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Abstra
t
For the last two de
ades the dominant paradigm in early-universe 
osmology hasbeen the theory of in
ation. A

ording to this theory the universe underwent abrief period of exponential expansion during whi
h it be
ame nearly homogeneous ons
ales mu
h larger than those we 
an observe today. The theory also states that thedensity of matter during this period nearly vanished, and all the matter we observein the universe today was produ
ed after in
ation in a pro
ess known as reheating.Although the basi
 me
hanisms of in
ation are well understood and a

epted, manyunresolved problems remain 
on
erning the produ
tion of matter after in
ation andthe subsequent transition to a more traditional, hot big bang model of the evolutionof the universe. These problems are parti
ularly diÆ
ult be
ause we do not know the
orre
t e�e
tive theory of physi
s for the energy s
ales relevant to in
ationary theory,and be
ause most models that we 
an 
onsider involve non-perturbative, nonlinearintera
tions that 
an only be fully studied using numeri
al te
hniques.The resear
h des
ribed here 
onsists of a 
ombination of analyti
al and numeri
alwork aimed at des
ribing the possible me
hanisms of reheating. My 
ollaboratorsand I have studied the e�e
ts of parametri
 resonan
e, symmetry breaking and phasetransitions, gravitational parti
le produ
tion, ta
hyoni
 (aka spinodal) instability, anda novel me
hanism of reheating that we 
all "instant preheating." We investigatedthese e�e
ts in the 
ontext of single �eld in
ation models with polynomial potentials,single �eld models with no minima, and multi-�eld hybrid in
ation models. We foundthat many in
ationary models 
ould be ruled out on the basis of 
osmologi
ally una
-
eptable 
onsequen
es su
h as domain walls, moduli �elds, or ex
essive iso
urvature
u
tuations. Conversely we found that some seemingly impossible models 
ould beiv



res
ued by means of a se
ondary stage of in
ation, or by instant preheating.Mu
h of this work required the use of numeri
al 
al
ulations, and in many 
asesonly full s
ale latti
e simulations 
ould 
apture the nonlinear dynami
s. Over thepast several years I have been one of the two developers of a C++ latti
e programfor simulating the evolution of intera
ting s
alar �elds. This program, 
alled LAT-TICEEASY, has been a key element of the resear
h des
ribed in this thesis. Theprogram is now available on the World Wide Web athttp://physi
s.stanford.edu/gfelder/latti
eeasy/.
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We are a bit of stellar matter gone wrong. We are physi
al ma
hinery -puppets that strut and talk and laugh and die as the hand of time pullsthe strings beneath. But there is one elementary ines
apable answer. Weare that whi
h asks the question. -Sir Arthur EddingtonAs an adoles
ent I aspired to lasting fame, I 
raved fa
tual 
ertainty, andI thirsted for a meaningful vision of human life - so I be
ame a s
ientist.This is like be
oming an ar
hbishop so you 
an meet girls.- Matt CartmillLet's start at the very beginning. A very good pla
e to start.- Julie Andrews in \The Sound of Musi
"

ix



x



Contents
Abstra
t ivA
knowledgements viI Introdu
tion 11 Motivation 22 Outline of the Thesis 53 A Primer on In
ation 73.1 The Big Bang Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 73.1.1 Overview of the Model . . . . . . . . . . . . . . . . . . . . . . 73.1.2 Initial Condition Problems . . . . . . . . . . . . . . . . . . . . 93.1.3 Reli
 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 113.1.4 Summary of the Problems With the Big Bang Model . . . . . 113.2 In
ation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123.2.1 Why In
ation O

urs . . . . . . . . . . . . . . . . . . . . . . . 133.2.2 Some Basi
 Consequen
es of In
ation . . . . . . . . . . . . . . 163.3 Reheating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18II Me
hanisms of Reheating 204 Introdu
tion to the Resear
h 21xi



