force

driving the field ¢ back to ¢ = 0 will disappear before the field ¢ turns back. In this

case the field ¢ will continue to grow, and its energy density will continue decreasing
anomalously fast, as a . This happens if

h2gM, g5/2q'5[1]/2

> .

8 873

(6.31)

mMy
10

Taking into account that in our case gz'SU ~ and m ~ 107%M,, one finds that this
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condition is satisfied if A > 5 x 10~3¢%/4. This is a very mild condition. For example,
it is satisfied for h > 5 x 1072 if ¢ = 1, and for h > 5 x 1077 if g = 10~%.

This scenario is always 100% efficient. The initial fraction of energy transferred
to matter at the moment of y particle production is not very large, about 10~2¢? of
the energy of the inflaton field [9]. However, because of the subsequent growth of
this energy due to the growth of the field ¢, and because of the rapid decrease of
kinetic energy of the inflaton field, the energy density of the x particles and of the
products of their decay soon becomes dominant. This should be contrasted with the
usual situation in the theories where V(¢) has a minimum. As was emphasized in
[5, 7, 8], efficient preheating is possible only in a subclass of such models. In many
models where V' (¢) has a minimum the decay of the inflaton field is incomplete, and it
accumulates an unacceptably large energy density compared with the energy density
of the thermalized component of matter. The possibility of having very efficient
reheating in NO models may have significant consequences for inflationary model
building.

It is instructive to compare the density of particles produced by this mechanism
to the density of particles created during gravitational particle production, which is
given by p, ~ 1072H* ~ pm’;—%, where p, is the energy density of the field ¢ at
the end of inflation. In the model ifd)‘l one has py ~ 107'°M}, and, consequently,
Py ~ pm% ~ 10 '®p,. Meanwhile, as we just mentioned, at the first moment after
particle production in our scenario the energy density of produced particles is of
the order of 107%¢g?ps [9], and then it grows together with the field ¢ because of
the growth of the mass g¢ of each x particle. Thus, for ¢ > 10~!* the number
of particles produced during instant preheating is much greater than the number of
particles produced by gravitational effects. Therefore one may argue that reheating of
the universe in NO models should be described using the instant preheating scenario.
Typically it is much more efficient than gravitational particle production. This means,
in particular, that production of normal particles will be much more efficient than

the production of gravitinos and moduli.

In order to avoid the gravitino problem altogether one may consider versions of

NO models where the particles produced during preheating remain nonrelativistic
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for a while. Then the energy density of gravitinos during this epoch decreases much
faster than the energy density of usual particles. New gravitinos will not be produced

if the resulting temperature of reheating is sufficiently small.

6.5 Other versions of NO models

In the previous section we considered the simplest model where V(¢) = 0 for ¢ > 0.
However, in general V(¢) may become flat not at ¢ = 0, but only asymptotically, at
¢ > M,. Such theories have become rather popular now in relation to the theory of
quintessence; for a partial list of references see e.g. [70, 71, 72, 73, 74, 75, 76, 29, 77,
78, 79]. In such a case the backreaction of created particles may never turn the scalar
field ¢ back to ¢ = 0. Therefore the decay of the particles x may occur very late, and
one can have very efficient preheating for any values of the coupling constants g and
h.

On the other hand, if the x particles are stable, and if the field ¢ continues rolling
for a very long time, one may encounter a rather unusual regime. If the particle
masses g|¢| at some moment approach M, the y particles may convert to black holes
and immediately evaporate.

Indeed, in conventional quantum field theory, an elementary particle of mass M
has a Compton wavelength M~! smaller than its Schwarzschild radius 2M/M} if
M > M,. Therefore one may expect that as soon as m, = g|¢| becomes greater than
M, each x particle becomes a Planck-size black hole, which immediately evaporates
and reheats the universe. If this regime is possible, it should be avoided. Indeed,
black holes of Planck mass may produce similar amounts of all kinds of particles,
including gravitinos. Therefore if reheating occurs because of black hole evaporation,
then we will return to the gravitino problem again.

Thus, the best possibility is to consider those versions of the instant preheating
scenario that do not lead to the creation of stable particles of Planckian mass. It may
seem paradoxical that one needs to be careful about this constraint. Several years ago
it would have seemed impossible to produce particles of mass greater than 5x10'2 GeV

during the decay of an inflaton field of mass m, ~ 10'? GeV. Here I have described
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a nonperturbative mechanism of preheating that may produce particles 5 orders of
magnitude heavier than m. It is interesting that the mechanism of instant preheating
works especially well in the context of NO models where all other mechanisms are

rather inefficient.



Chapter 7

Gravitational Particle Production
and the Moduli Problem

Note: This chapter is based on a paper by Gary Felder, Lev Kofman, and Andrei
Linde, available on the Los Alamos eprint server as hep-ph/9909508. The full citation
appears in the bibliography [68].

7.1 Chapter Abstract

A theory of gravitational production of light scalar particles during and after inflation
is investigated. In the most interesting cases where long-wavelength fluctuations of
light scalar fields can be generated during inflation, these fluctuations rather than
quantum fluctuations produced after inflation give the dominant contribution to par-
ticle production. In such cases a simple analytical theory of particle production can
be developed. Application of these results to the theory of quantum creation of mod-
uli fields demonstrates that if the moduli mass is smaller than the Hubble constant
then these fields are copiously produced during inflation. This gives rise to the cos-
mological moduli problem even if there is no homogeneous component of the classical
moduli field in the universe. To avoid this version of the moduli problem it is neces-
sary for the Hubble constant H during the last stages of inflation and/or the reheating

temperature Tx after inflation to be extremely small.

o8
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7.2 Introduction

Recently there has been a renewal of interest in gravitational production of particles in
an expanding universe. This was a subject of intensive study many years ago, see e.g.
[48, 49, 50, 51, 52, 53]. However, with the invention of inflationary theory the issue
of the production of particles due to gravitational effects became less urgent. Indeed,
gravitational effects are especially important near the cosmological singularity, at
the Planck time. But the density of the particles produced at that epoch becomes
exponentially small due to inflation. New particles are produced only after the end of
inflation when the energy density is much smaller than the Planck density. Production

of particles due to gravitational effects at that stage is typically very inefficient.

There are a few exceptions to this rule that have motivated the recent interest in
gravitational particle production. First of all, there are some models where the main
mechanism of reheating during inflation is due to gravitational production. Even
though this mechanism is very inefficient, in the absence of other mechanisms of re-
heating it may do the job. For example, in the NO models discussed in the previous
chapter the inflaton field ¢ does not oscillate after inflation, so the standard mecha-
nism of reheating does not work [24, 25, 26, 27, 28, 47|. Usually gravitational particle
production in such models lead to dangerous cosmological consequences, such as large
isocurvature fluctuations and overproduction of gravitinos. In order to overcome these
problems, it was necessary to modify the NO models and to use the non-gravitational
mechanism of instant preheating for the description of particle production. See chap-

ters 5 and 6 for more details.

There are some other cases where even very small but unavoidable gravitational
particle production may lead either to useful or to catastrophic consequences [35,
37, 57, 61, 80]. For example, it has recently been found that the production of
gravitinos by the oscillating inflaton field is not suppressed by the small gravitational
coupling. As a result, gravitinos can be copiously produced in the early universe
even if the reheating temperature always remains smaller than 10® GeV [61, 80].
Another important example is related to moduli production. 15 years ago Coughlan

et al realized that string theory and supergravity give rise to a cosmological moduli
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problem associated with the existence of a large homogeneous classical moduli field in
the early universe [81]. Soon afterwards Goncharov, Linde and Vysotsky showed that
quantum fluctuations of moduli fields produced at the last stages of inflation lead to
the moduli problem even if initially there were no classical moduli fields [57]. Thus
the cosmological moduli problem may appear either because of the existence of a large
long-living homogeneous classical moduli field or because of quantum production of
excitations (particles) of the moduli fields. In [47] it was pointed out that the problem
of moduli production is especially difficult in the context of NO models, where moduli

are produced as abundantly as usual particles.

Recently the problem of moduli production in the early universe was studied by
numerical methods in [80], with conclusions similar to those of Ref. [57]. As I am
going to demonstrate, the main source of gravitational production of light moduli
in inflationary cosmology is very simple, and one can study the theory of moduli
production not only numerically but also analytically by the methods developed in
[57, 47]. This fact allowed us to generalize and considerably strengthen the results of
Refs. [57, 80].

In particular, we will see that in the leading approximation the problem of over-
production of light moduli particles is equivalent to the problem of large homogeneous
classical moduli fields [57]. T will show that the ratio of the number density of light
moduli produced during inflation to the entropy of the universe after reheating satis-

fies the inequality
2% TRHg
s 3mM? '

(7.1)

Here m is the moduli mass, M, ~ 2.4 x 10" GeV is the reduced Planck mass, and
H, is the Hubble constant at the moment corresponding to the beginning of the last

60 e-foldings before the end of inflation.

In the simplest versions of inflationary theory with potentials M2¢?/2 or \¢?/4
one has Hy ~ 10" GeV. In such models our result implies that in order to satisfy the
cosmological constraint “* g 10~'2 one needs to have an abnormally small reheating
temperature Tr < 1 GeV. Alternatively one may consider inflationary models where

the Hubble constant at the end of inflation is very small. But I will argue that even
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this may not help, so one may need either to invoke thermal inflation or to use some

other mechanisms that can make the moduli problem less severe, see e.g. [82, 83, 84].

In the next section I outline the classical and quantum versions of the moduli
problem and explain how each of them can arise in inflationary theory. In section
7.4 T describe the results of our numerical simulations of gravitational production
of light scalar fields during and after preheating. In particular these results verify
our prediction that the dominant contribution to particle production comes from
long-wavelength modes that are indistinguishable from homogeneous classical moduli
fields. Finally in section 7.5 I analytically compute the production of these long wave-

length modes and derive Eq.(7.1). This section also contains a concluding discussion.

7.3 Moduli problem

String moduli couple to standard model fields only through Planck scale suppressed
interactions. Their effective potential is exactly flat in perturbation theory in the
supersymmetric limit, but it may become curved due to nonperturbative effects or
because of supersymmetry breaking. If these fields originally are far from the min-
imum of their effective potential, the energy of their oscillations will decrease in an
expanding universe in the same way as the energy density of nonrelativistic matter,
pm ~ a 3(t). Meanwhile the energy density of relativistic plasma decreases as a *.
Therefore the relative contribution of moduli to the energy density of the universe
may quickly become very significant. They are expected to decay after the stage of
nucleosynthesis, violating the standard nucleosynthesis predictions unless the initial
amplitude of the moduli oscillations yq is sufficiently small. The constraints on the
energy density of the moduli field p, and the number of moduli particles n, depend
on details of the theory. The most stringent constraint appears because of the pho-
todissociation and photoproduction of light elements by the decay products of the
moduli fields. For m ~ 10? — 10®> GeV one has

M 210712 — 10715 (7.2)
S
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see [60, 85, 86] and references therein. In this chapter I use a conservative version of

this constraint, = < 1072,

If the field x is a classical homogeneous oscillating scalar field, then this constraint
applies to it as well if one defines the corresponding number density of nonrelativistic

particles y by the following obvious relation:

ny, = % = (7.3)

Let us first consider moduli y with a constant mass m ~ 10? — 10 GeV and
assume that reheating of the universe occurs after the beginning of oscillations of the
moduli. This is indeed the case if one takes into account that in order to avoid the
gravitino problem one should have Ty < 108 GeV. I will also assume for definiteness
that the minimum of the effective potential for the field x is at y = 0; one can always

achieve this by an obvious redefinition of the field y.

Independent of the choice of inflationary theory, at the end of inflation the main
fraction of the energy density of the universe is concentrated in the energy of an
oscillating scalar field ¢. Typically this is the same field that drives inflation, but in
some models such as hybrid inflation this may not be the case. I will consider here
the simplest (and most general) model where the effective potential of the field ¢ after

inflation is quadratic,

vio) = g (7.0

After inflation the field ¢ oscillates. If one keeps the notation ¢ for the amplitude of
oscillations of this field, then one can say that the energy density of this field is given

by p(¢) = 19",
To simplify my notation, I take the scale factor at the end of inflation to be ag = 1.

The amplitude of the oscillating field in the theory with the potential (7.4) changes

as

3(t) = o a=¥2(1). (7.5)

The field x does not oscillate and almost does not change its magnitude until the
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moment #; when H?(t) = 354 becomes smaller than m?/3. At that time one has
p

ps  GH2(t)MZ ~ 2M2 '

This ratio, which can also be obtained by a numerical investigation of oscillations of
the moduli fields, does not change until the time ¢z when reheating occurs because

py and py decrease in the same way: they are proportional to a™3.

At the moment of reheating one has p4(tgr) = 7?N(T)T5/30, and the entropy of
produced particles s = 272N (T)T3 /45, where N(T) is the number of light degrees of

freedom. This yields
P, Xtk
s ms  3mM}

(7.7)

Usually one expects Tr > m ~ 10? GeV. Then in order to have = < 1072
one would need yo < 107%M,,. However, it is hard to imagine why the value of the
moduli field at the end of inflation should be so small. If one takes xo ~ M,, which
looks natural, then one violates the bound > < 10~'2 by more than 12 orders of

magnitude. This is the essence of the cosmological moduli problem [81].

In general, the situation is more complex. During the expansion of the universe
the effective potential of the moduli acquires some corrections. In particular, quite
often the effective mass of the moduli (the second derivative of the effective potential)
can be represented as

mi =m’ + ¢ H? (7.8)

where ¢ is some constant and H is the Hubble parameter [55, 56]. Higher derivatives
of the effective potential may acquire corrections as well. This leads to a different
version of the moduli problem discussed in [57], see also [58, 59]. The position of the
minimum of the effective potential of the moduli field in the early universe may occur
at a large distance from the position of the minimum at present. This may fix the

initial position of the field y and lead to its subsequent oscillations.
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A simple toy model illustrating this possibility was given in [82, 83]:

1 c?
V=omii+ —H* (x —x0) - 7.9
5 X + 5 (X = Xo) (7.9)
At large H the minimum appears at x = xg; at small H the minimum is at x = 0.
Thus one would expect that initially the field should stay at xq, and later, when H
decreases, it should oscillate about x = 0 with an initial amplitude approximately
equal to xo. The only natural value for x, in supergravity is xo ~ M,. This may lead

to a strong violation of the bound (7.2).

A more detailed investigation of this situation has shown [84] that one should

distinguish between three different possibilities: ¢ > 1, ¢~ 1 and ¢ < 1.

If ¢ > O(10), the field x is trapped in the (moving) minimum of the effective
potential, its oscillations have very small amplitudes, and the moduli problem does
not appear at all [84]. This is the simplest resolution of the problem, but it is not

simple to find realistic models where the condition ¢ > O(10) is satisfied.

The most natural case is ¢ ~ 1. It requires a complete study of the behavior of
the effective potential in an expanding universe. There may exist some cases where
the minimum of the effective potential does not move in this regime, but in general
the effects of quantum creation of moduli in this scenario [57, 80] are subdominant
with respect to the classical moduli problem discussed above [57, 58, 59|, so I will not

discuss this regime.

Here T study the case ¢ < 1. In this case the effective mass of the moduli at
H > m is always much smaller than H, so the field does not move towards its
minimum, regardless of its position. Thus if there is any classical field x, it simply
stays at its initial position until H becomes smaller than m, just as in the case

considered above, and the resulting ratio “* is given by Eq. (7.7).

The moduli problem in this scenario has two aspects. First of all, in order to avoid
the classical moduli problem one needs to explain why x, ~ 10_6\/%Mp, which is
necessary (but not sufficient) to have n,/s < 107'%. Then one should study quantum
creation of moduli in an expanding universe and check whether their contribution to

n, violates the bound n,/s < 107 '2. This last aspect of the moduli problem was
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studied in [57, 80].

In inflationary cosmology these two contributions (the contributions to n, from
the classical field x and from its quantum fluctuations) are almost indistinguishable.
Indeed, the dominant contribution to the number of moduli produced in an expanding
universe is given by the fluctuations of the moduli field produced during inflation.
These fluctuations have exponentially large wavelengths and for all practical purposes

they have the same consequences as a homogeneous classical field of amplitude y, =
(x?).

To be more accurate, these fluctuations behave in the same way as the homoge-
neous classical field ¢ only if their wavelength is greater than H !. During inflation
this condition is satisfied for all inflationary fluctuations, but after inflation the size of
the horizon grows and eventually becomes larger than the wavelength of some of the
modes. Then these modes begin to oscillate and their amplitude begins to decrease
even if at that stage m < H. To take this effect into account one may simply exclude
from consideration those modes whose wavelengths become smaller than H ! prior

to the moment ¢t ~ m™!

when H drops down to m. It can be shown that in the
context of our problem this is a relatively minor correction, so one can use the simple

estimate yo = 1/{x?).

In order to evaluate this quantity I will assume that ¢ < 1 and m < H during
and after inflation. This reduces the problem to the investigation of the production of
massless (or nearly massless) particles during and after inflation. In the next section
I study this issue and show that in the most interesting cases where inflationary
long-wavelength fluctuations of a scalar field can be generated during inflation, they
give the dominant contribution to particle production. This allowed us to reduce a
complicated problem of gravitational particle production to a simple problem that

could be easily solved analytically.
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7.4 Generation of light particles from and after

inflation

In this section T will present the results of a numerical study of the gravitational
creation of light scalar particles in the context of inflation. Consider a scalar field y

with the potential .
V() =5 (m* —€R) (7.10)

where R is the Ricci scalar. In a Friedmann universe R = — 5 (da + *). The scalar

field operator can be represented in the form

X@J%:6535/ﬁkbmﬂﬂﬂ“+%ﬁﬁk%ﬂ (7.11)

where the eigenmode functions x; satisfy

2
<E> +m? —ER
a

By introducing conformal time and field variables defined as n = [ %, fr = axy eq.
(7.12) can be simplified to

Xk = 0, (7.12)

. a .
Xk + 35){1@ +

W+ wpfe =0 (7.13)

where primes denote differentiation with respect to n and
2 2, 2 2 1 a
wp =k +a’m® + {2 - ¢) . (7.14)

The growth of the scale factor is determined by the evolution of the inflaton field ¢
with potential V'(¢). In conformal time
i _ st

i=——

— - (67 = a®V(9)) (7.15)

oV (9)
d¢

¢ +22¢ + a? =0 (7.16)
a
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For initial conditions for the modes fj, in the first approximation one can use

positive frequency vacuum fluctuations f, = ﬁe‘ikt

, see e.g. [37]. However, when
describing fluctuations produced at the last stages of a long inflationary period, one
should begin with fluctuations that have been generated during the previous stage of
inflation. For example, for massless scalar fields minimally coupled to gravity instead

of fr = ﬁe‘ikt one should use Hankel functions [3]:

filt) = 2“5;)2_12 (1 + %th> exp (% th> , (7.17)

where H is the Hubble constant at the beginning of calculations. To make the cal-

culations even more accurate, one should take into account that long-wavelength
perturbations were produced at early stages of inflation when H was greater than
at the beginning of the calculations. If the stage of inflation is very long, then the
final results do not change much if instead of the Hankel functions (7.17) one uses
fr = \/%fke’““. However, if the inflationary stage is short, then using the functions

fr = ﬁe‘ikt considerably underestimates the resulting value of (x?).

At late times the solutions to Eq. (7.13) can be represented in terms of WKB

solutions as

fe(n) = iy/k%eifnwkdn 4 \%2_(%6“]%”,7 ,

where a(n) and Si(n) play the role of coefficients of a Bogolyubov transformation.