5 Instant Preheating 255.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265.2 Instant preheating: The basi
 idea . . . . . . . . . . . . . . . . . . . . 275.3 The simplest models . . . . . . . . . . . . . . . . . . . . . . . . . . . 295.4 Fat wimpzillas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 345.5 Instant Preheating and NO Models . . . . . . . . . . . . . . . . . . . 365.6 Con
lusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 366 In
ation and Preheating in NO Models 396.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 406.2 Iso
urvature perturbations in NO Models . . . . . . . . . . . . . . . . 416.3 Cosmologi
al produ
tion of gravitinos and moduli �elds . . . . . . . . 466.4 Saving NO models: Instant preheating . . . . . . . . . . . . . . . . . 496.4.1 Initial 
onditions for in
ation and reheating in the model withintera
tion g22 �2�2 . . . . . . . . . . . . . . . . . . . . . . . . 506.4.2 Instant preheating in NO models . . . . . . . . . . . . . . . . 526.5 Other versions of NO models . . . . . . . . . . . . . . . . . . . . . . . 567 Gravitational Parti
le Produ
tion and the Moduli Problem 587.1 Chapter Abstra
t . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 587.2 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 597.3 Moduli problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 617.4 Generation of light parti
les from and after in
ation . . . . . . . . . 667.5 Light moduli from in
ation . . . . . . . . . . . . . . . . . . . . . . . 718 In
ation After Preheating 778.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 788.2 Theory of the phase transition . . . . . . . . . . . . . . . . . . . . . . 798.3 Simulation Results and Their Interpretation . . . . . . . . . . . . . . 838.4 Nonthermal phase transitions and produ
tion of topologi
al defe
ts . 898.5 Con
lusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93xii



9 The Development of Equilibrium After Preheating 949.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 959.2 Cal
ulations in Chaoti
 In
ation . . . . . . . . . . . . . . . . . . . . . 979.2.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 979.2.2 The Output Variables . . . . . . . . . . . . . . . . . . . . . . 989.2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1019.3 Other Models of In
ation and Intera
tions . . . . . . . . . . . . . . . 1079.3.1 Variations on Chaoti
 In
ation With a Quarti
 Potential . . . 1079.3.2 Chaoti
 In
ation with a Quadrati
 Potential . . . . . . . . . . 1089.3.3 Hybrid In
ation . . . . . . . . . . . . . . . . . . . . . . . . . . 1099.4 The Onset of Chaos, Lyapunov Exponents and Statisti
s . . . . . . . 1119.5 Rules of Thermalization . . . . . . . . . . . . . . . . . . . . . . . . . 1179.6 Dis
ussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11810 Dynami
s of Symmetry Breaking and Ta
hyoni
 Preheating 12310.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12410.2 Ta
hyoni
 Instability and symmetry breaking . . . . . . . . . . . . . 12510.2.1 Quadrati
 potential . . . . . . . . . . . . . . . . . . . . . . . . 12510.2.2 Cubi
 potential . . . . . . . . . . . . . . . . . . . . . . . . . . 13010.3 Ta
hyoni
 preheating in hybrid in
ation . . . . . . . . . . . . . . . . 133III LATTICEEASY: Latti
e Simulations of S
alar FieldDynami
s 13811 Introdu
tion to LATTICEEASY 13911.1 Latti
e Simulations and Cosmology . . . . . . . . . . . . . . . . . . . 14011.2 My Contributions to LATTICEEASY . . . . . . . . . . . . . . . . . . 14112 Equations 14312.1 Evolution Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 14312.1.1 Field Equations and Coordinate Res
alings . . . . . . . . . . . 14312.1.2 S
ale Fa
tor Evolution . . . . . . . . . . . . . . . . . . . . . . 144xiii