(7.18)

This form is often used to discuss particle production because the number density of
particles in a given mode is given by ny = |3x(n)|? and their energy density is wyny.
As we will see, though, the main contribution to the number density of x particles at
late times comes from long-wavelength modes that are far outside the horizon during
reheating. As long as they remain outside the horizon these modes do not manifest
particle-like behaviour, i.e. the mode functions do not oscillate. In this situation the
coefficients v and 3 have no clear physical meaning. I therefore present our results in
2

terms of the mode amplitudes | f¢(n)|*, which as I will show contain all the information

relevant to number density and energy density at late times.
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%” ~ H < m the long wavelength modes of x will be nonrel-

At late times when
ativistic and their number density will simply be given by Eq. (7.3). Moreover the
very long wavelength modes which are still outside the horizon at late times (e.g. at
nucleosynthesis) will act like a classical homogeneous field whose amplitude is given
by

0 = 3 Q/dkkﬂf 2. (7.19)

It is these very long wavelength modes which will dominate and therefore the quantity

of interest for us is the amplitude of these fluctuations.

In our calculations we assumed that m? = ¢?H? with ¢ < 1; the results shown
are for ¢ = 0 but we also did the calculations with ¢ = .01 and found that the results

were independent of ¢ in this range.

Figure 7.1 shows the results of solving Eq. (7.13) for a model with the inflaton po-
tential V(¢) = A¢*. These data were taken after ten oscillations of the inflaton field.
2

The vertical axis shows k?|f;|? as a function of the momentum k. The momentum is

shown in units of the Hubble constant at the end of inflation.

The different plots represent runs with different starts of inflation, i.e. with differ-
ent initial values of ¢. They all coincide in the ultraviolet part of the spectrum, but
the runs that started towards the end of inflation show a significant suppression in
the infrared. This shows that fluctuations produced during inflation are the primary

source of the infrared modes, which in turn dominate the number density.

The curve on top shows the Hankel function solutions (7.17), which give

a’H?
2k3

|fil* = (7.20)

for de Sitter space, i.e. for a constant H. In the figure, we have corrected this
expression by using for each mode the value of the Hubble constant at the moment
when that mode crossed the horizon. For the A¢* model shown here the appropriate

Hubble parameter for each mode can be approximated as

Hy = ﬁ <q§2 — —ln (;)) (7.21)
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k2 f,°
10%? ¢

10° ¢

Figure 7.1: Fluctuations vs. mode frequency at a late time. The lower plots show

runs that started close to the end of inflation, with initial conditions f;, = ﬁe‘ikt.

The starting times range from ¢y = 1.5M,, (lowest curve) up through ¢y = 2M1,. The
highest curve shows the Hankel function solutions given by eqs. (7.20) and (7.21) As

we see, calculations with f, = ﬁe*ikt produce the correct spectrum at large k& but

underestimate the level of quantum fluctuations at small k.

where ¢, and H, are the values of the inflaton and the Hubble parameter respectively
at the end of inflation.

Note that if the Hankel function solutions (7.17) are used as initial conditions
for a numerical run then they do not change as the modes cross the horizon, so
the upper curve of the plot can also be obtained from such a run. Relative to this
upper curve it’s easy to see how the numerical runs show suppression in the infrared
due to starting inflation at late times and choosing the initial conditions in the form
fr = \/LQ—ke*“”, and suppression in the ultraviolet due to the end of inflation. The
latter suppression is physically realistic. The infrared suppression should occur at a
wavelength corresponding to the Hubble radius at the beginning of inflation.

The different regions of the graph illustrate effects that occurred at different times.
During inflation long wavelength modes crossed the horizon at early times. Thus the
far left portion of the plot shows the modes that crossed earliest. They have the
highest amplitudes both because they were frozen in earliest and because the Hubble

constant was higher at earlier times when they were produced. The lower plots don’t
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show these high amplitudes because inflation began too late for these modes to cross
outside the horizon and be amplified. Farther to the right the curve shows modes
that were only slightly if at all amplified during inflation. The far right modes were
produced during the fast rolling and oscillatory stages. These modes are not frozen
and can be described meaningfully in terms of o and 3 coefficients. The regularized

expression

1 .
2 _ 2 R * 721fwkd77 7.99
| x| oL [|5k| + fie (Oékﬁke )] (7.22)
shows why the amplitudes of these modes oscillate as a function of .

In short inflationary fluctuations are primarily responsible for producing infrared
modes and post-inflationary effects account for ultraviolet modes, but it is the infrared
modes that were outside the horizon at the end of inflation that dominate the number
density at late times. The earlier inflation began the farther this distribution will
extend into the infrared, and the long wavelength end of this spectrum will always

give the greatest contribution to the number density of x particles.

Our numerical calculations were similar to those of Kuzmin and Tkachev [37].
However, they took a rather small initial value of the classical scalar field ¢, which
resulted in less than 60 e-folds of inflation. As initial conditions for the fluctuations
they used f; = \/%—ke*“”. They pointed out that the results of such calculations
can give only a lower bound on the number of y particles produced during inflation.
Consequently, similar calculations performed in [80] could give only a lower bound on

the number of moduli fields produced in the early universe.

Our goal is to find not a lower bound but the complete number of particles pro-
duced at the last stages of inflation in realistic inflationary models, where the total
duration of inflation typically is much greater than 60 e-foldings. One result revealed
by our calculations is that the effects of an arbitrarily long stage of inflation can be
mimicked by the correct choice of “initial” conditions chosen for the modes x; after
inflation. Instead of using the Minkowski space fluctuations f; = ﬁe‘ikt used in [37]
as well as in our numerical calculations, one should use the de Sitter space solutions
(7.17), with H corrected to the value it had for each mode at horizon crossing. Using

these modes at the end of inflation is equivalent to running a simulation with a long
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stage of inflation.

Our numerical calculations confirmed the result that I am going to derive analyt-
ically in the next section: The number of y particles (n, ~ m(x?)) produced during
the stage of inflation beginning at ¢ = @, in the simplest model M?¢?/2 is propor-
tional to ¢, whereas in the model \¢*/4 it is proportional to ¢§. Thus the total
number of particles produced during inflation is extremely sensitive to the choice of
initial conditions. If one considers ¢, corresponding to the beginning of the last 60
e-folds of inflation, the total number of particles produced at that stage appears to be
much greater than the lower bound obtained in [37]. As we will see, this allowed us to
put a much stronger constraint on the moduli theories than the constraint obtained
in [80].

7.5 Light moduli from inflation

The numerical results obtained in the previous section confirmed our expectation that
in the most interesting cases where long-wavelength inflationary fluctuations of light
scalar fields can be generated during inflation, they give the dominant contribution
to particle production. In particular, in the case of ¢ < 1, m < H most moduli field
fluctuations are generated during inflation rather than during the post-inflationary
stage. These fluctuations grow at the stage of inflation in the same way as if the

moduli field y were massless [3]:

d{x*) H*
dt  4x?’

(7.23)

If the Hubble constant does not change during inflation, one obtains the well-known
relation 5
H°1
2\ __

However, in realistic inflationary models the Hubble constant changes in time, and

(7.24)

fluctuations of the light fields x with m < H behave in a more complicated way.
As an example, let us consider the case studied in the last section. Here inflation
is driven by a field ¢ with an effective potential V(¢) = 3¢ at ¢ > 0. This potential
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could be oscillatory or flat for ¢ < 0. We consider a light scalar field x that is not
coupled to the inflaton field ¢, and that is minimally coupled to gravity.

The field ¢ during inflation obeys the following equation:

3Hd = -\, (7.25)
Here
1A ¢
H=2\/3 i (7.26)

These two equations yield the solution [3]

¢ = ¢y exp (—Q@Mpt) ; (7.27)

where ¢ is the initial value of the inflaton field ¢. In this case Eq. (7.23) reads:

dix?) MW 48 A
= Sail —124/ S Myt 7.28
dt 96\ /3m2 M3 3" (7.28)

The result of integration at large ¢ converges to

x*) = % (24;?345)2. (7.29)

This result agrees with the results of our numerical investigation described in the

previous section.

From the point of view of the moduli problem, these fluctuations lead to the same
consequences as a classical scalar field y that is homogeneous on the scale H ! and

that has a typical amplitude

_ A%
V2 24 M2

Xo =1/ (x?) (7.30)

A similar result can be obtained in the model V (¢) = MTQQSQ. In this case one has
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[3]
3(1) = o — \/g M, Mt. (7.31)

The time-dependent Hubble parameter is given by

H= (1), (7.32)

which yields
Mgy

=—02, 7.33
8mv/3M?2 (7.33)

As we see, the value of yo depends on the initial value of the field ¢. This result
has the following interpretation. One may consider an inflationary domain of initial
size H™'(¢y). This domain after inflation becomes exponentially large. For example,
its size in the model with V(¢) = 2°¢? becomes [3]

[~ H1(¢U)exp< % ) : (7.34)
AM?

In order to achieve 60 e-folds of inflation in this model one needs to take ¢y ~ 15M,,.
This implies that a typical value of the (nearly) homogeneous scalar field x in a

universe that experienced 60 e-folds of inflation in this model is given by

Xo = /{x?) ~ 5M. (7.35)

In realistic versions of this model one has M ~ 5 x 107¢M, ~ 10'® GeV [3]. Substi-
tution of this result into Eq. (7.7) gives

T
"X L9x1p710 2R
S m

(7.36)

This implies that the condition n, /s < 1072 requires that the reheating temperature
in this model should be at least two orders of magnitude smaller than m. For example,

for m ~ 102 GeV one should have Ty < 1 GeV, which looks rather problematic.
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This result confirms the basic conclusion of Ref. [57] that the usual models of in-
flation do not solve the moduli problem. Our result is similar to the result obtained in
[80] by numerical methods, but it is approximately two orders of magnitude stronger.
The reason for this difference is that the authors of Ref. [80] used a much smaller
value of ¢ in their numerical calculations. Consequently, they took into account only
the particles produced at the very end of inflation, whereas the leading effect occurs

at earlier stages of inflation, i.e. at larger ¢.

In general one can get a simple estimate of y, = \/@ by assuming that the
universe expanded with a constant Hubble parameter Hy during the last 60 e-folds
of inflation. To make this estimate more accurate one should take the value of the
Hubble constant not at the end of inflation but approximately 60 e-foldings before it,
at the time when the fluctuations on the scale of the present horizon were produced.
The reason is that the largest contribution to the fluctuations is given by the time
when the Hubble constant took its greatest values. Also, at that stage the rate of
change of H was relatively slow, so the approximation H = Hy = const is reasonable.

Thus one can write

H H
xo = \/(x?) 2 5 \/Hot ~ 5 V60 ~ Hy . (7.37)

This gives
2% TR Hg
s = 3m M2

(7.38)

In the simplest versions of chaotic inflation with potentials M?¢$?/2 or A¢*/4 one has
Hy ~ 10" GeV, which leads to the requirement T < 1 GeV. But this equation shows
that there is another way to relax the problem of the gravitational moduli production:
one may consider models of inflation with a very small value of Hy [57]. For example,
one may have n, /s ~ 107'2 for T ~ Hy ~ 107 GeV.

However, this condition is not sufficient to resolve the moduli problem; the situ-
ation is more complicated. First of all, it is very difficult to find inflationary models
where inflation occurs only during 60 e-foldings. Typically it lasts much longer, and

the fluctuations of the light moduli fields will be much greater. This is especially
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obvious in the theory of eternal inflation where the amplitude of fluctuations of the
light moduli fields can become indefinitely large [3]. In particular, if the condition
m? ~ m? 4+ ¢H? with ¢ < 1 remains valid for x % M), then one may expect the
generation of moduli fields x > M,. This should initiate inflation driven by the light
moduli [47]. Then the situation would become even more problematic: we would
need to find out how one could produce the baryon asymmetry of the universe after
the light moduli decay and how one could obtain density perturbations dp/p ~ 10~*

in such a low-scale inflationary model.

One may expect that the region of values of y where its effective potential has
small curvature m? < H? may be limited, and may even depend on H. Then the
existence of a long stage of inflation would push the fluctuations of the field x up
to the region where its effective potential becomes curved, and instead of our results
for xo one should substitute the largest value of y for which m2? < H?. In such a

X
situation one would have a mixture of problems that occur at ¢ < 1 and at ¢ ~ 1.

Finally, I should emphasize that all our worries about quantum creation of moduli
appear only after one makes the assumption that for whatever reason the initial value
of the classical field x in the universe vanishes, i.e. that the classical version of the
moduli problem has been resolved. We do not see any justification for this assumption
in theories where the mass of the moduli field in the early universe is much smaller
than H. Indeed, in such theories the classical field y initially can take any value,
and this value is not going to change until the moment ¢t ~ H ! ~ m~!. The main
purpose of the research being reported on here was to demonstrate that even if one
finds a solution to the light moduli problem at the classical level, the same problem

will appear again because of quantum effects.

This does not mean that the moduli problem is unsolvable. One of the most
interesting solutions is provided by thermal inflation [82, 83]. The Hubble constant
during inflation in this scenario is very small, and the effects of moduli production
there are rather insignificant. Another possibility is that moduli are very heavy in the
early universe, m2 = m? + ¢*H?, with ¢ > O(10), in which case the moduli problem
does not appear [84]. The main question is whether we really need to make the theory

so complicated in order to avoid the cosmological problems associated with moduli.
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Is it possible to find a simpler solution? One of the main results of our investigation
is to confirm the conclusion of Ref. [57] that the simplest versions of inflationary
theory do not help us to solve the moduli problem but rather aggravate it.

In conclusion I would like to note that the methods discussed here apply not only
to the theory of moduli production but to other problems as well. For example,
one may study the theory of gravitational production of superheavy scalar particles
after inflation [35, 37]. If these particles are minimally coupled to gravity and have
mass m < H during inflation, then one can use Eqgs. (7.30), (7.33) to calculate
the number of produced particles. These equations imply that the final result will
strongly depend on ¢, i.e. on the duration of inflation. If inflation occurs for more
than 60 Hubble times, the production of particles with m < H is much more efficient
than was previously anticipated. As I just mentioned, if ¢q is large enough then the
production of fluctuations of the field xy may even lead to a new stage of inflation
driven by the field x [47]. On the other hand, if m is greater than the value of the
Hubble constant at the very end of inflation, then quantum fluctuations are produced
only at the early stages of inflation (when H > m). These fluctuations oscillate
and decrease exponentially during the last stages of inflation. In such cases the final
number of produced particles will not depend on the duration of inflation and can be

unambiguously calculated.



Chapter 8

Inflation After Preheating

Note: This chapter is based on a paper by Gary Felder, Lev Kofman, Andrei Linde,
and Igor Tkachev, available on the Los Alamos eprint server as hep-ph/0004024. The
full citation appears in the bibliography [87].

Chapter Abstract

Preheating after inflation may lead to nonthermal phase transitions with symmetry
restoration. These phase transitions may occur even if the total energy density of fluc-
tuations produced during reheating is relatively small as compared with the vacuum
energy in the state with restored symmetry. As a result, in some inflationary models
one encounters a secondary, nonthermal stage of inflation due to symmetry restora-
tion after preheating. Such secondary inflation could also provide a partial solution
to the moduli problem. We review the theory of nonthermal phase transitions and
make a prediction about the expansion factor during the secondary inflationary stage.
We then present the results of lattice simulations that verify these predictions, and
discuss possible implications of our results for the theory of formation of topological

defects during nonthermal phase transitions.

7
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8.1 Introduction

The theory of cosmological phase transitions is usually associated with symmetry
restoration due to high temperature effects and the subsequent symmetry breaking
that occurs as the temperature decreases in an expanding universe [88, 89, 90, 91,
92, 93, 3]. A particularly important version of this theory is the theory of first order
cosmological phase transitions developed in [93]. It served as a basis for the first
versions of inflationary cosmology [1, 13, 94], as well as for the theory of electroweak

baryogenesis [95, 96].

Recently it was pointed out that preheating after inflation [5, 7] may rapidly
produce a large number of particles that for a long time remain in a state out of
thermal equilibrium. These particles may lead to specific nonthermal cosmological
phase transitions [14, 15]. In some cases these phase transitions are first order [16,
97]; they occur by the formation of bubbles of the phase with spontaneously broken
symmetry inside the metastable symmetric phase. If the lifetime of the metastable
state is large enough for the energy density of fluctuations to be diluted, one may
encounter a short secondary stage of inflation after preheating [14]. Such a secondary
inflation stage, if it occurs late enough, could be important in solving the moduli
and gravitino problems. In this respect secondary “nonthermal” inflation due to
preheating may be an alternative to the “thermal inflation” [82], suggested for solving

these problems.

In this chapter I will briefly present the theory of such phase transitions and then
give the results of numerical lattice simulations that directly demonstrated the pos-
sibility of such brief inflation. T will also discuss possible implications of these results
for the theory of formation of topological defects during nonthermal phase transitions.
The lattice calculations reported here were done using the program LATTICEEASY,
described in part III of this thesis.
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8.2 Theory of the phase transition

Consider a set of scalar fields with the potential

2
V(60 = 28—+ Lty 8.1)

The inflaton field ¢ has a double-well potential and interacts with an N-component
scalar field x; x? = 2N, x2. For simplicity, the field y is taken to be massless and
without self-interaction. The fields couple minimally to gravity in a FRW universe

with a scale factor a(t).

The potential V (¢, y) has minima at ¢ = +v, ¥ = 0 and a local maximum in
the ¢ direction at ¢ = x = 0 with curvature Vi, = —Av? The effective potential
acquires corrections due to quantum and/or thermal fluctuations of the scalar fields

88, 89, 93, 3,

_§ 2\ 42 9_2 2\ 42 9_2 2\ 2
AV = JMe)9" + 5070+ 500 + (8.2)

where I have written only the leading terms depending on ¢ and y. The effective

mass squared of the field ¢ is given by
mj = —m’® + 3)\¢” + 3X(¢°) + g*(x*), (8.3)

where m? = M2 Symmetry is restored, i.e. ¢ = 0 becomes a stable equilibrium
point, when the fluctuations (¢?), (x*) become sufficiently large to make the effective

mass squared positive at ¢ = 0.

For example, one may consider matter in thermal equilibrium. Then, in the large

temperature limit, one has (¢%) = (x?) = I-. The effective mass squared of the field

¢

mg&,eff = —m® + 3X\¢” + 3\ (09%) + ¢*(x*) (8.4)
is positive and symmetry is restored (i.e. ¢ = 0 is the stable equilibrium point) for
T > T,, where T? = 3;_%%292 > m?. At this temperature the energy density of the gas
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of ultrarelativistic particles is given by

B 2 4 24m*N(T,)n?

Here NV (T) is the effective number of degrees of freedom at large temperature, which

in realistic situations may vary from 10% to 10%. We will assume that Ng? > )\, see

below. For ¢* < %Ag%)\ the thermal energy at the moment of the phase transition
is greater than the vacuum energy density V(0) = Z‘—:, which means that the phase

transition does not involve a stage of inflation.

In fact, the phase transition with symmetry breaking occurs not at T > T,, but
somewhat earlier [93]. To understand this effect let us compare the temperature
T. ~ m/(v/Ng) and the mass m, = g¢ of the x particles in the minimum of the zero-
temperature effective potential at ¢ = v = m/\/X One can easily see that m, > T
for Ng* > ). This means that for Ng* > ) the temperature 7T} is insufficient to excite
perturbations of the fields x; at ¢ = v. As a result, these perturbations do not change
the shape of the effective potential ¢ = v. Thus the potential at T slightly above T,
has its old zero-temperature minimum at ¢ = v, as well as the temperature-induced
minimum at ¢ = 0. Symmetry breaking occurs as a first-order phase transition due to
formation of bubbles of the phase with ¢ ~ v at some temperature above 7T, when the
minimum at ¢ = v becomes deeper than the minimum at ¢ = 0, and the probability
of bubble formation becomes sufficiently large. A more detailed investigation in the
case N = 1 shows that the phase transition is first order under a weaker condition
g® > ) [93].

In the case Ng* > 102\ the phase transition occurs after a secondary stage of
inflation. In this regime radiative corrections are important. They lead to the creation
of a local minimum of V (¢, x) at ¢ = 0 even at zero temperature, and the phase
transition occurs from a strongly supercooled state [93]. That is why the first models

of inflation required supercooling at the moment of the phase transition [1, 13, 94].

In supersymmetric theories one may have Ng* > 102\ and still have a potential
that is flat near the origin due to cancellation of quantum corrections of bosons and

fermions [82]. In such cases the thermal energy becomes smaller than the vacuum
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energy at T < Ty, where T = 525m?v?. Then one may have a short stage of

inflation that begins at T' ~ T and ends at T' = T,. During this time the universe
may inflate by the factor

a. Ty gt/
T 0 ( A) (8.6)

Similar phase transitions may occur much more efficiently prior to thermalization,
due to the anomalously large fluctuations (¢?) and (x?) produced during preheating
[14, 15]. These fluctuations can change the shape of the effective potential and lead
to symmetry restoration. Afterwards, the universe expands, the values of (¢?) and

(x?) drop down, and the phase transition with symmetry breaking occurs.

An interesting feature of nonthermal phase transitions is that they may occur
even in theories where the usual thermal phase transitions do not happen. The main
reason can be understood as follows. Suppose reheating occurs due to the decay of
a scalar field with energy density p. If this energy is instantly thermalized, then one
obtains relativistic particles with energy density O(T™) that in the first approximation
can be represented as p ~ E?((¢?) 4+ (x?)). Here E ~ T ~ p'/* is a typical energy
of a particle in thermal equilibrium. After preheating, however, one has particles ¢
and y with much smaller energy but large occupation numbers. As a result, the same
energy release may create much greater values of (¢?) and (x?) than in the case of
instant thermalization. This may lead to symmetry restoration after preheating even
if the symmetry breaking occurs on the GUT scale, v ~ 10'6 GeV [14, 15].

The main conclusions of [14, 15] have been confirmed by detailed investigation
using lattice simulations in [16, 17, 98, 97]. One of the main results obtained in [16]
was that for sufficiently large g? nonthermal phase transitions are first order. They
occur from a metastable vacuum at ¢ = 0 due to the creation of bubbles with ¢ # 0.
This result is very similar to the analogous result in the theory of thermal phase
transitions [93]. According to [16], the necessary conditions for this transition to

occur and to be of the first order can be formulated as follows:

(i) At the time of the phase transition, the point ¢ = 0 should be a local minimum

of the effective potential. From (8.3), we see that this means that Ng?(x?) > v

(ii) At the same time, the typical momentum p, of y; particles should be smaller
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than gv. This is the condition of the existence of a potential barrier. Particles with
momenta p < gv cannot penetrate the state with |¢| &~ v, so they cannot change the
shape of the effective potential at |¢| ~ v. Therefore, if both conditions (i) and (ii)
are satisfied, the effective potential has a local minimum at ¢ = 0 and two degenerate
minima at ¢ ~ +wv.

(iii) Before the minima at ¢ &~ v become deeper than the minimum at ¢ = 0, the
inflaton’s zero mode should decay significantly, so that it performs small oscillations
near ¢ = 0. Then, after the minimum at |¢| ~ v becomes deeper than the minimum
at ¢ = 0, fluctuations of ¢ drive the system over the potential barrier, creating an
expanding bubble.

The investigation performed in [16] confirmed that for sufficiently large ¢g* and
N these conditions are indeed satisfied and the phase transition is first order. One
may wonder whether for g2 > )\ one may have a stage of inflation in the metastable
vacuum ¢ = 0.

Analytical estimates of Ref. [14] suggested that this is indeed the case, and the
degree of this inflation for N =1 is expected to be

a N(Q;)l/‘*, (87)

Qg

which is much greater than the number 10~} (%)1/4 in the thermal inflation scenario.
One could also expect that the duration of inflation, just like the strength of the
phase transition, increases if one considers N fields y; with N > 1.

However, the theory of preheating is extremely complicated, and there are some
factors that could not be adequately taken into account in the simple estimates of
[14]. The most important factor is the effect of rescattering of particles produced
during preheating [99, 100]. This effect tends to shut down the resonant production
of particles and thus shorten or prevent entirely the occurrence of a secondary stage of
inflation. Thus the estimates above reflect the maximum degree of inflation possible
for a given set of parameter values, but in practice the expansion factor will be

somewhat smaller than these predictions. The only way to fully account for all the

effects of backreaction and expansion is through numerical lattice simulations. In the
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next section I will describe the basic features of our method and describe our main

results.

8.3 Simulation Results and Their Interpretation

I take A\ ~ 10~!3, which gives the proper magnitude of inflationary perturbations of
density [3, 101]. Tassume that g? > A, and consider v ~ 10'¢ GeV, which corresponds
to the GUT scale. A numerical investigation of preheating in the model (8.1) was
first performed in [16]. The authors found a strongly first order phase transition.
The strength of the phase transition increased with an increase of g?/)\ and of the
number N of the fields x;. However, for the parameters of the model studied in
[16] (g?/\ &~ 200) there was no inflation during symmetry restoration. This is not
unexpected because the estimates discussed above indicated that the expansion of
the universe during the short stage of nonthermal inflation cannot be greater than
( % )1/4‘

Keeping in mind that A in this model is extremely small, one would expect that
in realistic versions of this model one may have g?>/\ as large as 10'°, which could
lead to a relatively long stage of inflation. However, for very large g?/\ our analytical
estimates are unreliable, and lattice simulations become extremely difficult: One
needs to have enormously large lattices to keep both infrared and ultraviolet effects
under control.

To mimic the effects of large g2, we considered a large number of the fields ;.
We performed simulations for g?/\ = 800 and N = 19. With these parameters the
strength of the phase transition became much greater, and there was a short stage of
inflation prior to the phase transition.

The details of our lattice calculations can be found in part III. Here I present
only our main results for this model. These results were obtained using a grid of 128°
points and a grid spacing of dz = .133W\L¢0 where ¢y = .342M,, is the value of the
inflaton field at the end of inflation, and hence at the beginning of our simulation.
These parameters correspond to a total box size roughly equal to 10 Hubble radii at

the end of inflation.
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Figure 8.1: The spatial average of the inflation field ¢ as a function of time. The field
¢ is shown in units of v, the symmetry breaking parameter. Time is shown in Planck
units.

The simulation showed that the oscillations of the inflaton field decreased until the
field was trapped near zero. It remained there until the moment of the phase transition

when it rapidly jumped to its symmetry breaking value, as shown in Fig. 8.1.

The trapping of the field occurred because of the corrections to the effective po-
tential induced by the particles ¢ and x produced during preheating, just like in the
theory of high-temperature phase transitions. In this case, however, this effect has

some unusual features.

To first order in g2, the leading contribution to the equation of motion gb = -V

is given by ¢?¢{x?), where

e 2 Frettas
272 / wi(0)

(8.8)

Here wy = \/k2 + g%(¢% + (¢?)) is the energy of y; particles with momentum £ and

ng is their occupation number; ¢ is the homogeneous component of the field. For
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¢ < 1/(¢?), one has

<X2>¢:0 ~N— | = (8.9)

This quantity does not depend on ¢; it can be evaluated using our lattice simulations
when the field ¢ oscillates near ¢ = 0. It leads to the usual quadratic correction to the
effective potential, see Eq. (8.2). This correction adequately describes the change of
the shape of the effective potential for ¢ smaller than the amplitude of the oscillations
of this field, because most of the time prior to the moment of the phase transition
this amplitude is much smaller than \/@

However, if we want to evaluate the effective potential at all values of |¢| from 0 to
v, rather than for ¢ similar to the amplitude of the oscillations, then one should take
into account that for sufficiently large |¢| the term g|¢| becomes greater than g\/@
and than the typical momentum £ of particles ;. In this case the main contribution

to (x?) is given by nonrelativistic particles with wy &~ +¢|¢|, and one has

(%) ~ N 7”kk2dk _
272 ) glg| glol’

(8.10)

where n, is the total density of all types of x; particles. This implies that at large |¢|

the effective potential acquires a correction
SV = glo|n,. (8.11)

Thus, instead of being quadratic or cubic in |¢|, as one could expect from the analogy
with the high-temperature theory [93, 97], the corrections to the effective potential
at large |¢| are proportional to |¢| [5, 7].

The combination of these two types of corrections to the effective potential (quadratic
at small |¢| and linear at large |$|) leads to the symmetry restoration that we have
found in our lattice simulations.

It is instructive to look in a more detailed way at the small region near the time
of the phase transition. The first of the graphs in Fig. 8.2 shows the oscillations

of the field ¢ soon before the phase transition, whereas the second one shows these
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Figure 8.2: The spatial average of the inflation field ¢ as a function of time in the
vicinity of the phase transition. The left figure shows the field just before the phase
transition and at the moment of the transition. The field oscillates with an amplitude
approaching 1073v. The right figure shows the field ¢ after the phase transition,
when it oscillates near the (time-dependent) position of the minimum of the effective
potential at ¢ ~ v. Time is shown in Planck units.

oscillations soon afterwards.

First of all, one can see that just before the phase transition the field oscillates
with an amplitude three orders of magnitude smaller than v, which is a clear sign of
symmetry restoration. Another interesting feature is that the frequency of oscillations
does not vanish as we approach the phase transition, but remains nearly constant.
Moreover, this frequency is only about two times smaller than the frequency of oscil-
lations after the phase transition, which is equal to v/2m. Note that the frequency
of the oscillations is determined by the effective mass of the scalar field, which is
given by the curvature of the effective potential: mé = V". This means that at the
moment of the phase transition the effective potential has a deep minimum at ¢ =0
with curvature V" ~ +m?, i.e. the phase transition is strongly first order. Such phase
transitions should occur due to the formation of bubbles containing nonvanishing field
¢.

Indeed, we found that this transition occurred in a nearly spherical region of the
lattice that quickly grew to encompass the entire space. The growth of this region
of the new phase is shown in Fig. 8.3. The nearly perfect sphericity of this region is

an additional indication that the transition was strongly first-order. In comparison,



8.3. SIMULATION RESULTS AND THEIR INTERPRETATION 87

1282. 18

1282. 68

. 4
50 1283. 67

1286. 67

Figure 8.3: These plots show the region of space in which symmetry breaking has
occurred at four successive times.

the bubble observed in the lattice simulations of [16] for ¢g%/\ & 200 was not exactly

spherically symmetric.

The first order phase transition and bubble formation seen in our simulations can
be understood as a result of gradual accumulation of classical fluctuations do(t, T).
These fluctuations stochastically climb up from ¢ = 0 towards the local maximum
¢, of the effective potential. Consider the regions in which §é(t, ) > ¢,.. If the
probability of formation of such regions is small because they correspond to high
peaks of the random field ¢, then these regions will have a nearly spherical shape
and can be represented by spherical surfaces of radius R, (bubbles). If the radius R,
is small, gradient terms will prevent the field ¢ inside the region from rolling down

towards the global minimum at ¢ = v (subcritical bubble). If R, is large enough,
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Figure 8.4: The scale factor a as a function of time. In the beginning a ~ /¢, which
is a curve with negative curvature, but then at some stage it begins to turn upwards,
indicating a short stage of inflation.

the gradient terms cannot push the field back to the metastable state ¢ = 0 and
the field inside the bubble rolls towards the global minimum, forming a bubble of
ever increasing radius. This process can be described within the stochastic approach
to tunneling proposed in [102]. Typically, the gradient terms cannot win over the
potential energy terms if R, > O(|m,"|), where mg corresponds to the effective mass
of the scalar field in the interior of the bubble. This provides an estimate for the
initial size of the bubble R, ~ O(|m;').

The phase transition occurs from a state with energy density dominated by the
vacuum energy density V(0). Figure 8.4 shows the scale factor a as a function of time.
The curvature becomes slightly positive at the time before the phase transition, which
indicates a short stage of exponential growth of the universe. Because the curvature
is hard to see in figure 8.4 I have also plotted the second derivative a in figure 8.5.
While the inflaton is trapped in the false vacuum state, @ becomes positive, indicating

a brief stage of inflation.

Another signature of inflation is an equation of state with negative pressure. Fig-
ure 8.6 shows the parameter & = p/p, which becomes negative during the metastable

phase. At the moment of the phase transition the universe becomes matter dominated
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Figure 8.5: The second derivative of the scale factor, d¢. A universe dominated by
ordinary matter (relativistic or nonrelativistic) will always have i@ < 0, whereas in an
inflationary universe @ > 0. We see that starting from the moment ¢ ~ 2 x 10'? (in
Planck units) the universe experiences accelerated (inflationary) expansion.

and the pressure jumps to nearly 0.

From the beginning of this inflationary stage (roughly when the pressure becomes
negative) to the moment of the phase transition the total expansion factor is 2.1. As
expected this is of the same order but somewhat lower than the predicted maximum,
(%)1/4 ~ 5.3. We can thus conclude that it is possible to achieve inflation for
parameters for which this would not have been possible in thermal equilibrium (¢* <
A). In our simulation we showed the occurrence of a very brief stage of inflation.
This stage may be much longer for larger (realistic) values of g*/\. However, to
check whether this is indeed the case one would need to perform a more detailed

investigation on a lattice of a much greater size.

8.4 Nonthermal phase transitions and production

of topological defects

In this section I would like to discuss possible implications of our investigation for the

theory of production of topological defects after preheating [16, 17, 98].
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Figure 8.6: The ratio of pressure to energy density p/p. (Values were time averaged
over short time scales to make the plot smoother and more readable.)

The bubbles that appear after the phase transition can contain either positive
or negative field, ¢ = 4wv. If bubbles of either type are formed with comparable
probability, then after the phase transition the universe becomes divided into nearly
equal numbers of domains with ¢ = +wv, separated by domain walls. Such domain
walls would lead to disastrous cosmological consequences, which would rule out the

models where this may happen [14, 15].

In general, the number of bubbles with ¢ = +v may be much greater (or much
smaller) than the number of bubbles with ¢ = —v. Then the domain wall problem
does not appear because the bubbles with ¢ = +v would rapidly eat all their com-
petitors with ¢ = —v (or vice versa). This may happen, for example, if the moment
of the bubble production is determined by the coherently oscillating scalar field ¢.
In such a case, after oscillating a bit near the top of the effective potential, the field
¢ may wind up in the same minimum of the effective potential everywhere in the

universe.

To investigate the domain wall problem in our model one would need to repeat the
calculation many times with slightly different initial conditions or to make them in a
box of a much greater size that would allow one to see many bubbles simultaneously.

Fortunately, the results obtained in our study may be sufficient to give an answer to
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this question without extremely large simulations.

First of all, according to the stochastic approach [102] to the theory of tunneling
with bubble formation [103, 104], the bubbles of the field ¢ are created as a result of
the accumulation of long-wavelength fluctuations of the scalar field with momenta &
smaller than the typical mass scale my associated with this field, see Section 8.3. In
our case this mass scale is related to the frequency of oscillations of the scalar field
at the moment of the phase transition. At that moment the leading contribution to
the fluctuations (¢?) is given by fluctuations with momenta much smaller than m.
We calculated the value of the long-wavelength component of \/@ and found that
it is (approximately) of the same order as the amplitude of oscillations of the field ¢
at the moment of the phase transition. The existence of a first-order phase transi-
tion suggests that the probability of bubble formation must have been exponentially
suppressed during the metastable stage. Such suppression would only occur only if
the amplitude of fluctuations required to form a bubble of the new phase was much
larger than |/(¢?) [102], which would in turn mean the required amplitude was much
greater than the amplitude of oscillations of ¢. This suggests that the probability of
the bubble formation is almost entirely determined by the incoherent fluctuations of
the field ¢ rather than by the small coherent oscillations of this field. Consequently,
the probability of formation of bubbles containing ¢ = +wv in the first approximation

must be equal to the probability of formation of bubbles containing ¢ = —wv.

To make this statement more reliable one would need to estimate the amplitude
of the long-wavelength fluctuations of the field ¢ in a more precise way, which would
involve using lattices of a greater size. However, there is additional evidence suggest-
ing that the number of bubbles with positive and negative ¢ must be approximately

equal to each other.

Indeed, as we have seen, the curvature of the effective potential remained approx-
imately constant during dozens of oscillations of the field ¢ prior to the moment of
the phase transition. This suggests that the shape of the effective potential and,
consequently, the probability of the tunneling, did not change much during a single
oscillation. Therefore one may expect that, within a single oscillation, the probability

of a bubble forming when the oscillating field ¢ was negative was approximately the



92 CHAPTER 8. INFLATION AFTER PREHEATING

same as the probability of the bubble forming when it was positive.

If the number of bubbles with positive and negative ¢ are approximately equal to
each other, the phase transition leads to the formation of dangerous domain walls,
which rules out our model [105]. If correct, this is a rather important conclusion
that shows that the investigation of nonthermal phase transition may rule out certain

classes of inflationary models that otherwise would seem quite legitimate [14, 15].

But this conclusion does not imply that all theories where the nonthermal phase
transition is strongly first order are ruled out. For example, one may consider a model
(8.1) with ¢ being not a real but a complex field, ¢ = %(% +igs), |02 = 5(¢2 + ¢3).
Since the main contribution to the effective potential of the field ¢ in the theory (8.1)
is given not by the field(s) ¢ but by the fields y;, we expect that this generalization
will not lead to a qualitative modification of our results. In particular, we expect that
for sufficiently large N and ¢g?/) the phase transition will be strongly first order and
there will be a short stage of inflation after preheating. However, in the new model

we will have strings instead of domain walls.

A similar model in the absence of interaction of the fields ¢ with the fields y
was studied in [17, 98]. It was argued that even in this case infinite strings may
be formed. The theory of galaxy formation due to cosmic strings is currently out of
favor, but it is certainly true that cosmic strings produced after inflation may add new
interesting features to the standard theory of formation of the large-scale structure
of the universe [106, 107, 108, 109]

The possibility of strongly first order phase transitions induced by preheating in
models with ¢g? > ) adds new evidence that infinite strings can be produced after
nonthermal phase transitions. Indeed, infinite strings may not be produced if the
direction in which the field ¢ falls from the point ¢ = 0 at the moment of the phase
transition is determined by the oscillations of the field ¢. If, just as in the case
discussed above, the amplitude of these oscillations are much smaller than \/@ at

the moment of the phase transition, then infinite strings are indeed formed.
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8.5 Conclusions

The results of our lattice simulation confirmed our expectations that preheating may
lead to nonthermal phase transitions even in those theories where spontaneous sym-
metry breaking occurs at the GUT scale, v ~ 10*® GeV. Some time ago this question
was intensely debated in the literature. Some authors claimed that nonthermal phase
transitions induced by preheating are impossible, and the notion of the effective po-
tential after preheating is useless. I believe that Figs. 1, 2 and 3 give a clear answer
to this question. In particular, Fig. 1 shows that 90% of the time from the end of
inflation to the moment of symmetry breaking the field ¢ oscillates about ¢ = 0 with
an amplitude much smaller than v. This could happen only because the corrections
to the effective potential induced by particles ¢ and y change the shape of V'(¢) near
¢ = 0, turning its maximum into a deep local minimum.