12.2 Initial Conditions on the Latti
e . . . . . . . . . . . . . . . . . . . . . 14512.2.1 Initial Conditions for Field Flu
tuations . . . . . . . . . . . . 14512.2.2 Initial Conditions for Field Derivative Flu
tuations . . . . . . 14812.2.3 Standing Waves . . . . . . . . . . . . . . . . . . . . . . . . . . 14912.2.4 The Adiabati
 Approximation . . . . . . . . . . . . . . . . . . 15112.3 Renormalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15313 Computational Methods Used by LATTICEEASY 15513.1 Time Evolution: The Staggered LeapfrogMethod . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15513.2 Corre
tion to the S
ale Fa
tor Evolution Equation to A

ount for Stag-gered Leapfrog . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15613.3 Spatial Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15713.4 The A

ura
y of the Simulations . . . . . . . . . . . . . . . . . . . . 15813.4.1 The Classi
al Approximation . . . . . . . . . . . . . . . . . . 15813.4.2 Numeri
al A

ura
y . . . . . . . . . . . . . . . . . . . . . . . 160IV Con
lusion: My Philosophi
al Ramblings 163Bibliography 167

xiv



List of Figures
7.1 Flu
tuations vs. mode frequen
y at a late time. The lower plots showruns that started 
lose to the end of in
ation, with initial 
onditionsfk = 1p2ke�ikt. The starting times range from �0 = 1:5Mp (lowest
urve) up through �0 = 2Mp. The highest 
urve shows the Hankelfun
tion solutions given by eqs. (7.20) and (7.21) As we see, 
al
ula-tions with fk = 1p2ke�ikt produ
e the 
orre
t spe
trum at large k butunderestimate the level of quantum 
u
tuations at small k. . . . . . . 698.1 The spatial average of the in
ation �eld � as a fun
tion of time. The�eld � is shown in units of v, the symmetry breaking parameter. Timeis shown in Plan
k units. . . . . . . . . . . . . . . . . . . . . . . . . . 848.2 The spatial average of the in
ation �eld � as a fun
tion of time in thevi
inity of the phase transition. The left �gure shows the �eld justbefore the phase transition and at the moment of the transition. The�eld os
illates with an amplitude approa
hing 10�3v. The right �gureshows the �eld � after the phase transition, when it os
illates near the(time-dependent) position of the minimum of the e�e
tive potential at� � v. Time is shown in Plan
k units. . . . . . . . . . . . . . . . . . 868.3 These plots show the region of spa
e in whi
h symmetry breaking haso

urred at four su

essive times. . . . . . . . . . . . . . . . . . . . . 878.4 The s
ale fa
tor a as a fun
tion of time. In the beginning a � pt,whi
h is a 
urve with negative 
urvature, but then at some stage itbegins to turn upwards, indi
ating a short stage of in
ation. . . . . . 88xv



8.5 The se
ond derivative of the s
ale fa
tor, �a. A universe dominated byordinary matter (relativisti
 or nonrelativisti
) will always have �a < 0,whereas in an in
ationary universe �a > 0. We see that starting fromthe moment t � 2 � 1012 (in Plan
k units) the universe experien
esa

elerated (in
ationary) expansion. . . . . . . . . . . . . . . . . . . . 898.6 The ratio of pressure to energy density p=�. (Values were time averagedover short time s
ales to make the plot smoother and more readable.) 909.1 Number density n for V = 14��4+ 12g2�2�2. The plots are, from bottomto top at the right of the �gure, n�, n�, and ntot. The dashed horizontalline is simply for 
omparison. The end of exponential growth and thebeginning of turbulen
e (i.e. the moment t�) o

urs around the timewhen ntot rea
hes its maximum. . . . . . . . . . . . . . . . . . . . . . 1029.2 Evolution of the spe
trum of � in the model V = 14��4+ 12g2�2�2. Redplots 
orrespond to earlier times and blue plots to later ones. For bla
kand white viewing: The sparse, lower plots all show early times. Inthe thi
k bundle of plots higher up the spe
trum is rising on the rightand falling on the left as time progresses. . . . . . . . . . . . . . . . . 1039.3 Varian
es for V = 14��4 + 12g2�2�2. The upper plot shows h��� ���2iand the lower plot shows h(�� ��)2i. . . . . . . . . . . . . . . . . . . 1049.4 E�e
tive masses for V = 14��4+ 12g2�2�2 as a fun
tion of time in unitsof 
omoving momentum. The lower plot is m� and the upper one is m�. 1069.5 Time evolution of the e�e
tive masses for the model V = 14��4 +12g2�2�2 + 12h2�2�2. From bottom to top on the right hand side theplots show m�, m�, and m�. . . . . . . . . . . . . . . . . . . . . . . . 1079.6 Evolution of varian
es of �elds in the model (9.25). The two �elds thatgrow at late times, in order of their growth, are � and Im(�). . . . . 1119.7 The Lyapunov exponent � for the �elds � (lower 
urve) and � (upper
urve). The verti
al axis is �t. . . . . . . . . . . . . . . . . . . . . . . 1139.8 The Lyapunov exponent �0 for the �elds � and � using the normalizeddistan
e fun
tion �. . . . . . . . . . . . . . . . . . . . . . . . . . . . 114xvi