In some theories, this effect may lead to production of superheavy strings, which
may have important cosmological implications for the theory of formation of the large
scale structure of the universe. In some other theories, these phase transitions may
lead to excessive production of monopoles and domain walls. This may rule out a
broad class of otherwise acceptable inflationary models.

In this paper we have shown that under certain conditions a nonthermal phase
transition may lead to a short secondary stage of inflation. It would be interesting
to study the possibility that a secondary stage of inflation induced by preheating
could help solve the moduli and gravitino problems. The answer to this question will
be strongly model-dependent because gravitinos can be produced by the oscillating
scalar field even after the secondary inflation [61, 80]. Independently of all practical
implications, the possibility of a secondary stage of inflation induced by preheating
seems very interesting because it clearly demonstrates the potential importance of

nonperturbative effects in post-inflationary cosmology.



Chapter 9

The Development of Equilibrium
After Preheating

Note: This chapter is based on a paper by Gary Felder and Lev Kofman, available
on the Los Alamos eprint server as hep-ph/0011160. The full citation appears in the
bibliography [110].

Chapter Abstract

In this chapter I present the results of a fully nonlinear study of the development of
equilibrium after preheating. The rapid transfer of energy from the inflaton to other
fields during preheating leaves these fields in a highly nonthermal state with energy
concentrated in infrared modes. We performed lattice simulations of the evolution
of interacting scalar fields during and after preheating for a variety of inflationary
models. We formulated a set of generic rules that govern the thermalization process
in all of these models. Notably, we found that once one of the fields is amplified
through parametric resonance or other mechanisms it rapidly excites other coupled
fields to exponentially large occupation numbers. These fields quickly acquire nearly
thermal spectra in the infrared, which gradually propagate into higher momenta.
Prior to the formation of total equilibrium, the excited fields group into subsets with

almost identical characteristics (e.g. group effective temperature). The way fields
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form into these groups and the properties of the groups depend on the couplings
between them. We also studied the onset of chaos after preheating by calculating the

Lyapunov exponent of the scalar fields.

9.1 Introduction

Reheating typically involves some form of rapid, non-perturbative preheating phase.
The character of preheating may vary from model to model, e.g. parametric excitation
in chaotic inflation [7] or tachyonic preheating in hybrid inflation (see chapter 10),
but its distinct feature remains the same: rapid amplification of one or more bosonic
fields to exponentially large occupation numbers. This amplification is eventually shut
down by backreaction of the produced fluctuations. The end result of the process is
a turbulent medium of coupled, inhomogeneous, classical waves far from equilibrium
[99].

Despite the development of our understanding of preheating after inflation, the
transition from this stage to a hot Friedmann universe in thermal equilibrium has
remained relatively poorly understood. A theory of the thermalization of the fields
generated from preheating is necessary to bridge the gap between inflation and the
Hot Big Bang. The details of this thermalization stage depend on the constituents
of the fundamental Lagrangian £(¢;, Xi, i, Ay, Ay, ...) and their couplings, so at first
glance it would seem that a description of this process would have to be strongly
model-dependent. We found, however, that many features of this stage seem to hold
generically across a wide spectrum of models. This fact is understandable because
the conditions at the end of preheating are generally not qualitatively sensitive to the
details of inflation. Indeed, at the end of preheating and beginning of the turbulent
stage (denoted by t,), the fields are out of equilibrium. We examined many models
and found that at ¢, there is not much trace of the linear stage of preheating and
conditions at ¢, are not qualitatively sensitive to the details of inflation. We therefore
found that this second, highly nonlinear, turbulent stage of preheating seemed to
exhibit some universal, model-independent features.

Although a realistic model would include one or more Higgs-Yang-Mills sectors,
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we treated the simpler case of interacting scalars. Within this context, however, we
considered a number of different models including several chaotic and hybrid inflation

scenarios with a variety of couplings between the inflaton and other matter fields.

There are many questions about the thermalization process that we set out to
answer in our work. Could the turbulent waves that arise after preheating be described
by the theory of (transient) Kolmogorov turbulence or would they directly approach
thermal equilibrium? Could the relaxation time towards equilibrium be described by
the naive estimate 7 ~ (no;,;)~"', where n is a density of scalar particles and oy
is a cross-section of their interaction? If the inflaton ¢ were decaying into a field
X, what effect would the presence of a decay channel o for the x field have on the
thermalization process? For that matter, would the presence of ¢ significantly alter
the preheating of x itself, or even destroy it as suggested in [111]? How strongly
model-dependent is the process of thermalization; are there any universal features
across different models? Finally there’s the question of chaos. It is known that
Higgs-Yang-Mills systems display chaotic dynamics during thermalization [112]. The
possibility of chaos in the case of a single, self-interacting inflaton was mentioned in
passing in [99], but when we began our work it was unclear at what stage of preheating

chaos might appear, and in what way.

Because the systems we studied involve strong, nonlinear interactions far from
thermal equilibrium it is not possible to solve the equations of motion using linear
analysis in Fourier space. Instead we solved the scalar field equations of motion
directly in position space using lattice simulations. These simulations automatically
take into account all nonlinear effects of scattering and backreaction. Using these
numerical results we were able to formulate a set of empirical rules that seem to govern
thermalization after inflation. These rules qualitatively describe thermalization in a
wide variety of models. The features of this process are in some cases very different

from our initial expectations.

Sections 9.2 and 9.3 describe the results of our numerical calculations. Section
9.2 describes one simple chaotic inflation model that we chose to focus on as a clear
illustration of our results, while section 9.3 discusses how the thermalization process

occurs in a variety of other models. Section 9.4 describes the onset of chaos during
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preheating and includes a discussion of the measurement and interpretation of the
Lyapunov exponent in this context. Section 9.5 contains a list of empirical rules that
we formulated to describe thermalization after preheating. Section 9.6 discusses these

results and other aspects of non-equilibrium scalar field dynamics.

9.2 Calculations in Chaotic Inflation

In this section I present the results of our numerical lattice simulations of the dy-
namics of interacting scalars after inflation. I discuss in detail one simple model that
illustrates the general properties of thermalization after preheating. The next section

will discuss thermalization in the context of other models.

9.2.1 Model

The example T have chosen to focus on is chaotic inflation with a quartic inflaton
potential. The inflaton ¢ has a four-legs coupling to another scalar field x, which in

turn can couple to one or more other scalars o;. The potential for this model is
Loy  Lon o, 1y 5,

The equations of motion for the model (9.1) are given by

; |

$+3%3 — V20 + (\? + ¢**) 6 =0 (9:2)
a a
L1

35X — 5 V2 + (420 + h2o?) x =0 (9.3)
a a

G, +3%, — L = V2, 4 (hix*)oi =0 (9.4)

i a i a2 7 i 7 . .

We also included self-consistently the evolution of the scale factor a(t). The model
described by these equations is a conformal theory, meaning that the expansion of the
universe can be (almost) eliminated from the equations of motion by an appropriate

choice of variables [8].
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A detailed explanation of our lattice simulations is in part III of this thesis. For
the chaotic inflation potential described in this section we rescaled the variables from

Planck units in the following ways

a

for =3,

dt
[ iy = VAGT; dty = VAd—, (9.5)

where the subscript pr (for “program”) indicates the variables used in our calculations.
The variable ¢y = .342M, is the initial value of ¢ in the simulations. All plots in this
chapter are shown in these program variables.

Preheating in this theory in the absence of the o; fields was described in [8]. For
g? > )\ the field y will experience parametric amplification, rapidly rising to expo-
nentially large occupation numbers. In the absence of the x field (or for sufficiently
small g) ¢ will be resonantly amplified through its own self-interaction, but this self-
amplification is much less efficient than the two-field interaction. The results shown
here are for A = 9 x 10~!* (for COBE normalization) and g = 200\. When I add a
third field T take h? = 100g* and when I add a fourth field T take h3 = 200g2.

9.2.2 The Output Variables

There are a number of ways to illustrate the behavior of scalar fields, and different
ones are useful for exploring different phenomena. The raw data is the value of the
field f(t, %), or equivalently its Fourier transform fi(¢). One of the simplest quantities

one can extract from these values is the variance

1
(27)?

where the integral does not include the contribution of a possible delta function at

(£ - 7)) =

[ EHls), (9.6)

k= 0, representing the mean value f.

One of the most interesting variables to calculate is the (comoving) number density

of particles of the f-field .
) = G / dkng (1), (9.7)
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where ny is the (comoving) occupation number of particles

1 . w
n(t) = oAl + U (9:8)
0*V
msz = a—fQ . (910)

For the model (9.1) this effective mass is given by

megr =19 g%(8%) + hi{o?) (9.11)

for ¢, x, and o; respectively. For the classical waves of f that we are dealing with, ny
corresponds to an adiabatic invariant of the waves. Formula (9.8) can be interpreted
as a particle occupation number in the limit of large amplitude of the f-field. As
we will see below this occupation number spectrum contains important information
about thermalization. Notice that the effective mass of the particles depends on the
variances of the fields and may be significant and time-dependent. The momenta of
the particles do not necessarily always exceed their masses, meaning the interacting
scalar waves are not necessarily always in the kinetic regime. In particular this means
that in general we cannot calculate the energies of the fields simply as [ d®k wpny

because interaction terms between fields can be significant.

From here on I will use n without a subscript to denote the total number density
for a field, and will use the subscript only to specify a particular field, e.g. ny. I use
N4 to mean the sum of the total number density for all fields combined. Occupation
number will always be written n; and it should be clear from context which field is

being referred to.

In practice it is not very important whether you consider the spectrum f; and
the variance of f or the spectrum n; and the number density. Both sets of quantities

qualitatively show the same behavior in the systems we considered. The variance and
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number density grow exponentially during preheating and evolve much more slowly
during the subsequent stage of turbulence. Most of our results are shown in terms of
number density n; and occupation number n; because these quantities have obvious
physical interpretations, at least in certain limiting cases. I shall occasionally show

plots of variance for comparison purposes.

In what follows I discuss the evolution of n(t) and ng(t). The evolution of the
total number density n,, is an indication of the physical processes taking place. In
the weak interaction limit the scattering of classical waves via the interaction term
19°¢?X? can be treated using a perturbation expansion with respect to g>. The
leading four-legs diagrams for this interaction corresponds to a two-particle collision
(¢px — &x), which conserves ny,. The regime where such interactions dominate cor-
responds to “weak turbulence” in the terminology of the theory of wave turbulence
[113]. If we see nyy conserved it will be an indication that these two-particle colli-
sions constitute the dominant interaction. Conversely, violation of ny(t) = const
will indicate the presence of strong turbulence, i.e. the importance of many-particle
collisions. Such higher order interactions may be significant despite the smallness of
the coupling parameter g® (and others) because of the large occupation numbers ny.
Later, when these occupation numbers are reduced by rescattering, the two-particle

collision should become dominant and 7y, should be conserved.

For a bosonic field in thermal equilibrium with a temperature 7" and a chemical

potential p the spectrum of occupation numbers is given by

(9.12)

(I use units in which & = 1.) Preheating generates large occupation numbers for
which equation (9.12) reduces to its classical limit
T

ny ~ , 9.13
: W — ( )

which in turn reduces to ny o< 1/k for k > m, p and ny = const. for k < m, u. We

compared the spectrum ny to this form to judge how the fields were thermalizing. Here
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I consider the chemical potential of an interacting scalar fields as a free parameter.
Unless otherwise indicated all of our results are shown in comoving coordinates
that, in the absence of interactions, would remain constant as the universe expanded.
Note also that for most of the discussion I consider field spectra only as a function of
|l;|, defined by averaging over spherical shells in k£ space. For a Gaussian field these
spectra contain all the information about the field, and even for a non-Gaussian field
most useful information is in these averages. This issue is discussed in more detail in

section 9.4.

9.2.3 Results

The key results for this model are shown in Figures 9.12-9.19, which show the evolu-
tion of n(t) with time for each field and the spectrum ny, for each field at a time long
after the end of preheating. These results are shown for runs with one field (¢ only),
two fields (¢ and x), and three and four fields (one and two o; fields respectively). T
will begin by discussing some general features common to all of these runs, and then
comment on the runs individually.

All of the plots of n(t) show an exponential increase during preheating, followed
by a gradual decrease that asymptotically slows down. See for example Figure 9.1.
This exponential increase is a consequence of explosive particle production due to
parametric resonance. This regime is fairly well understood [8]. After preheating the
fields enter a turbulent regime, during which n(¢) decreases. This initial, fast decrease
can be interpreted as a consequence of the many-particle interactions discussed above;
as ny shifts from low to high momenta the overall number decreases. Realistically,
however, the onset of weak turbulence should be accompanied by the development of
a compensating flow towards infrared modes, which we were unable to see because
of our finite box size. Thus the continued, slow decrease in n(t) well into the weak
turbulent regime is presumably a consequence of the lack of very long wavelength
modes in our lattice simulations.

To see why this shift is occurring look at the spectra ny (Figures 9.16-9.19, see

also [111, 114]). Even long after preheating the infrared portions of some of these
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Figure 9.1: Number density n for V = 1A¢* + 39°¢?x?. The plots are, from bottom
to top at the right of the figure, ny, n,, and n4,. The dashed horizontal line is simply
for comparison. The end of exponential growth and the beginning of turbulence (i.e.
the moment t,) occurs around the time when ng, reaches its maximum.

spectra are tilted more sharply than would be expected for a thermal distribution
(9.13). Even more importantly, many of them show a cutoff at some momentum £,
above which the occupation number falls off exponentially. Both of these features,
the infrared tilt and the ultraviolet cutoff, indicate an excess of occupation number
at low k relative to a thermal distribution. This excess occurs because parametric
resonance is typically most efficient at exciting low momentum modes, and becomes
completely inefficient above a certain cutoff k,. A clear picture of how the flow to
higher momenta reduces these features can be seen in Figure 9.2, which shows the

evolution of the spectrum ny for x in the two field model.

Figure 9.2 illustrates the initial excitation of modes in particular resonance bands,
followed by a rapid smoothing out of the spectrum. The ultraviolet cutoff is initially
at the momentum k, where parametric resonance shuts down, but over time the
cutoff moves to higher k£ as more modes are brought into the quasi-equilibrium of the
infrared part of the spectrum. Meanwhile the infrared section is gradually flattening
as it approaches a true thermal distribution. During preheating the excitation of the

infrared modes drives this slope to large, negative values. From then on it gradually



9.2. CALCULATIONS IN CHAOTIC INFLATION 103

1. x10t

1. x108 |

100000. ¢

100

Figure 9.2: Evolution of the spectrum of y in the model V' = i)\qﬁ‘l + %g2¢2x2. Red
plots correspond to earlier times and blue plots to later ones. For black and white
viewing: The sparse, lower plots all show early times. In the thick bundle of plots
higher up the spectrum is rising on the right and falling on the left as time progresses.

approaches thermal equilibrium (i.e. a slope of —1 to 0 depending on the chemical
potential and the mass). The relaxation time for the equilibrium is significantly
shorter than that given by formula 1/no;,,. This estimate is valid for dilute gases
of particles, but in our case the large occupation numbers amplify the scattering
amplitudes [7].

Figure 9.3 shows the evolution of the variances ((f - f)2> for the two field model.
As indicated above it shows all the same qualitative features as the evolution of n for

that model.

I can now go on to point out some differences between the models, i.e. between
runs with different numbers of fields. The one field model (pure A¢*?) shows the basic
features discussed above, but the tilt in the spectrum is still very large at the end
of the simulation and n, is decreasing very slowly compared to the spectral tilt and
change in n we see in the two field case. This difference occurs because the interactions
between ¢ and y greatly speed up the thermalization of both fields. In the one field

case ¢ can only thermalize via its relatively weak self-interaction.

The spectra in the two field run also show a novel feature, namely that the spectra
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Figure 9.3: Variances for V = tA¢" + £¢°¢?x*. The upper plot shows ((d) — qﬁ) ) and
the lower plot shows ((x — ¥)%).

for ¢ and x are essentially identical, which means among other things
Ng X Ny (9.14)

This matching of the two spectra occurs shortly after preheating and from then on the
two fields evolve identically (except for the remaining homogeneous component of ¢).
A posteriori this result can be understood as follows. Looking at the potential A¢* +
g?¢%x?, the second term dominates because of the hierarchy of coupling strengths
g? = 200)\. So the potential V ~ ¢?¢>x? is symmetric with respect to the two fields,

and therefore they act as a single effective field.

Figures 9.14 and 9.18 show the effects of adding an additional decay channel for
X. The interaction of xy and o does not affect the preheating of x, but does drag
o exponentially quickly into an excited state. The field o is exponentially amplified
not by parametric resonance, but by its stimulated interactions with the amplified x
field. Unlike amplification by preheating, this direct decay nearly conserves particle

number, with the result that n, decreases as o grows, and the spectra of ¢ and x are
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no longer identical. Instead y and o develop nearly identical spectra,
Ny R Ny < N, (9.15)

and they both thermalize (together) much more rapidly than y did in the absence
of 0. There is a looser relationship ns ~ n, + n,, whose accuracy depends on the
couplings. The inflaton, meanwhile, thermalizes much more slowly; note the low &
of the cutoff in the ¢ spectrum in Figure 9.18. By contrast, there is no visible cutoff
in the spectra of xy and o and the tilt is relatively mild. The most striking property
of this chain of interaction is the grouping of fields; x and o behave identically to
each other and differently from ¢. This again can be understood by the hierarchy of
coupling constants, h? = 100g% = 20,000A. The term h?y%0? is dominant and puts y
and o on an equal footing.

Varying the coupling A did not change the overall behavior of the system, but it
changed the time at which o grew. In the limiting case h > ¢, 0 grew with x during
preheating and remained indistinguishable from it right from the start. (We found
this, for example, for h? = 10, 000¢>.)

When we added a second o field we found that the o field most strongly coupled
to x would grow very rapidly and the more weakly coupled one would then grow
relatively slowly. Note for example that n,9 in Figure 9.19 grows more slowly than
n, in Figure 9.18 despite the fact that they have the same coupling to x. In the four
field case n, is reduced when the more strongly coupled o field grows and this slows
the growth of the more weakly coupled one. Nonetheless, the addition of another o
field once again sped up the thermalization of x and the ¢ fields. The three fields Yy,

01, and 09 once again have identical spectra
Ny R Ng1 & Nga < N, (9.16)

but in the four field case by the end of the run they look indistinguishable from
thermal spectra. If there is an ultraviolet cutoff for these spectra it is at momenta
higher than can be seen on the lattice we were using. Again, we noticed a loose

relationship ny ~ n, + ns1 + ngo. in this case.
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Figure 9.4: Effective masses for V = i)\gb‘l + %g%gxg as a function of time in units of
comoving momentum. The lower plot is mg and the upper one is m,.

I'll close this section with a few words about the effective masses of the fields,
equation (9.10). All the masses are scaled in the comoving frame, i.e. I consider
a*mZ; . Figure 9.4 shows the evolution of the effective masses in the two field model.
Note that the vertical axis of these plots is in the same comoving units as the horizon-
tal (k) axes of the spectra plots. Since the momentum cutoff was of order £ ~ 5 — 10
(see Figure 9.2) the mass of ¢ was consistently smaller than the typical momenta
of the field. By contrast m, started out much larger and only gradually decreased.
The fluctuations of y remained massive through preheating (although with a phys-
ical mass ~ 1/a) and for quite a while afterwards the typical momentum of these

fluctuations was k ~ m.

Figure 9.5 shows the evolution of the effective masses for the three field model.
Once again mg remains small. Although m, grows large briefly it quickly subsides.
However, m,, with contributions from o and ¢, remains relatively large. Note, how-
ever, that the spectrum of x has no clear cutoff after o has grown, so it is difficult to

say whether this mass exceeds a “typical” momentum scale or not.
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Figure 9.5: Time evolution of the effective masses for the model V' = i)\d)4+592¢2x2+
sh*x*c®. From bottom to top on the right hand side the plots show my, m,, and m,.

9.3 Other Models of Inflation and Interactions

The model (9.1) was chosen to illustrate our basic results because A\¢* inflation and
preheating is relatively simple and well studied. Our main interest, however, was in
universal features of thermalization. In this section I therefore more briefly discuss our
results for a variety of other models. First I continue with \¢?* inflation by discussing
variants on the interaction potential described above. Next I discuss thermalization

in m?¢? models of chaotic inflation. Finally I discuss hybrid inflation.

9.3.1 Variations on Chaotic Inflation With a Quartic Poten-
tial

We looked at several simple variants of the potential (9.1). We considered a model

with a further decay channel for o so that the total potential was
Log Lo o 1o s 5 1y4 5
V= Z)\d) + 9 O X+ §h1X o+ ihga v (9.17)

Setting hy = hy we found that for this four field model the evolution of the field

fluctuations, spectra, and number density were qualitatively similar to those in the
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four field model (9.1). We found that at late times
Ny RNy RNy < Ny (9.18)

The fields x, o, and v formed a group with nearly identical spectra and evolution
and rapid thermalization, while ¢ remained distinct and thermalized more slowly.

Compare these results to the four field model results in Figures 9.15 and 9.19.

We also considered parallel decay channels for ¢
V—l)\‘l 1y o 1y, 1h222 1
= A"+ S X + 59,077 + ShiXTo” (9.19)
4 2 2 2
Setting g; = go and h? = 100g? we found that at late times
Ng RNy > Ny RNy (9.20)

In other words the four fields formed into two groups of two, with each group having

a characteristic number density evolution.

Finally we looked at adding a self-interaction term for y
Loy 1y o 1 4
V=260 +59°0°X" + A (9.21)

with A, = ¢? and found the results were essentially unchanged from those of the two
field runs with no x* term. The y self-coupling caused the spectra of ¢ and y to
deviate slightly from each other, but their overall evolution proceeded very similarly

to the case with no yx self-interaction term.

9.3.2 Chaotic Inflation with a Quadratic Potential

We also considered chaotic inflation models with an m?¢? inflaton potential. Fig-
ures 9.20-9.23 show results for the model

1 1 1
V= §m2¢2 + ngd)QXQ + §h2X202 , (9.22)
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with m = 107°M, ~ 1.22 x 10"*GeV (for COBE), ¢* = 2.5 x 10°m*/M?, and h* =
100g%. The rescalings used for this model were
a3/?
for = — [ @y = ma; dt,, = mdt, (9.23)
o
and once again all plots here are shown in these rescaled variables. The initial value
¢o was set to .193M,,.

We considered separately the case of two fields ¢ and x and three fields ¢, x, and o.
This model exhibits parametric resonance similar to the resonance in quartic inflation
[7], which results in the rapid growth of n seen in these figures. The spectra produced
in this way are once again tilted towards the infrared. In the two field case, ¢ and
x do not have identical spectra as they did for quartic inflation. This is because the
coupling term 1/2¢?¢*x? redshifts more rapidly than the mass term 1/2m?$?, so the
latter remains dominant in the potential, which is therefore not symmetric between ¢
and x. In the three field case we again see similar spectra for xy and o, although they
are not as indistinguishable as they were in A¢? theory. The basic features of rapid
growth of n, high occupation of infrared modes, and then a flux of number density
towards ultraviolet modes and a slow decrease in n;, are all present as they were for
A¢* theory. The shape of the ¢ spectrum does not appear thermal, but it is unclear

if this spectrum is compatible with Kolmogorov turbulence.

9.3.3 Hybrid Inflation

Hybrid inflation models involve multiple scalar fields. The simplest potential for
two-field hybrid inflation is

Ay o2 9 0
V(p,0) = Z(O —v7)" + EQS o°. (9.24)
Inflation in this model occurs while the homogeneous ¢ field slow rolls from large ¢
towards the bifurcation point at ¢ = ?v (due to the slight lift of the potential in
¢ direction). Once ¢(t) crosses the bifurcation point, the curvature of the o field,

m? = 0°V/00?, becomes negative. This negative curvature results in exponential



110 CHAPTER 9. THE DEVELOPMENT OF EQUILIBRIUM

growth of o fluctuations. Inflation then ends abruptly in a “waterfall” manner.

In chapter 10 I discuss preheating in hybrid inflation, which typically occurs via a
mechanism called “tachyonic preheating.” Although this mechanism is very different
in some ways from parametric resonance the result is quite similar; fluctuations of
the fields are rapidly driven to a state with exponentially large occupation numbers
up to some cutoff in momentum. T won’t discuss tachyonic preheating in any detail

here. Rather my concern here is to note how thermalization occurs after preheating.

One reason to be interested in hybrid inflation is that it can be easily implemented
in supersymmetric theories. In particular, for illustration I will use supersymmetric

F-term inflation as an example of a hybrid model. The potential is
A= _
V = ST - o + N8 (2P +[2P) + h238), (9.25)

where A = 2.5 x 107° and h%? = 2\. Here ®, ¥ and ¥ are the complex scalar fields
of the inflaton sector and y is an additional matter field. Inflation occurs along the
® direction for (®) > v, when ¥ = ¥ = 0. When the magnitude of the slow-rolling
field ® reaches the value (|®.|) = § spontaneous symmetry breaking occurs and the
Y fields become excited. It can be shown that at the end of inflation and the start
of symmetry breaking the complicated potential (9.25) can be effectively reduced to
the simple two field potential (9.24) (where ¢ and o are combinations of ® and ¥, ¥

and g? = ) plus the coupling term with h%x?/3|%.

Figure 9.6 show the evolution of the six degrees of freedom of the inflaton sector
as well as the field y. We see that all of the inflaton fields except I'm(®) are excited
very quickly. Later the fields y and Im(®) are dragged into excited states as well.
This dragging corresponds to preheating in the non-inflaton sector. The fields y and
Im(®) are excited by their stimulated interactions with the rest of the fields. The
result of this amplification is a turbulent state that evolves towards equilibrium very
similarly to the chaotic models. Although the details of inflation and preheating are
very different in hybrid and chaotic models, we found that once a matter field has

been amplified, the thermalization process proceeds in the same way.



9.4. THE ONSET OF CHAOS, LYAPUNOV EXPONENTS AND STATISTICS111

Field Vari ances: F-Ter m nodel

0. 1 W v

0.01 |

0. 001 |

0. 0001 ;

0. 00001

2000 4000 6000 8000  1000G

Figure 9.6: Evolution of variances of fields in the model (9.25). The two fields that
grow at late times, in order of their growth, are x and I'm(®).

9.4 The Onset of Chaos, Lyapunov Exponents and

Statistics

Interacting waves of scalar fields constitute a dynamical system, meaning there is no
dissipation and the system can be described by a Hamiltonian. Dynamical chaos is
one of the features of wave turbulence. In this section I address the question if, how

and when the onset of chaos takes place after preheating.

The scalar field fluctuations produced during preheating are generated in squeezed
states [115, 7] that are characterized by correlations of phases between modes k and
—k. Because of their large amplitudes we can consider these fluctuations to be stand-
ing classical waves with definite phases. During the linear stage of preheating, before
interactions between modes becomes significant, the evolution of these waves may
or may not show chaotic sensitivity to initial conditions. Indeed, for wide ranges of
coupling parameters parametric resonance has stochastic features [7, 8], and prior to
this work the issue of the numerical stability of parametric resonance had not been

investigated. When interaction (rescattering) between waves becomes important, the
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waves become decoherent. At this stage the waves have well defined occupation num-
bers but not well defined phases, and the random phase approximation can be used to
describe the system. This transition signals the onset of turbulence, following which
the system will gradually evolve towards thermal equilibrium.

To investigate the onset of chaos in this system we followed the time evolution of
two initially nearby points in the phase space, see e.g. [112]. Consider two config-
urations of a scalar field f and f’ that are identical except for a small difference of

the fields at a set of points 4. T use f(t,2Z4), f(t,Z4) to indicate the unperturbed
field amplitude and field velocity at the point Z4 and f'(t,Z4), f’(t,fA) to indicate
slightly perturbed values at this point. In other words, the field configurations with
f(t,fA),f(t,fA) and f’(t,fA),f’(t,fA) are initially close points in the field phase
space. We independently evolved these two systems (phase space points) and ob-
serve how the perturbed field values diverge from the unperturbed ones. Chaos can
be defined as the tendency of such nearby configurations in phase space to diverge
exponentially over time. This divergence is parametrized by the Lyapunov exponent

for the system, defined as
D(t)
)
0

where D is a distance between two configurations and Dy is the initial distance at

A

1

time 0. Here we defined the distance D(t) simply as

D()* =3 (Ifh = fal)* + (14 = fal)? (9.27)
A
where f4 = f(t,74) and the summation is taken over all the points where the con-
figurations initially differed.

For illustration I present the calculations for the model V' = i)\d)‘l + %deﬁXQ. We
did two lattice simulations of this model with initial conditions that were identical
except that in one of them we multiplied the amplitude of x by 1+ 1075 at 8 evenly
spaced points on the lattice. Figure 9.7 shows the Lyapunov exponent for both fields
¢ and Y. Note that the vertical axis is A\t rather than just A. During the turbulent
stage the parameter D(¢) is artificially saturated to a constant because of the limited

phase space volume of the system. Fortunately, the most interesting moment around
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Figure 9.7: The Lyapunov exponent A for the fields ¢ (lower curve) and y (upper
curve). The vertical axis is At.

t., where the chaotic motion begins, is covered by this simple approach. Certainly,
the field dynamics continue to be chaotic in subsequent stages of the turbulence, and
one can use more sophisticated methods to calculate the Lyapunov exponent during

these stages [116, 112]. However, this issue is less relevant for our study.

Both fields show roughly the same rate of growth of A, but A, grows much earlier
than Ay and therefore reaches a higher level. The reason for this is simple. The
amplitude of y is initially very small and grows exponentially, so even in the absence
of chaos we would expect that during preheating the difference x'(¢,74) — x(t,Za)
must grow exponentially, proportionally to y ~ eJ 1) jtgelf. So this exponential

growth is not a true indicator of chaos.

To get around this problem and define the onset of chaos in the context of pre-

heating more meaningfully we introduced a normalized distance function

_ i = fa\* (fi\—fA>2
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Figure 9.8: The Lyapunov exponent \' for the fields ¢ and y using the normalized
distance function A.

that is well regularized even while the field x is being amplified exponentially. Fig-
ure 9.8 shows the Lyapunov exponent \' = %log% for x. In this case we see the
onset of chaos only at the end of preheating. The plot for the ¢ field is nearly identi-
cal. The Lyapunov exponents for the fields were A, & A a2 0.2 (in the units of time

adopted in the simulation). This corresponds to a very fast onset of chaos.

Thus we see that chaotic turbulence starts abruptly at the end of preheating.
Initially wave turbulence is strong and rescattering does not conserve the total number
of particles n;,;. The fastest variation in n,; occurs at the same time as the onset of
chaos, t, ~ 100 — 200. We conjecture that the entropy of the system of interacting
waves is generated around the moment t,. As the particle occupation number drops,
the turbulence will become weak and n,, will be conserved. Figure 9.1 clearly shows

this evolution of the total number of particles n;,; in the model.

We also considered the statistical properties of the interacting classical waves in
the problem. The initial conditions of our lattice simulations correspond to random
gaussian noise. In thermal equilibrium, the field velocity f has gaussian statistics,

while the field f itself departs from that unless it has high occupation numbers.
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Figure 9.9: The probability distribution function for the field y after preheating. Dots
show a histogram of the field and the solid curve shows a best-fit Gaussian.

Figure 9.9 shows the probability distribution of the field x during the weak turbulence
stage after preheating, and indeed the distribution is nearly exactly gaussian. Thus, at
this stage we can treat the superposition of classical scalar waves with large occupation

numbers and random phases as random gaussian fields.

During preheating, however, this gaussian distribution is altered. A simple mea-
sure of the gaussianity of a field comes from examining its moments. For a gaussian
field there is a fixed relationship between the two lowest nonvanishing moments,

namely

3(69%)* = (09") , (9:29)

where ¢ = ¢ — (¢) and angle brackets denote ensemble averages or, equivalently,
large spatial averages. We measured the ratio of the left and right hand sides of this
equation for ¢ and y and their time derivatives using spatial averages over the lattice.
The results are shown in Figures 9.10 and 9.11. As expected, the fields are initially
gaussian, deviate from it during preheating, and rapidly return to it afterwards. The
plots for the moments of the field velocities are similar, although the field velocities

remain closer to gaussianity.
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Figure 9.10: Deviations from Gaussianity for the field ¢ as a function of time. The
solid, red line shows 3(0¢?)?/(0¢") and the dashed, blue line shows 3(5¢?)2/(5¢?).
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Figure 9.11: Deviations from Gaussianity for the field x as a function of time. The
solid, red line shows 3(0x?)2/(6x*) and the dashed, blue line shows 3(dx?)?/(dx*).
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It is quite important to notice that gaussianity is broken around the end of pre-
heating and the beginning of the strong turbulence. In particular, it makes invalid

the use of the Hartree approximation beyond this point.

9.5 Rules of Thermalization

This research was primarily empirical. We numerically investigated the processes of
preheating and thermalization in a variety of models and determined a set of rules

that seem to hold generically. These rules can be formulated as follows:

1. In many, if not all viable models of inflation there exists a mechanism for expo-
nentially amplifying fluctuations of at least one field x. These mechanisms tend to
excite long-wavelength excitations, giving rise to a highly infrared spectrum.

The mechanism of parametric resonance in single-field models of inflation has been
studied for a number of years. Contrary to the claims of some authors, this effect is
quite robust. Adding additional fields (e.g. our o fields) or self-couplings (e.g. x*)
has little or no effect on the resonant period. Moreover, in many hybrid models a
similar effect occurs due to other instabilities. The qualitative features of the fields
arising from these processes seem to be largely independent of the details of inflation

or the mechanisms used to produce the fields.

2. Ezciting one field x is sufficient to rapidly drag all other light fields with which x
interacts into a similarly excited state.

We saw this effect when multiple fields were coupled directly to x and when chains
of fields were coupled indirectly to y. All it takes is one field being excited to rapidly
amplify an entire sector of interacting fields. These second generation amplified fields
will inherit the basic features of the y field, i.e. they will have spectra with more

energy in the infrared than would be expected for a thermal distribution.

3. The excited fields will be grouped into subsets with identical characteristics (spectra,
occupation numbers, effective temperatures) depending on the coupling strengths.
We saw this effect in a variety of models. For example in the models (9.1) and

(9.17) the x and o fields formed such a group. In general, fields that are interacting
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in a group such as this will thermalize much more quickly than other fields, pre-
sumably because they have more potential to interact and scatter particles into high

momentum states.

4. Once the fields are amplified, they will approach thermal equilibrium by scattering
energy into higher momentum modes.

This process of thermalization involves a slow redistribution of the particle occu-
pation number as low momentum particles are scattered and combined into higher
momentum modes. The result of this scattering is to decrease the tilt of the infrared
portion of the spectrum and increase the ultraviolet cutoff of the spectrum. Within
each field group the evolution proceeds identically for all fields, but different groups

can thermalize at very different rates.

9.6 Discussion

We investigated the dynamics of interacting scalar fields during post-inflationary pre-
heating and the development of equilibrium immediately after preheating. We used
three dimensional lattice simulations to solve the non-linear equations of motion of
the classical fields.

There are a number of problems both from the point of view of realistic models
of early universe preheating and from the point of view of non-equilibrium quantum
field theory that I have not yet addressed. In this section I shall discuss some of them.

Although we considered a series of models of inflation and interactions, we mostly
restricted ourselves to four-legs interactions. (The sole exception was the hybrid
inflation model, which develops a three-legs interaction after symmetry breaking.)
This meant we still had a residual homogeneous or inhomogeneous inflaton field.
In realistic models of inflation and preheating we expect the complete decay of the
inflaton field. (There are radical suggestions to use the residuals of the inflaton
oscillations as dark matter or quintessence, but these require a great deal of fine
tuning.) The problem of residual inflaton oscillations can be easily cured by three-legs

interactions. In the scalar sector three-legs interactions of the type g?v¢x? may result
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in stronger preheating. Yukawa couplings hiy¢t) will lead to parametric excitations
of fermions [32, 117].

There are subtle theoretical issues related to the development of precise thermal
equilibrium in quantum and classical field theory due to the large number of degrees
of freedom, see e.g. [118]. In our simulations we see the flattening of the particle
spectra n; and we describe this as an approach to thermal equilibrium, but in light
of these subtleties we should clarify that we mean approzimate thermal equilibrium.

Often classical scalar fields in the kinetic regime display transient Kolmogorov
turbulence, with a cascade towards both infrared and ultraviolet modes [119, 113]. In
our systems it appears that the flux towards ultraviolet modes is occurring in such a
way as to bring the fields closer to thermal equilibrium (9.13). Indeed, the slope of the
spectra ny at the end of our simulations is close to —1. However, given the size of the
box in these simulations we were not able to say much about the phase space flux in
the direction of infrared modes. This question could be addressed, for example, with
the complementary method of chains of interacting oscillators, see [119]. This is an
interesting problem because an out-of-equilibrium bose-system of interacting scalars
with a conserved number of particles can, in principle, develop a bose-condensate.
It would be interesting to see how the formation of this condensate would or would
not take place in the context of preheating in an expanding universe. One highly
speculative possibility is that a cosmological bose condensate could play the role of a
late-time cosmological constant.