9.9 The probability distribution fun
tion for the �eld � after preheating.Dots show a histogram of the �eld and the solid 
urve shows a best-�tGaussian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1159.10 Deviations from Gaussianity for the �eld � as a fun
tion of time. Thesolid, red line shows 3hÆ�2i2=hÆ�4i and the dashed, blue line shows3hÆ _�2i2=hÆ _�4i. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1169.11 Deviations from Gaussianity for the �eld � as a fun
tion of time. Thesolid, red line shows 3hÆ�2i2=hÆ�4i and the dashed, blue line shows3hÆ _�2i2=hÆ _�4i. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1169.12 V = 1=4��4. (Note that the verti
al s
ale is larger than for the subse-quent plots.) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1209.13 V = 1=4��4 + 1=2g2�2�2, g2=� = 200. The upper 
urve represents n�. 1209.14 V = 1=4��4 + 1=2g2�2�2 + 1=2h2�2�2, g2=� = 200, h2 = 100g2. Thehighest 
urve is n�. The number density of � diminishes when n� grows.1209.15 V = 1=4��4 + 1=2g2�2�2 + 1=2h2i�2�2i , g2=� = 200, h21 = 200g2; h22 =100g2. The pattern is similar to the three-�eld 
ase until the growthof �2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1209.16 V = 1=4��4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1219.17 V = 1=4��4 + 1=2g2�2�2, g2=� = 200. The spe
tra of � and � are nearlyidenti
al. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1219.18 V = 1=4��4 + 1=2g2�2�2 + 1=2h2�2�2, g2=� = 200, h2 = 100g2 The � and� spe
tra are similar, but � rises in the infrared). The spe
trum of � ismarkedly di�erent from the others. . . . . . . . . . . . . . . . . . . . . . 1219.19 V = 1=4��4+1=2g2�2�2+1=2h2i�2�2i , g2=� = 200, h21 = 200g2; h22 = 100g2.All �elds other than the in
aton have nearly identi
al spe
tra. . . . . . . 1219.20 V = 1=2m2�2 + 1=2g2�2�2, g2M2p=m2 = 2:5 � 105. The upper 
urverepresents n�. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1229.21 V = 1=2m2�2 + 1=2g2�2�2 + 1=2h2�2�2, g2M2p=m2 = 2:5 � 105, h2 =100g2. The highest 
urve is n�. The �eld that grows latest is �. . . . 1229.22 V = 1=2m2�2 + 1=2g2�2�2, g2M2p=m2 = 2:5 � 105. The upper 
urverepresents the spe
trum of �. . . . . . . . . . . . . . . . . . . . . . . 122xvii