The highlights of our study for early universe phenomenology are the following.
The mechanism of preheating after inflation is rather robust and works for many
different systems of interacting scalars. There is a stage of turbulent classical waves
where the initial conditions for preheating are erased. Initially, before all the fields
have settled into equilibrium with a uniform temperature, the reheating temperature
may be different in different subgroups of fields. The nature of these groupings is

determined by the coupling strengths.
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Number Density vs. Time

n Nunber Density
x10'8

%10

x 10

%1012

Ll e o

x10%°

1. x10°

0 500 1000 1500 2000

Figure 9.12: V = 1/4\¢*. (Note that the
vertical scale is larger than for the subse-
quent plots.)
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Figure 9.13: V = 1/4)\¢* + 1/2¢%¢*X?,
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Figure 9.14: V = 1/4)\¢* + 1/2¢%¢*x* +
1/2h2x%0?, g*/) = 200, h? = 100g*. The
highest curve is n,. The number density
of x diminishes when n, grows.
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Figure 9.15: V = 1/4)\¢* + 1/2¢%¢*x* +
1/2h?x2%0?, g*/) = 200, h? = 200g¢% h3 =
100¢2. The pattern is similar to the three-
field case until the growth of os.
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Occupation Number vs. Momentum
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Figure 9.17: V = 1/4)\p* + 1/2¢%¢*x2,
g*/X = 200. The spectra of ¢ and yx are
nearly identical.
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Figure 9.18: V = 1/4\¢* + 1/2¢%¢*x> +
1/2h%x%02, g?/X = 200, h? = 100g> The x
and o spectra are similar, but o rises in the
infrared). The spectrum of ¢ is markedly
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Figure 9.19: V = 1/4\¢* + 1/2¢%¢*x> +
1/2h2x%02, g*/X = 200, h? = 200g%, h3 =
100g2. All fields other than the inflaton have
nearly identical spectra.
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Number Density vs. Time
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Figure 9.20: V = 1/2m?2¢* + 1/2¢%$*x?,
g*M?/m* = 2.5 x 10°. The upper curve
represents 7, .
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Figure 9.21: V = 1/2m?¢* + 1/2¢°¢*x* +
1/2h?x%0?, gQMI?/m2 = 2.5 x 10°, h? =
100g*. The highest curve is n,. The field
that grows latest is o.
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Number Density vs. Momentum
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Figure 9.22: V = 1/2m?2¢? + 1/2¢%¢>x?,
g*M?/m? = 2.5 x 10°. The upper curve
represents the spectrum of y.
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Figure 9.23: V = 1/2m?¢? +1/2¢9°¢*x* +
1/2h?x%0?, gQMI?/m2 = 2.5 x 10°, h? =
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Chapter 10

Dynamics of Symmetry Breaking

and Tachyonic Preheating

Note: This chapter is based on a paper by Gary Felder, Juan Garcia-Bellido, Patrick
Greene, Lev Kofman, Andrei Linde, and Igor Tkachev, available on the Los Alamos
eprint server as hep-ph/0012142. The full citation appears in the bibliography [120)].

Chapter Abstract

We reconsidered the old problem of the dynamics of spontaneous symmetry breaking
using 3d lattice simulations, and developed a theory of tachyonic preheating, which
occurs due to the spinodal instability of the scalar field. Tachyonic preheating is
so efficient that symmetry breaking typically completes within a single oscillation
of the field distribution as it rolls towards the minimum of its effective potential.
As an application of this theory we considered preheating in the hybrid inflation
scenario, including SUSY-motivated F-term and D-term inflationary models. We
showed that preheating in hybrid inflation is typically tachyonic and the stage of
oscillations of a homogeneous component of the scalar fields driving inflation ends
after a single oscillation. Our results may also be relevant for the theory of the

formation of disoriented chiral condensates in heavy ion collisions.

123
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10.1 Introduction

Spontaneous symmetry breaking is a basic feature of all realistic theories of elementary
particles. In the simplest models, this instability appears because of the presence
of tachyonic mass terms such as —m?@?/2 in the effective potential. As a result,
long wavelength quantum fluctuations ¢, of the field ¢ with momenta k£ < m grow

exponentially, ¢y ~ exp(tv/m? — k?), which leads to spontaneous symmetry breaking.

This process may occur gradually, as in the theory of second order phase transi-
tions, when the parameter m? slowly changes from positive to negative and the degree
of symmetry breaking gradually increases in time [88, 89, 92, 90, 91]. Sometimes the
symmetry breaking occurs discontinuously, due to a first order phase transition [93].
But there is also another possibility, which I discuss in this chapter: The tachyonic
mass term may appear suddenly, on a time scale that is much shorter than the time
required for symmetry breaking to occur. This may happen, for example, when the
hot plasma created by heavy ion collisions in the ‘little Big Bang’ suddenly cools down
[121, 122, 123, 124, 125]. A more important application from the point of view of
cosmology is the process of preheating in the hybrid inflation scenario [126, 127, 128],

where inflation ends in a ‘waterfall’ regime triggered by tachyonic instability.

The process of symmetry breaking has been studied before by advanced methods of
perturbation theory, see e.g. [129, 130] and references therein. However, spontaneous
symmetry breaking is a strongly nonlinear and nonperturbative effect. It usually leads
to the production of particles with large occupation numbers inversely proportional to
the coupling constants. As a result the perturbative description, including the Hartree
and 1/N approximations, has limited applicability. It does not properly describe
rescattering of created particles and other important features such as production
of topological defects. For these reasons we addressed the problem using lattice
simulations. In addition to accurately capturing the full dynamics of rescattering,
these simulations allowed us to have a clear visual picture of all the processes involved.
At several points in this chapter I will make reference to computer generated movies
available on the World Wide Web that illustrate different aspects of spontaneous

symmetry breaking.
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I will show here that tachyonic preheating can be extremely efficient. In many
models it leads to the transfer of the initial potential energy density V'(0) into the
energy of scalar particles within a single oscillation. Contrary to some expectations,
the first stage of preheating in hybrid inflation is typically tachyonic, which means
that the stage of oscillations of a homogeneous component of the scalar fields driving

inflation either does not exist at all or ends after a single oscillation.

10.2 Tachyonic Instability and symmetry breaking

Symmetry breaking occurs due to tachyonic instability and may be accompanied by
the formation of topological defects. Here I will consider two toy models that are
prototypes for many interesting applications, including symmetry breaking in hybrid

inflation.

10.2.1 Quadratic potential
The simplest model of spontaneous symmetry breaking is based on the theory with
the effective potential

V() = A(gzs2 —v?)? = #? 4+ ot (10.1)

4
where A < 1. V(¢) has a minimum at ¢ = 4+v and a maximum at ¢ = 0 with
curvature V" = —m?,

The development of tachyonic instability in this model depends on the initial con-
ditions. I will assume that initially the symmetry is completely restored so that the
field ¢ does not have any homogeneous component, i.e. (¢) = 0. But then (¢) remains
zero at all later stages, and for the investigation of spontaneous symmetry breaking
one needs to find the spatial distribution of the field ¢(z,t). To avoid this com-
plication, many authors assume that there is a small but finite initial homogeneous
background field ¢(¢), and even smaller quantum fluctuations d¢(z,t) that grow on

top of it. This approximation may provide some interesting information, but quite
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often it is inadequate. In particular, it does not describe the creation of topologi-
cal defects, which, as we will see, is not a small nonperturbative correction but an
important part of the problem.

For definiteness, I assume that in the symmetric phase ¢ = 0 there are usual
quantum fluctuations of the massless field with the mode functions ﬁeiikt“ﬁ and
then at ¢ = 0 we ‘turn on’ the term —m?¢?/2 corresponding to the negative mass
squared —m?. The modes with k& = |/;| < m grow exponentially so the dispersion of
these fluctuations can be estimated as

17 N
(66%) = 5 [ dik eV (10.2)
0

To get a qualitative understanding of the process of spontaneous symmetry break-
ing, instead of many growing waves with momenta & < m in (10.2) let us consider
first a single sinusoidal wave d¢ = A(t) cos kx with k ~ m and with initial amplitude
~ 5= in one-dimensional space. The amplitude of this wave grows exponentially until
its becomes O(v) ~ m/v/A. This leads to the division of the universe into domains
of size O(m~') in which the field changes from O(v) to O(—v). The gradient en-
ergy density of domain walls separating areas with positive and negative ¢ will be
~ k*5¢* = O(m*/)). This energy is of the same order as the total initial potential
energy of the field V(0) = m*/4). This is one of the reasons why any approximation
based on perturbation theory and ignoring topological defect production cannot give
a correct description of the process of spontaneous symmetry breaking.

Thus a substantial part of the false vacuum energy V(0) is transferred to the
gradient energy of the field ¢ when it rolls down to the minimum of V(¢). Because
the initial state contains many quantum fluctuations with different phases growing at
a different rate, the resulting field distribution is very complicated, so it cannot give
all of its gradient energy back and return to its initial state ¢ = 0. This is one of
the reasons why spontaneous symmetry breaking and the main stage of preheating
in this model may occur within a single oscillation of the field ¢.

Meanwhile if one were to make the usual assumption that initially there exists

a small homogeneous background field ¢ < v with an amplitude greater than the
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amplitude of the growing quantum fluctuations §¢, so that m/27r < ¢ < m/V/\,
one would find out that when ¢ falls to the minimum of the effective potential the
gradient energy of the fluctuations remains relatively small. One would thus come
to the standard conclusion that the field should experience many fluctuations before
it relaxes near the minimum of V' (¢). To avoid this error, we performed a complete
study of the growth of all tachyonic modes and their subsequent interaction without

making this simplifying assumption about the existence of the homogeneous field ¢.

Consider the tachyonic growth of all fluctuations with £ < m, i.e. those that
contribute to (§¢?) in Eq. (10.2). This growth continues until |/(d¢?) reaches the
value ~ v/2, since at ¢ ~ v//3 the curvature of the effective potential vanishes and
instead of tachyonic growth one has the usual oscillations of all the modes. This
happens within the time ¢, ~ ﬁ In % The exponential growth of fluctuations up to
that moment can be interpreted as the growth of the occupation number of particles
with £ < m. These occupation numbers at the time ¢, grow up to

s w2
ny ~ exp(2mt,) ~ exp (ln T) = > 1. (10.3)

One can easily verify that ¢, depends only logarithmically on the choice of the initial
distribution of quantum fluctuations. For small A the fluctuations with £ < m have

very large occupation numbers, and therefore they can be interpreted as classical
waves of the field ¢.

The dominant contribution to (6¢?) in Eq. (10.2) at the moment ¢, is given
by the modes with wavelength I, ~ 27k;" ~ v2rm~"In'/? (C7?/\) > m™~", where
C = O(1). As a result, at the moment when the fluctuations of the field ¢ reach the
minimum of the effective potential, \/(¢?) ~ v, the field distribution looks rather ho-
mogeneous on a scale [ < I,. On average, one still has (¢) = 0. This implies that the

universe becomes divided into domains with two different types of spontaneous sym-
Cn?

PR
which differs only logarithmically from our previous estimate m~!. At later stages the

metry breaking, ¢ ~ +v. The typical size of each domain is [,/2 ~ % m~"' In'/?

domains grow in size and percolate (eat each other up), and spontaneous symmetry

breaking becomes established on a macroscopic scale.
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Of course, these are just simple estimates that should be followed by a detailed
quantitative investigation. When the field rolls down to the minimum of its effective
potential, its fluctuations scatter off each other as classical waves. It is difficult to
study this process analytically, but fortunately one can do it using lattice simulations.
We performed our simulations on lattices with either 1283 or 256 gridpoints. The
details of these lattice simulations are given in part III.

Figure 10.1 illustrates the dynamics of symmetry breaking in the model (10.1).
It shows the probability distribution P(¢,t), which is the fraction of the volume
containing the field ¢ at a time ¢ if at ¢ = 0 one begins with the probability distribution
concentrated near ¢ = 0, with the quantum mechanical dispersion (10.2).

As we see from this figure, after the first oscillation the probability distribution
P(¢,t) becomes narrowly concentrated near the two minima of the effective potential
corresponding to ¢ = £w. In this sense one can say that symmetry breaking completes
within one oscillation. These results hold for a wide range of values of the coupling
constant \; this figure is shown for a run with A = 107%. Note that only when
the distribution stabilizes and the domains become large can one use the standard
language of perturbation theory describing scalar particles as excitations on a (locally)
homogeneous background. That is why the use of the nonperturbative approach based
on lattice simulations was so important for our investigation.

The growth of fluctuations in this model is shown in Fig. 10.2. It shows how
fluctuations grow in a two-dimensional slice of 3D space. Maxima correspond to
domains with ¢ > 0, minima correspond to domains with ¢ < 0.

The dynamics of spontaneous symmetry breaking in this model is even better
illustrated by the computer generated movie that can be found at
http://physics.stanford.edu/gfelder /hybrid /1.gif. It consists of an animated sequence
of images similar to the one shown in Fig. 10.2. These images show the whole process
of spontaneous symmetry breaking from the growth of small gaussian fluctuations of
the field ¢ to the creation of domains with ¢ = +wv.

Figure 10.1 shows a lopsided distribution where one domain is noticeably larger
than the other. This asymmetry is the result of small sampling due to the finite box

size. To illustrate this process on a larger scale we also did a 2D simulation in a 10242
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t =10 t=13

Figure 10.1: The process of symmetry breaking in the model (10.1) for A = 10~%. In
the beginning the distribution is very narrow. Then it spreads out and shows two
maxima that oscillate about ¢ = +v with an amplitude much smaller than v. These
maxima never come close to the initial point ¢ = 0. The values of the field are shown
in units of v.

box. Figure 10.3 shows the development of domains for this run. This figure shows a
run with A = 1072,

Similar results are valid for the theory of a multi-component scalar field ¢; with the
potential (10.1). For example, the behavior of the probability distribution P(¢1, ¢9, 1)
in the theory of a complex scalar field ¢ = (¢1+i¢s)/v/2 is shown in Fig. 10.4. For this
figure [used A = 10~ . As we see, after a single oscillation this probability distribution
has stabilized at |¢| ~ v. A computer generated movie illustrating this process can
be found at http://physics.stanford.edu/gfelder/hybrid/2.gif. Symmetry breaking of
a complex field gives rise to strings. Figure 10.5 shows the distribution of strings
in a 3D lattice after the field has fallen down to the minimum. (For computational

purposes a string was defined as the collection of gridpoints for which |¢|* < .02v.)
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Figure 10.2: Growth of quantum fluctuations in the process of symmetry breaking in
the quadratic model (10.1).

10.2.2 Cubic potential

Another important example of tachyonic preheating is provided by the theory
V=— + ="+ —v" . 10.4
31)@5 0] 1 v (10.4)

This potential is a prototype of the potential that appears in descriptions of symmetry
breaking in F-term hybrid inflation [131, 132].

The first question to address concerns the initial amplitude of the tachyonic modes
in this model. This is nontrivial because m?(¢) = —2Av¢p + 3\¢? vanishes at ¢ =

0. However, eq. (10.2) implies that scalar field fluctuations with momentum ~ k

have initial amplitude (6¢?) ~ %. They enter a self-sustained tachyonic regime if

k2 < |mZ;| = 2Xvy/(69%) ~ 2% ie. if k < 2. The average initial amplitude of the

growing tachyonic fluctuations with momenta smaller than é\—; is

AU

6¢rms ~ 4—71_2 (105)

These fluctuations grow until the amplitude of j¢ becomes comparable to 2v/3, and
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Figure 10.3: The development of domain structure in the quadratic model (10.1).

the effective tachyonic mass vanishes. At that moment the field can be represented
as a collection of waves with dispersion \/W ~ v, corresponding to coherent states
of scalar particles with occupation numbers n; ~ (%)2 > 1.

Because of the nonlinear dependence of the tachyonic mass on ¢, a detailed de-
scription of this process is more involved than in the theory (10.1). Indeed, even
though the typical amplitude of the growing fluctuations is given by (10.5), the speed
of the growth of the fluctuations increases considerably if the initial amplitude is
somewhat bigger than (10.5). Thus even though the fluctuations with amplitude a
few times greater than (10.5) are exponentially suppressed, they grow faster and may
therefore have greater impact on the process than the fluctuations with amplitude
(10.5). Low probability fluctuations with d¢ > d¢,ns correspond to peaks of the
initial Gaussian distribution of the fluctuations of the field ¢. Such peaks tend to
be spherically symmetric [133]. As a result, the whole process looks not like a uni-
form growth of all modes, but more like bubble production (even though there are
no instantons in this model). The results of our lattice simulations for this model
are shown in Fig. 10.6. These results are for A = 1072, The bubbles (high peaks
of the field distribution) grow, change shape, and interact with each other, rapidly

dissipating the vacuum energy V(0). A computer generated movie illustrating this
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t=12

Figure 10.4: The process of symmetry breaking in the model (10.1) for a complex
field ¢. The field distribution falls down to the minimum of the effective potential
at |¢| = v and experiences only small oscillations with rapidly decreasing amplitude
|A¢| < .

process can be found at http://physics.stanford.edu/gfelder/hybrid/3.gif.

Fig. 10.7 shows the probability distribution P(¢,t) in the model (10.4). As we
see, in this model the field also relaxes near the minimum of the effective potential
after a single oscillation.

One should note that numerical investigation of this model involved specific com-
plications due to the necessity of performing renormalization. Lattice simulations
involve the study of modes with large momenta that are limited by the inverse lattice
spacing. These modes give an additional contribution to the effective parameters of
the model. In the simple model (10.1) these corrections were relatively small, but
in the cubic model they induce an additional linear term Av¢(¢?). This term should
be subtracted by the proper renormalization procedure, which brings the effective
potential back to its form (10.4). For more details on this procedure see section 12.3.

For completeness I should mention that in the theory with the quartic potential
V = V(0) — ;A¢* the decay of the symmetric phase occurs via tunneling and the

formation of bubbles, even though there is no barrier between ¢ = 0 and ¢ # 0
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11. 040157

Figure 10.5: The distribution of strings in the model (10.1) for a complex field ¢.

[104, 3]. In this case quantum tunneling can be heuristically interpreted as a building
up of stochastic fluctuations d¢ [102]. In this respect the character of tachyonic
instability for the cubic potential is intermediate between the quadratic and quartic

potentials.

10.3 Tachyonic preheating in hybrid inflation

The results obtained in the previous section have important implications for the
theory of reheating in the hybrid inflation scenario. The basic form of the effective
potential in this scenario is [126, 127]
Ao oo 9 00 1 5,

V(g,0) = 40" = v)" + T ¢70" + omg”. (10.6)
The point where ¢ = ¢. = M/g and o = 0 is a bifurcation point. Here M = V.
The global minimum is located at ¢ = 0 and |o| = v. However, for ¢ > ¢, the squares
of the effective masses of both fields m2 = g*¢* — Av? + 3X0” and m} = m? + g*o°

are positive and the potential has a valley at ¢ = 0. Inflation in this model occurs
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Figure 10.6: Fast growth of the peaks of the distribution of the field ¢ in the cubic
model (10.4). It should be compared with Fig. 10.2 for the quadratic model (10.1).

while the ¢ field rolls slowly in this valley towards the bifurcation point. When ¢
reaches ¢, inflation ends and the fields rapidly roll towards the global minimum at
¢ =0, |o| =wv. If o is a real one-component scalar, this may lead to the formation
of domain walls. To avoid this problem, we assume that ¢ is a complex field. In this
case symmetry breaking after inflation produces cosmic strings instead of domain
walls [126, 127].

In realistic versions of this model the mass m is extremely small, as is the initial
velocity ¢. The fields fall down along a certain trajectory ¢(t),o(t) in such a way
that initially this trajectory is absolutely flat, then it rapidly falls down, and then
it becomes flat again near the minimum of V' (¢, o). This implies that the curvature
of the effective potential along this curve is initially negative. Therefore the fields

should experience tachyonic instability along the way.

The decay of the homogeneous inflaton field and preheating in hybrid inflation
were considered in two papers: for the simplest non-supersymmetric scenario with a
variety of parameters [128] and for a SUSY F-term model [132]. Both papers were
focused on the possibility of parametric resonance. However, in [128] it was also

pointed out that for g2 > ) the field o falls down only when the field ¢ reaches some
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t =50

Figure 10.7: Histograms describing the process of symmetry breaking in the model
(10.4) for A = 1072, After a single oscillation the distribution acquires the form shown
in the last frame and after that it practically does not oscillate.

point ¢ < ¢.. As a result, the motion of the field o occurs just like the motion of
the field ¢ in the theory (10.1). In this case one has a tachyonic instability and the
fields relax near the minimum of V'(¢, o) within a single oscillation [128]. For all other
relations between ¢g? and ) the fields follow more complicated trajectories. One might
expect that the fields would in general experience many oscillations, which might or
might not lead to parametric resonance [128, 132].

We performed an investigation of preheating in hybrid inflation in the model (10.6)
with two scalar fields (one real and one complex) and in SUSY-motivated F-term and
D-term inflation models with three complex fields. We used methods similar to those
discussed in the previous section, including 3D lattice simulations. We found that
efficient tachyonic preheating is a generic feature of the hybrid inflation scenario,
which means that the stage of oscillations of the quasi-homogeneous components
of the scalar fields driving inflation is typically terminated by the backreaction of
fluctuations.

Fig. 10.8 shows the process of spontaneous symmetry breaking in the theory (10.6)
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for g = 107*, A =102, M = 10'® GeV. The probability distribution oscillates along
the ellipse g>¢? + Ao = ¢g>¢2. As before, it relaxes near the minimum of the effective
potential within a single oscillation. A computer generated movie illustrating this
process can be found at http://physics.stanford.edu/gfelder /hybrid /4.gif.
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Figure 10.8: The process of symmetry breaking in the hybrid inflation model (10.6)
for g> < A. The field distribution moves along the ellipse g?¢* + \o? = ¢g¢? from the
bifurcation point ¢ = ¢., 0 = 0.

The theory of preheating in D-term inflation for various relations between g% and
A [134, 135] is very similar to the theory discussed above. Meanwhile, in the case
g% = 2]\ the effective potential (10.6) has the same features as the effective potential
of SUSY-inspired F-term inflation [131]. In this scenario the fields ¢ and o fall down
along a simple linear trajectory [132], so that instead of following each of these fields
one may consider a linear combination of them and find the effective potential in this
direction. This effective potential has exactly the same shape as our cubic potential
(10.4). Thus all of the results that we obtained for tachyonic preheating in the theory
(10.4) should be valid for F-term inflation as well, with minor modifications due to
the presence of additional degrees of freedom that can be excited during preheating.
Indeed, we were able to confirm these conclusions by lattice simulations of the F-term

and D-term models.
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Thus we see that tachyonic preheating is a typical feature of hybrid inflation. The
production of bosons in this regime is nonperturbative, very fast, and efficient, but it
is usually not related to parametric resonance. Instead it is related to the production
and scattering of classical waves of the scalar fields. Of course, one should keep
in mind that there may exist some particular versions of hybrid inflation in which
tachyonic preheating is inefficient, e.g. because of fast motion of the field ¢ near the
bifurcation point.

The tachyonic nature of preheating in hybrid inflation implies that instead of the
production of gravitinos by a coherently oscillating field [61, 136, 80, 137], in hybrid
inflation one should study gravitino production due to the scattering of classical
waves of the scalar fields produced by tachyonic preheating. Our results may also be
important for the theory of the generation of the baryon asymmetry of the universe
at the electroweak scale [114].

From a more general point of view, however, the most important application of
our results is to the general theory of spontaneous symmetry breaking. This theory
constitutes the basis of all models of weak, strong and electromagnetic interactions.
By applying the methods of lattice simulations we developed for the study of preheat-
ing we have been able to actually see the process of spontaneous symmetry breaking

and to reveal some of its rather unexpected features.
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Chapter 11

Introduction to LATTICEEASY

Much of the work reported in this thesis has involved the use of numerical calcu-
lations, and in particular of classical lattice simulations of field dynamics. These
simulations were done using a program developed by Igor Tkachev and me, which we
have made available on the Web under the name LATTICEEASY. A great deal of
my contribution to this research has involved working out both the physics and the
programming required for these simulations. This part of the thesis describes these

simulations, with an emphasis on the physics behind the code.

This chapter contains a motivational introduction explaining the need for lattice
simulations and the role they play in cosmological research such as this, followed by
a section describing my contribution to the development of the simulations. The fol-
lowing chapter describes the equations solved by the program, including the evolution
equations for the fields and for the expansion of the universe, as well as the initial
conditions. The initial conditions are determined by quantum fluctuations present
at the end of inflation. The chapter on equations ends with a brief discussion of
renormalization of field theories in lattice calculations. The final chapter deals with
the computational methods employed by LATTICEEASY. These include the meth-
ods used for time evolution (staggered leapfrog) and spatial derivatives (second order
finite differencing). This chapter also discusses issues related to the stability and
accuracy of the solutions obtained by LATTICEEASY.
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11.1 Lattice Simulations and Cosmology

Studying the early universe requires describing the evolution of interacting fields in
a dense, high-energy environment. The study of reheating after inflation and the
subsequent thermalization of the fields produced in this process typically involves
non-perturbative interactions of fields with exponentially large occupations numbers
in states far from thermal equilibrium. Various approximation methods have been
applied to these calculations, including linearized analysis and the Hartree approxi-
mation. These methods fail, however, as soon as the field fluctuations become large
enough that they can no longer be considered small perturbations. In such a situ-
ation linear analysis no longer makes sense and the Hartree approximation neglects
important rescattering terms. What we have learned in the last several years is that
in many models of inflation preheating can amplify fluctuations to these large scales
within a few oscillations of the inflaton field. Moreover, such large amplification ap-
pears to be a generic feature, arising in virtually all known inflationary models due

to either parametric resonance, tachyonic instability, or both.

The only way to fully treat the nonlinear dynamics of these systems is through
lattice simulations. These simulations directly solve the classical equations of mo-
tion for the fields. Although this approach involves the approximation of neglecting
quantum effects, these effects are exponentially small once preheating begins. So in
any inflationary model in which preheating can occur lattice simulations provide the

most accurate means of studying post-inflationary dynamics.

Over the past several years Igor Tkachev and I have developed a program for
performing such lattice simulations. The program, which we call LATTICEEASY, is
freely available on the World Wide Web at
http://physics.stanford.edu/gfelder /latticeeasy. This website contains detailed docu-
mentation on how to use the program for different inflationary models. In this thesis

I will focus instead on discussing the physics behind the simulations.
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11.2 My Contributions to LATTICEEASY

Because LATTICEEASY was created jointly by Igor Tkachev and me it is appropriate

that for this thesis I should delineate what aspects of it were my contribution.

The original version of the lattice program was written by Dr. Tkachev. The
idea of solving the classical equations of motion for scalar fields in the early universe
on a lattice, using quantum mechanical dispersions as initial conditions, and using a
staggered leapfrog algorithm were all in place before I began working on the project.
Moreover the justification of using these classical equations was worked out in detail
by Dr. Tkachev and others.

Nonetheless, all of the equations derived in the lattice simulation part of this
thesis were derived by me. Dr. Tkachev had correctly adjusted the initial modes to
compensate for the box size and lattice spacing as described here (section 12.2.1),
but so far as I have been able to find he never wrote down his reasons for using
the equations he did. He correctly neglected the initial time dependence of wy in
setting the mode derivatives, but never explained why; see section 12.2.4. Likewise
the combination of the Einstein equations used by the program was used in Dr.
Tkachev’s original version, but the derivation presented here is due to me. In the
course of deriving these equations I found a number of minor errors in the program.
For example neither Dr. Tkachev, nor to the best of my knowledge anyone else, had
ever noticed that the Gaussian distribution of the complex field modes required a
Rayleigh distribution for their amplitudes. I don’t intend my mentioning the presence
of this and other errors to be a criticism of Dr. Tkachev. The lattice program is a very
large and complicated piece of code and it is not unusual for small bugs to occur in
such cases. I mention these corrections simply by way of noting that in collaborating
with Dr. Tkachev I had to rederive from scratch all of the equations used by the

program.

Some of the physics described here was added after Dr. Tkachev wrote his original
version. In particular, the correction of the initial modes to preserve isotropy (section
12.2.3) and the introduction of renormalization (section 12.3) were both implemented

by me with the help of discussion and advice from Drs. Linde and Kofman. Also the
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definitions of occupation number and energy spectra as adiabatic invariants of the
fields were mine.

Computationally and organizationally the basic concept of the program as de-
scribed above was Dr. Tkachev’s, and everything since then has been mine. He
originally provided me with a program in Fortran and I rewrote it in C++. Later,
when I had derived all of the equations and understood the workings of the program
better I dropped the original version entirely and rewrote the entire thing with a
different structure. It was after this rewrite that Dr. Tkachev and I jointly released
the program under the name LATTICEEASY. It was our intent to make it available
as a tool for the cosmology community, although to the best of my knowledge it has
not been used by anyone other than us.

It was in the course of rewriting the program that I devised the corrections to
the scale factor evolution equations (section 13.2). More importantly, I developed a
method for systematically rescaling the fields and spacetime coordinates to allow the
calculations to be feasible for a broad variety of models. This subject is discussed
briefly in this thesis but forms a large part of the documentation for LATTICEEASY.

In summary, I would say that the basic concepts behind these lattice simulations
preceded my involvement in the project and were largely due to Dr. Tkachev, whereas

the systematic derivations of the equations and methods used was primarily my work.



Chapter 12

Equations

12.1 Evolution Equations

12.1.1 Field Equations and Coordinate Rescalings

The equation of motion for a scalar field in an expanding universe is (see e.g. [3])

f'+3gf'—%v2f+g—‘;:0. (12.1)
In principle this equation, combined with an appropriate evolution equation for the
scale factor a, could simply be solved directly in this form. In practice, however, there
are several ways in which the process of solving such equations can be made easier
by rescaling the variables. In particular, by rescaling the field and time variables by
appropriate powers of the scale factor, the first derivative term can be eliminated from
the equation of motion. Other useful criteria for choosing rescaling parameters include
keeping the dominant time scale of the problem fixed as the universe expands and
setting the natural time and distance scales to be of order unity. The LATTICEEASY
documentation explains these rescalings in detail. Because they are model-specific and
largely used for computational convenience, I will not discuss them further here. All
equations for the rest of the thesis will be given in physical variables and it should be

understood that in the actual program they are solved in a rescaled form.
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12.1.2 Scale Factor Evolution

The equation for the scale factor a is derived from the Friedmann equations for a flat

universe
4
i= —%“(p+3p) (12.2)
a\? 8r
-] = —n. 12.3
(a) 3 p ( )

For a set of scalar fields f; in an FRW universe
1
p:T+G+V;p:T—§G—V (12.4)

where T, G, and V are kinetic (time derivative), gradient, and potential energy
respectively, given by

12 1 2
Equations (12.2) and (12.3) and the field evolution equations form an overdetermined
system. In principle either scale factor equation could be used but in practice it is
easiest to combine them so as to eliminate the time derivative term T" because in the

staggered leapfrog algorithm f and f are known at different times. Eliminating T we

get
-2
-3 <9> G-V (12.6)

" 8r \a
4 12 2 12 8w /1
LYY () 1o W L o8 (—G 4 V) S K <—|Vﬁ-2 4 a2V> .
3 a 3 a a \3
(12.7)
This equation still poses problems for the leapfrog algorithm because of the presence

of a in the equation. Section 13.2 discusses this problem and how to solve it.

The program can be set to not use expansion, in which case only the field evolution
equations are solved with ¢ = 1 and H = 0. Finally, there is also an option in the
program to impose a fixed power-law expansion. This option is discussed in the
documentation but because it wasn’t used for any of the research discussed in this

thesis I won’t say anything more about it here.
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12.2 Initial Conditions on the Lattice

There are three kinds of initial conditions that need to be set for the lattice calcu-
lations. The first consists of the homogeneous values of the fields and derivatives.
The second consists of the fluctuations of the fields and field derivatives. Finally, in
an expanding universe the derivative of the scale factor, or equivalently the Hubble
constant, needs to be set.

The homogeneous values can simply be set to whatever is appropriate for a given
problem. For example in studies of preheating after chaotic inflation the inflaton
zeromode is typically set to a value corresponding to the end of inflation (e.g. ~ M,/3
for A\¢* inflation).

There is a small problem involved in setting the initial value of the Hubble con-
stant. As we will see below this value is needed in order to determine the initial field
fluctuations. Strictly speaking, however, these field fluctuations would be needed
to determine the total energy used to calculate the Hubble constant. In practice,
though, we set the initial value of the Hubble constant based on the homogeneous
field values, neglecting the initial fluctuations. In fact this method is more accurate
than if the full field distribution were used because the fluctuations represent vacuum
fluctuations whose energy should properly be eliminated by renormalization anyway.

The inhomogeneous modes are determined by quantum fluctuations of the fields.
In section 12.2.1 we derive equations for the field fluctuations and in section 12.2.2
we derive similar expressions for the fluctuations of the derivatives. These equations
have to modified, however, to preserve isotropy on the lattice. This modification is
discussed in section 12.2.3 Finally section 12.2.4 gives a justification for an approxi-

mation used in setting the fluctuations of the derivatives.

12.2.1 Initial Conditions for Field Fluctuations

Although the field equations are solved in configuration space with each lattice point
representing a position in space, the initial conditions are set in momentum space and

then Fourier transformed to give the initial values of the fields and their derivatives
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at each grid point. The Fourier transform Fj is defined by

o) = ﬁ/d%ﬂeik’” (12.8)

(2
It is assumed that no significant particle production has occurred before the be-
ginning of the program, so quantum vacuum fluctuations are used for setting the
initial values of the modes. The probability distribution for the ground state of a real

scalar field in a FRW universe is given by [115, 99]

P(Fy) o< exp(—2a’wy| Fi|?) (12.9)
where
wp = k* + a’m?, (12.10)
0*V
2

Although f is a real field the Fourier transform is of course complex, so this proba-
bility distribution is over the complex plane. The phase of F} is uniformly randomly

distributed and the magnitude is distributed according to the Rayleigh distribution
P(|F,|) o |Fy|exp(—2a*wi| Fi.|?). (12.12)

Note that this distribution gives the mean-squared value

1
202wy

<|F? >= (12.13)

There are two adjustments to equation [12.12] that must be made in order to
normalize these modes on a finite, discrete lattice. First this definition has to be
adjusted to account for the finite size of the box. This is necessary in order to keep
the field values in position space independent of the box size. To see this consider
the spatial average < f2 >.

f2= #//d?’kd?’k’Fka,ei(’”k')‘” (12.14)
T

(
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< f2>=

2d k'K Fy B0 = — /d3k\Fk|2 (12.15)

where L? is the volume of the region of integration. So in order to keep < f2 >

constant as L is changed the modes Fj, must scale as L*/.

Accounting for the discretization of the lattice is even easier. From the definition

of a discrete Fourier transform (denoted here as f;) in three dimensions

Note that values such as < f2 > will be affected by changes in the lattice spacing, but
this is reasonable since this spacing determines the ultraviolet cutoff of the theory.
Without such a cutoff < f? > would be divergent. See section 12.3 for further

discussion of this effect.

Putting these effects together gives us the following expression for the rms mag-

nitudes, which we denote by Wj.

/ L3

At a point (i1, is, 73) on the Fourier transformed lattice the value of k is given by

|k| = \/zl + 13 + 43, (12.18)

Finally it remains to implement the Rayleigh distribution

P(|fil) o | felexp(=|fil* /W) (12.19)

Normalizing this distribution gives

P ‘
P([fx]) = W\fk\e_‘f’“‘z/w’g- (12.20)
k

To generate this distribution from a uniform deviate (i.e. a random number generated

with uniform probability between 0 and 1) first integrate it and then take the inverse
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(see [138]), which gives
fil =/ =WEIn(X) (12.21)

where X is a uniform deviate.
There are two more points to note in setting the initial conditions for the fluctu-
ations. Before saying what they are I want to say that if anyone has actually read
this far in my thesis please let me know. The first person to tell me they’ve seen this
sentence will get eleven dollars; I'll explain why I chose eleven at the time. The first
is simply that the scale factor is set to 1 at the beginning of the calculations and may
thus be dropped from the equations. The second is that the phases of all modes are
random and uncorrelated, so they are each set randomly. The expression for the field
modes is thus
fr = €/ —W2In(X) (12.22)
where 132
V2w’

and 6 is set randomly between 0 and 2. The frequency wy for a given point (iy, is, i3)

Wi (12.23)

on the momentum space lattice is given by

2m\2% /. , , d*V
WP = (f) (& +d+i2) + 7 (12.24)

There is one more effect that needs to be accounted for in setting the initial
fluctuations. This effect is discussed in section 12.2.3 below, in which the equations

for these fluctuations are written in their final form.

12.2.2 Initial Conditions for Field Derivative Fluctuations

To calculate the field derivatives it is necessary to know the time dependence of the
vacuum fluctuations being considered. The full time dependence comes from several

Hiwkt Tl discuss in section 12.2.3 below

sources. First, there is an oscillatory term e
the use of the plus or minus sign in this term. Next, all the modes have an extra factor

of 1/a relative to their Minkowski space values. This can be seen for example from
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equation (12.13). This extra factor ensures that the physically meaningful quantity
< f(x)? > depends on the physical rather than the comoving momenta of the modes
in the box. Finally, there is an additional time dependence that arises from the fact
that wy is time dependent, both because of the scale factor multiplying the mass term

and because of possible time dependence of the effective mass itself.

Here 1 will calculate the field derivatives taking all of these effects into account
except the time dependence of wy. Section 12.2.4 explains the justification for this

approximation.

Using this approximation the full time dependence of the mode f; is given by
fr oc a”leFnt, (12.25)

Thus .
= (i = ) i = (ion — H) f. (12.26)

12.2.3 Standing Waves

Equation (12.25) tells us the frequency of oscillation of the mode f;, but the ques-
tion still remains whether we should use the plus or minus sign in the exponential.
The answer is that we must use both. This fact arises from a simple property of
Fourier transforms, namely that the Fourier transform of a real field f must obey the

symmetry

fa=fi. (12.27)

(It doesn’t matter if you are considering a complex field since you must still then set
initial conditions for its real and imaginary parts, and their Fourier transforms will
be constrained to obey this same symmetry relation.) We can ignore the expansion
of the universe for a moment and imagine that for some mode f; we have chosen to

use the plus sign in the exponential, i.e.

fo = iwp fr. (12.28)
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However, since both f and f are real fields it must be true that

for = fr = —iwfy = —iwpfop. (12.29)

In other words choosing the plus sign for a given momentum £ necessarily means using
the minus sign for the momentum —k. Recall that a mode f; translates into a function
f(x) with spatial dependence e~%%. So if you use the plus sign in the exponential
for some positive £ and the minus sign for —k you have effectively initialized the two
oscillatory modes

f(x) = e thoment) o pilho-wit) (12.30)

In other words you have created a right moving wave. Likewise choosing the minus
sign in the exponential for a positive value of k corresponds to setting up a left
moving wave. Of course there is no physically preferred direction on the lattice, so
in reality your initial conditions should contain equal components of right and left

moving fluctuations.