9.23 V = 1=2m2�2 + 1=2g2�2�2 + 1=2h2�2�2, g2M2p=m2 = 2:5 � 105, h2 =100g2 The � and � spe
tra are similar, while the spe
trum of � risesmu
h higher in the infrared. . . . . . . . . . . . . . . . . . . . . . . . 12210.1 The pro
ess of symmetry breaking in the model (10.1) for � = 10�4.In the beginning the distribution is very narrow. Then it spreads outand shows two maxima that os
illate about � = �v with an amplitudemu
h smaller than v. These maxima never 
ome 
lose to the initialpoint � = 0. The values of the �eld are shown in units of v. . . . . . . 12910.2 Growth of quantum 
u
tuations in the pro
ess of symmetry breakingin the quadrati
 model (10.1). . . . . . . . . . . . . . . . . . . . . . 13010.3 The development of domain stru
ture in the quadrati
 model (10.1). 13110.4 The pro
ess of symmetry breaking in the model (10.1) for a 
omplex�eld �. The �eld distribution falls down to the minimum of the e�e
tivepotential at j�j = v and experien
es only small os
illations with rapidlyde
reasing amplitude j��j � v. . . . . . . . . . . . . . . . . . . . . . 13210.5 The distribution of strings in the model (10.1) for a 
omplex �eld �. . 13310.6 Fast growth of the peaks of the distribution of the �eld � in the 
ubi
model (10.4). It should be 
ompared with Fig. 10.2 for the quadrati
model (10.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13410.7 Histograms des
ribing the pro
ess of symmetry breaking in the model(10.4) for � = 10�2. After a single os
illation the distribution a
quiresthe form shown in the last frame and after that it pra
ti
ally does notos
illate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13510.8 The pro
ess of symmetry breaking in the hybrid in
ation model (10.6)for g2 � �. The �eld distribution moves along the ellipse g2�2+��2 =g2�2
 from the bifur
ation point � = �
, � = 0. . . . . . . . . . . . . . 136
xviii



Part IIntrodu
tion

1



Chapter 1
Motivation
The topi
 of this thesis is reheating after in
ation. Put in a more general way, I intendto talk about where all the matter we see in the universe (in
luding dark matter) 
amefrom. Cosmologists today generally believe that this matter was produ
ed about15 billion years ago following a period of rapid expansion known as in
ation. Thetheory of in
ation, in
luding this period of matter produ
tion known as reheating, isa modi�
ation of the standard big bang model of 
osmology developed early in this
entury by Einstein, Hubble, Friedmann, and others.Mu
h of the thesis is fairly te
hni
al and assumes a basi
 knowledge of generalrelativity and quantum �eld theory. For the sake of 
ompleteness, however, I havewritten a self-
ontained \in
ation primer" outlining the basi
 stru
ture of the bigbang model, the motivations for in
ation as a modi�
ation of that model, and someof the key ideas in the theory of in
ation and reheating.Subsequent 
hapters will explain work I have done exploring di�erent me
hanismsby whi
h reheating 
an o

ur. The wide variety of models being 
onsidered is are
e
tion of our 
urrent state of ignoran
e about the early universe. On the one handwe have no dire
t observational knowledge of any pro
esses that o

urred before thetime of nu
leosynthesis, i.e. the formation of nu
lei of the light elements su
h asdeuterium, helium, and lithium. In
ation was 
ertainly over long before this period.On the other hand we have very little theoreti
al guidan
e as to what model to use fordes
ribing physi
s at the high energy s
ales that prevailed during the time of in
ation.2



3Most theorists agree that the standard model of parti
le physi
s that des
ribes all ofphysi
s at the energy s
ales we 
an observe is almost 
ertainly not valid at energys
ales mu
h higher than our 
urrent observations. We have many ideas about possibleelements of a theory of high energy physi
s, in
luding supersymmetry, Grand Uni�edTheories, and string theory, but no spe
i�
 model has been formulated and tested forphysi
s at high energies.1So the physi
s of the early universe has not been observed, and the theory des
rib-ing it is not known. Given su
h a dearth of knowledge it might seem that resear
hinto in
ation would be hopeless. It turns out, however, that many results 
an beformulated that seem to be generi
 a
ross a wide spe
trum of possible models. Someof the generi
 predi
tions of in
ation have already been tested and others are likely tobe tested in the next 5-10 years, mostly by experiments testing in detail the propertiesof the mi
rowave ba
kground radiation.Moreover, a lot of important work has been done and 
ontinues to be done explor-ing the parameter spa
e of possible in
ationary models. On the observational sidewe 
an use 
urrently available data to 
onstrain the spa
e of in
ationary models, andover the last de
ade this te
hnique has allowed us to eliminate many 
andidate mod-els. On the theoreti
al side we 
an use ideas su
h as supersymmetry and supergravityto guide our sear
hes for in
ationary models and explore some of the 
onsequen
esof models that in
orporate those theoreti
al ideas. As better experimental and the-oreti
al results be
ome available our modeling will be more tightly 
onstrained. Of
ourse the hope is to eventually have a 
lear theoreti
al knowledge of what �elds andintera
tions exist at high energies, use our knowledge of in
ation to make detailed,testable predi
tions within that model, and have the experimental sophisti
ation totest those predi
tions. We are still a long way from a