In practice the signs you use for the exponential time dependence of different
modes has a negligible effect on the evolution once preheating begins. Even if every
mode is initialized to be left-moving, the total momentum this imparts to the field is
unnoticeable by the late stages of the evolution in every problem we have considered.
Nonetheless it is presumably desirable to enforce Lorentz invariance, at least in an
averaged sense. You could do this by randomly initializing each mode with either a
plus or a minus sign. Instead, I chose to set up both left and right moving waves with

equal amplitude at each value of k. In other words

1

fv = 7 (fea + fr2) (12.31)
fr = %Zwk (frq — fr2) — H fr. (12.32)

where f;, 1 and f; o are two modes with separate random phases but equal amplitudes
determined by equation [12.21]. This means that in the free field limit the initial

fluctuations correspond to standing waves.
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By now it may have struck you that I seem to be determining these initial condi-
tions based on issues of convenience, symmetry, and so on. What about whatever is
the physically correct form for vacuum fluctuations, as given by their quantum me-
chanical probability distributions? Shouldn’t those distributions provide an answer
to all of these questions as to the correct form of the equations? The answer is no.
Although equation (12.20) gives the correct quantum distribution for the mode am-
plitudes, it is not correct to use this distribution and then use equation (12.26) to set
the values of the field derivatives. The problem is that quantum mechanically f;, and
fk are noncommuting operators and can not be simultaneously set. Although this
uncertainty presents a problem in principle it is unimportant in practice. Once para-
metric resonance begins the occupation numbers of the modes f; become large and
their quantum uncertainty becomes irrelevant. Moreover the rapid growth that occurs
during this resonance effectively destroys all information about the initial values of
the modes so that the final simulation results are insensitive to the details of how the
initial conditions are set. In our experience runs that use the probability distribution
of equation (12.20) give essentially the same results as ones that use the exact value
of equation (12.23) for each mode, or virtually any other initial distribution for that

matter.

12.2.4 The Adiabatic Approximation

We noted in section 12.2.2 that the time dependence of the modes comes from their
explicit time dependence f; oc e¥+ from the factor of 1/a in the initial amplitude
of the modes, and from the time dependence of wy, itself. The full time dependence
of the modes is given by
1 tiwgt

X ———e Pk, 12.33
T v ( )

Thus the derivative is given by
; . . lwgy a
fr = |Tiwg £iwpt — —— — —
2w a

o 1wy a
= +7— —— — — 12.34
fk Wk[ ? 2%% wk] fk ( )
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where the last step uses the fact that initially ¢ = 0 and a = 1. Neglecting the time

dependence of wy as we did earlier amounts to making the approximation
W, < wi, (12.35)

which is precisely the condition that wy is changing adiabatically. If this condition is
not satisfied in the late stages of inflation then gravitational particle production will
occur and it will no longer make sense to take the vacuum fluctuations of equation

(12.9) as initial conditions.

There’s another way to view this condition. Gravitational particle production will
occur unless wy, > H. Since this condition is automatically satisfied for £ > H consider
the opposite case k < H, for which w; ~ am. Then neglecting the time dependence
of m, Wy = am = Hm when a = 1, so the condition w; < w} is equivalent to the
condition m > H. In fact w, < w; is the stronger (and more accurate) condition
because it also specifies that m shouldn’t be changing rapidly, which would lead to
particle production irrespective of the value of H. However, all particle masses should
vary slowly during inflation because they should only depend on constants and on

the value of the inflaton, which must be changing slowly.

In the case of a field with m < H during inflation the approximation that the
field ends inflation in its ground state is no longer valid. In the limit m < H
the fluctuations of the field produced during inflation can be accurately described
by Hankel functions [3]. However in this case the fields will be copiously produced
during inflation, leading to severe cosmological problems. (See chapter 7). For this
reason we do not implement these Hankel function solutions in the lattice program.
In order to avoid the moduli problem associated with light fields it’s best to assume
that some mechanism must have given all scalar fields large masses during inflation,
in which case equation (12.9) is an accurate expression for the modes at the end of

inflation.
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12.3 Renormalization

As T've discussed, the justification for doing a classical calculation for quantum fields
is that once the field fluctuations are amplified sufficiently quantum effects are negli-
gible. There are some cases, however, when these quantum effects may be important,
and in such cases they may be (partially) accounted for through a simple form of

renormalization.

I won’t review the entire theory of renormalization in quantum field theory here.
It is discussed in many standard texts, e.g. [139]. I will simply note that the basic idea
is as follows. There is some quantity (e.g. a mass or a coupling constant) whose bare
value formally receives infinitely large quantum mechanical corrections. Although
the difference between the bare and measured values of this quantity may be infinite,
the differences between any two measurable quantities (e.g. the effective coupling
at two different energy scales) should remain finite and calculable. In practice these
calculations can be performed by adding to the Lagrangian terms that cancel these
infinite corrections. These cancellations can be tuned so as to fix the value of one
measurement, e.g. by matching the measured coupling at some particular energy.

Consider how this applies to the lattice calculations discussed here. Initially the
field fluctuations are only those representing quantum vacuum states. These fluctu-
ations affect couplings, masses, and the total energy of the system in a way that is

dependent on the lattice spacing. For example, consider the theory
V = \p* (12.36)

and rewrite the field ¢ as the sum of a homogeneous component ® and fluctuations
0¢. The effective potential felt by the homogeneous field ® will receive a correction

from the fluctuations equal to
3 2 2
OV =~ 5)\ < 0p° > 7. (12.37)

(The 3/2 arises from combinatorics.) I'm assuming all odd powers of d¢ vanish

on average. This correction represents an unphysical effect in the sense that its
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strength depends on the ultraviolet cutoff imposed by the lattice. In the limit of zero
lattice spacing where arbitrarily large momenta would be included on the lattice this
correction would become infinite. This effect could be eliminated, however, by adding

a renormalization term
3 2 2
V;"enormalization = _5)\ < 5d) > ¢ (1238)
or equivalently by adding the term
—3\ < 6¢° > ¢ (12.39)

to the equation of motion for ¢. Note that < d¢? > in this case refers to the initial
value that arises from quantum fluctuations, not to a dynamic quantity that changes
as the field evolves. Such changes represent physical effects and should not be elim-
inated. In effect this correction would fix the effective mass for ® (i.e. 9?°V/9®?) to
be flat at ® = 0 when the field is in the vacuum state.

The above example illustrates how a simple form of renormalization can be imple-
mented on the lattice. This procedure could in principle be used to renormalize any
mass, coupling constant, or energy term in the theory. Ordinarily these corrections
are not important because the quantum effects are quickly swamped as the fluctu-
ations become amplified. In some cases, however, quantum effects can change the
initial behavior of the system in important ways. For example in the theory

V= %W — %)\1@3 + 11—2)\v4 (12.40)
the cubic term contributes a linear term to V.;;(®) that causes the field to initially
start rolling away from zero. In this case we found it useful to eliminate this term by
adding

Vienormatization = A0 < 6¢° > (12.41)

to the equation of motion for ¢. See chapter 10.



Chapter 13

Computational Methods Used by
LATTICEEASY

13.1 Time Evolution: The Staggered Leapfrog
Method

LATTICEEASY uses a method called “staggered leapfrog” for solving differential
equations. In order to solve a second order (in time) equation you need to store
the value of the variable and its first time derivative at each step, and use these to
calculate the value of the second time derivative. The idea of staggered leapfrog is
to store the variables (i.e. the field values) and their derivatives at different times.
Specifically, if the program is using a time step dt and the field values are known at a
time ¢ then the derivatives will initially be known at a time ¢ — dt/2. Using the field
values the program can then calculate the second derivative f at time ¢ and use this
to advance f to t + dt/2. This value of f can in turn be used to advance f to ¢+ dt,

thus restarting the process. Schematically, this looks like

f(t) = f(t—dt)+dtf(t—dt)2) (13.1)
fe+dt/2) = f(t—dt/2)+dtfIf(D)]
flt+dt) = f(t)+dtf(t+dt)2)
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Because each step advances f or f in terms of its derivative at a time in the middle
of the step this method has higher order accuracy and greater stability than a simple
Euler method. However, the method relies on being able to calculate f in terms of
f at the time ¢, so both accuracy and stability are generally lost if f depends on the
first derivative f This is the reason we choose our rescalings so as to eliminate first
derivative terms in the equations of motion. Note that the evolution equation for the
scale factor does have a first derivative in it. Section 13.2 describes how this problem

is solved in the program.

To set the initial conditions for the staggered leapfrog calculations the field values
and derivatives must be desynchronized. The initial conditions are set at ¢ = 0 and
then the fields are advanced by an Euler step of size dt/2 to begin the leapfrog.

Thereafter all calculations are done in full, staggered steps.

13.2 Correction to the Scale Factor Evolution Equa-

tion to Account for Staggered Leapfrog

Using a staggered leapfrog algorithm means that in solving for d(t) the value of a is
known at ¢t — d/2 where d is the time step. See section 13.1 for more details. The

solution to this problem is to use the two equations
Gy ~a_ +di; a =~ §(a++a,) (13.2)

where a, and a_ refer to the values of @ at ¢t + d/2 and t — d/2 respectively and all

other variables are evaluated at time ¢.! Take the evolution equation to be

C.LZ

a

!Thanks to Julian Borrill for suggesting this solution.
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Plugging this form into equation (13.2) and eliminating a gives

. . Cr . . \2 dCy | dCy . . dCy . .
a+%a_+d<—ﬂ (a_|_+a_) +CQ> :—Zai—ﬁcq_a_—Za%—I—dC’g—i—a_
(13.4)
, 2a (dC, | J 2C% . dC, | 2C% . d°C,Cy dC, |
~ — | —a_+1% 2 _+1- 2 _
O+ dC, ( 2a -+ 4a? o=+ a -+ 4a? o=+ a + a “
. 2a 2a 2d01 . d20102
= —a_. — — + —4/1 _ . 13.5
a dCl dCl + a i+ a ( )

To determine whether to use the plus or minus sign in equation (13.5) consider the

limit as d — 0. In this limit

vr il - oy 20 20O —2—“i<2—“+2'> (13.6)
“E T 0, T ac a """ a0, T \ac, ") '

This suggests that the plus sign must be used in order to reduce to the limit a, ~ a_.

2 2d 2
iy~ —a — 2 (1—\/1+ Cio 4 CICQ). (13.7)

a a

Hence

In the program it’s useful to calculate @, which is roughly (a4 —a_)/d, so

. 1 . 2a 2d01a_ d20102
awa|:—2a_—d—a<1—\/1+ a + a )

(13.8)

} . (13.9)

There are two contexts in which the lattice program needs to calculate spatial deriva-

Thus equation (12.7) becomes

1 4da_ 1 1
d%—{—%_—g [1—J1+ - +d2ﬂa—2 <§Vfi|2+a2V>
a

d d A?

13.3 Spatial Derivatives

tives. The first is in the evolution equations, which include a Laplacian term V?f.

The second is in calculating the field gradients |V f|?, both for total energy and for
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the scale factor evolution.

The Laplacian is calculated using a simple nearest-neighbor scheme

_|_

0*f 0°f N o0 f 1
ox2 ' 9y? | 022 da?

> f=6f(z,y, z)) (13.10)
neighbors
where dx is the lattice spacing and the sum over neighbors is taken over the six lattice
points adjacent to (x,y, z). We tried on several occasions using a higher order scheme
involving twice removed neighbors, but never found any noticeable difference in the
results.

Gradients could be calculated using a similar formula, but it turns out there is a
more accurate way that is no more computationally expensive.? This simplification is
made possible by the fact that the gradients are only needed for sums over the entire
lattice. Since the lattice is periodic we can use integration by parts with no surface

term, i.e.

Y. IVIP== 3 VL (13.11)

lattice lattice

We can thus use the Laplacian formula above for the gradients as well. Switching from
a direct calculation of the gradients to this indirect method improved our calculation
of the total energy so much that the amount of energy nonconservation in our runs

decreased by more than an order of magnitude!

13.4 The Accuracy of the Simulations

13.4.1 The Classical Approximation

As mentioned before, frequently used approximation schemes such as linear analysis
or the Hartree approximation are inadequate for preheating problems, which typi-
cally involve significant rescattering. Lattice simulations automatically account for
all rescattering effects, but one may legitimately ask whether these simulations involve

other, potentially dangerous approximations.

2Thanks to Ue-Li Pen for this suggestion.
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Of course any numerical calculations suffer from a certain amount of inaccuracy.
In addition to simple roundoff errors lattice simulations also contain errors due to
their inherent ultraviolet (grid spacing) and infrared (box size) cutoffs. Section 13.4.2

discusses how such errors are monitored and controlled in our simulations.

On a more fundamental level, however, simulations such as ours employ the clas-
sical approximation. In other words we simply solve the classical equations of motion
for the fields in our system, neglecting all quantum mechanical effects. This ap-
proximation may seem unjustifiable, particularly given that the initial fluctuations
that seed reheating in inflationary cosmology are quantum mechanical in origin. In
preheating, however, these fluctuations are rapidly amplified to exponentially large

amplitudes, which permits us to neglect quantum effects.

More precisely, the classical limit of a field theory occurs when the occupation
number becomes much larger than one. For a scalar field ¢ the occupation number
of a particular mode ¢y is given by

(srlonl + nP). (13.12)

1
nk:§

where

wr = Vk? +m?. (13.13)

In the vacuum the field has expectation values

1
(lé*) = S (13.14)
(163]) = % (13.15)
and thus .
(ne) = 5- (13.16)

In all of our simulations preheating rapidly drives the fields to a state where n; > 1.

In fact it turns out that not all modes on the lattice are amplified in this way, but
the ones that aren’t make an exponentially small contribution to the field dynamics.

More specifically, preheating amplifies infrared modes, so for any particular model
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there will be a certain cutoff in momentum space above which the modes aren’t
amplified. To ensure that all relevant physics is included in the simulation the lattice
spacing should be small enough to include all modes below this cutoff. Then the
small wavelength modes that remain unamplified make no appreciable difference.
This assertion can (and should) always be checked for a given model by verifying

that the results are insensitive to the exact lattice spacing used.

Finally, one might wonder if the initial stages of the calculation are a source for
concern since in these stages all of the fluctuations have small occupation numbers.
While this concern is valid in principle, it turns out to be irrelevant in practice.
The final outcome of preheating in a particular model is determined by feedback
mechanisms that come into play when the fluctuations are large and rescattering
important. In all of the models we have examined to date the final results proved to be
extremely insensitive to the details of the initial conditions, which leads us to believe
that any potential inaccuracies in our treatment of the first stages of preheating should
have little or no effect on our conclusions. Nonetheless such concerns are ultimately
valid ones and must be rechecked for each model that one wishes to examine using

the classical approximation.

13.4.2 Numerical Accuracy

There are numerous ways to monitor the numerical accuracy of a calculation. These
include straightforward, “brute-force” methods of trial and error. For example one
should always vary quantities such as the time step and random number seeds (used
in the initial conditions, see section 12.2.1) to make sure that the final results are

insensitive to changes in these quantities.

Another useful trick is to monitor one or more conserved quantities. In the case
of field theory in Minkowski space it is a straightforward task to compute the total
energy on the lattice. All of our Minkowski space simulations conserve total energy
to within a few percent, and virtually all of them do so to within at most a few tenths

of a percent.
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Minkowski space is only an approximation, however, useful in cases where ex-
pansion can be neglected. In an expanding universe the situation is a little more
complicated because energy density is not conserved, but rather decreases in a way
determined by the expansion rate and the equation of state of the fields. This red-
shifting of energy is described by the continuity equation

ﬁ+3g(p+3p) —0. (13.17)

Equation (13.17) can be derived from the Friedmann equations, so if these are being
solved exactly then the continuity equation will be obeyed as well. So a simple way
to check energy conservation in an expanding universe is to use one of the Friedmann
equations, equations (12.2) and (12.3) to evolve the scale factor and then check if the
other is being satisfied as well. In practice the program uses a combination of these
two equations so either one can be used as a check of energy conservation. We use
equation (12.3), i.e. )

(g) - %p. (13.18)
So when expansion is being included in a simulation the program periodically calcu-

lates
8
H?/ (gp) . (13.19)
This quantity should remain close to 1 throughout the run. We have generally found
that the deviation of this ratio from one is comparable to the lack of energy conser-
vation for runs done with the same models without expansion. We have also checked

that using the second Friedmann equation, equation (12.2), gives essentially the same

results as this method.

Finally, even assuming all the numerics are done accurately, there is an inherent
inaccuracy in any lattice calculation related to the ultraviolet and infrared cutoffs
imposed by the lattice. A cubic lattice in position space will have a discrete Fourier
transform corresponding to a cubic lattice in momentum space. The largest momen-

tum modes will have a wavelength of the order of the lattice spacing, and the smallest
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momentum modes will have a wavelength of the order of the total box size.® This
means that if there is significant physics occurring at wavelengths outside this range
the lattice will simply not see it, no matter how small a time step you use.

There are a number of ways to minimize the effect of this problem. The first
is to know the physics of the system you are considering. For all the problems we
have solved on the lattice the relevant wavelengths could be approximately calcu-
lated analytically, and the lattice could be used to verify these calculations. Note
that such considerations may limit the range of parameter space available for lattice
calculations. If a problem has two important wavelengths that differ by ten orders
of magnitude then a lattice simulation such as ours can not possibly hope to include
them both. As long as all the most important wavelengths occur within a couple of
orders of magnitude of each other, though, they can typically be treated accurately.

Secondly, as with variables such as the time step, there’s no substitute for a little
trial and error. As much as possible we would vary the size of our box and lattice
spacing to make sure that we were in a realm where our results were insensitive to
such changes. This procedure doesn’t guard against relevant effects occurring far
outside the range of the simulations, but it at least ensures that in the general area
of momentum space being considered the lattice isn’t imposing any limitations.

Finally, it’s important to monitor the spectrum of the fields in order to see which
modes are playing the most significant roles. In the case of preheating the spectrum
typically looks relatively flat at long wavelengths and then has an exponential cutoff
at some point. Thus as long as we kept the lattice spacing small enough to include
modes up to the cutoff in momentum space we felt confident we weren’t missing

important ultraviolet physics.

3Strictly speaking this is not true because the lowest momentum mode is k = 0, corresponding
to a perfectly homogeneous field. The lowest nonzero momentum, however, will correspond to a
wavelength comparable to the box size.

4Note that in the limit of zero lattice spacing these ultraviolet modes would make an infinitely
large contribution to the field dynamics. For more discussion of this issue see section 12.3 on
renormalization.
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Conclusion: My Philosophical
Ramblings
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Working in cosmology has one great advantage over work in many other areas of
physics. In all areas of physics the mathematical and other tools used can be compli-
cated and often provide a barrier between those working in the field and others who
might be interested in the results of that work. It is difficult for most working physi-
cists to explain to someone outside the field what they do, or sometimes even why the
questions they are working on are interesting and worth pursuing. In many cases this
difficulty arises not because the problems are unimportant but simply because there
is a great deal of technical background required to understand them. In cosmology
it is still true that the tools we use are often highly technical and mathematically
complex. However the questions we are trying to answer are in many cases the same

questions that people have always wondered about.

Has the universe been here forever or did it have a beginning? Is it infinite or
finite? Where did all the different things in it come from? Will the universe be here
forever or someday be destroyed? Is our position in the universe unusual or typical?
All of these and many other questions like them seem so basic to human nature that
in general it requires no explanation for people to understand why we in the field

consider these problems worth pursuing.

[ am not claiming that cosmology has answered these questions, or even that it
ever will. T do believe, however, that whether or not we ever achieve a complete
understanding of these issues we can make progress on refining our understanding of
them. What will be the fate of the universe? Our current theories and observations
seem to indicate that it will expand forever. Where did the all the matter in the
universe come from? If inflationary theory is correct it came from the decay of the
energy of a single field. Where did that field originally come from? That is one of the
many questions we don’t have an answer to. And if we ever have a complete physical
theory of the universe from beginning to end we will still be left with the question of
why that theory should be true, and not some other. I don’t believe science can in

principle address that question.

On the whole, however, I believe that science is capable of making progress on
answering many of the basic questions that humans have wondered about throughout

the ages. I think that the last century has seen tremendous progress in that direction,
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and the century to come will see even more than that. Ultimately, it is these questions

that have motivated me in all the work presented here.

“I want to know God’s thoughts. The rest are details.” - Albert Einstein
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