omplishing any of those threegoals, but progress is being made on all three.1By high energies I mean anything from the s
ale of our 
urrent observations, roughly 1000 GeV,up to the Plan
k s
ale at about 1019 GeV. Within this range it is still likely that physi
s is des
ribedby some quantum �eld theory, but we don't know the spe
i�
 �elds and intera
tions involved.At energies above the Plan
k s
ale quantum �eld theory itself may break down be
ause quantum
u
tuations of spa
etime be
ome important. Unless I spe
ify otherwise I will always use "highenergy theory" to mean something in the range from 103 to 1019 GeV. Essentially all in
ationarymodels involve typi
al energy s
ales within this range.



4 CHAPTER 1. MOTIVATIONGiven all of this, I view the role of in
ationary theorists in the following way. Weneed to understand what me
hanisms and predi
tions hold generi
ally in in
ation.We need to explore the spa
e of models and �gure out what observational signatures,if any, would allow us to distinguish between these models. Finally we need to developte
hniques of analysis, both analyti
al and numeri
al, that are general enough to beof use as the theoreti
al and observational foundation of our work 
hanges. It is inthe spirit of these goals that the work presented here was done.



Chapter 2
Outline of the Thesis
This thesis is divided into three main se
tions. The �rst se
tion 
ontains generalintrodu
tory material (in
luding this outline), followed by a short in
ation primer.The material in the primer does not assume any knowledge of advan
ed physi
s andit should serve as a general introdu
tion for anyone not familiar with the �eld of
osmology. It des
ribes the standard big bang theory that has held sway for most ofthis 
entury, why many people 
ame to believe this theory was in need of modi�
ation,and how in
ationary theory has been able to address some of the problems with thestandard big bang 
osmology. Finally, the introdu
tion ends with a brief dis
ussionof reheating, the pro
ess by whi
h we believe all the matter in the observable universewas generated.The following se
tion, part II, 
onstitutes the main bulk of the thesis. The 
haptersin this se
tion are adapted from the papers that I have 
o-authored as part of mygraduate resear
h. In general, these 
hapters des
ribe di�erent me
hanisms by whi
hreheating 
an o

ur and the 
onsequen
es of those di�erent pro
esses. A more detailedoutline of the material in the 
hapters and my spe
i�
 role in the di�erent aspe
ts ofthe resear
h is presented at the beginning of part II.A good deal of the resear
h des
ribed here has been done with the help of latti
esimulations. Building on a program originally written by Igor Tka
hev I developed aC++ program for performing su
h simulations of �elds in the early universe. Mu
hof my graduate work has been devoted to developing this program. This work has5



6 CHAPTER 2. OUTLINE OF THE THESISin
luded aspe
ts of physi
s, mathemati
s, and programming. The �nal se
tion of thethesis is thus a des
ription of these latti
e simulations. The website I 
reated for thelatti
e program 
ontains detailed do
umentation on the internal fun
tioning and theuse of the program itself. In this thesis I 
on
entrate instead on the physi
s underlyingthe simulations. I also des
ribe in more detail there the separate 
ontributions thatDr. Tka
hev and I ea
h made to this work.



Chapter 3
A Primer on In
ation
3.1 The Big Bang Model3.1.1 Overview of the ModelFor most of this 
entury our view of the large s
ale stru
ture and history of theuniverse has been dominated by the big bang model. A

ording to this model theuniverse at early times was a nearly homogeneous expanding 
olle
tion of high energyparti
les in thermal equilibrium. As the universe expanded and 
ooled very smallinhomogeneities were then ampli�ed by gravity and 
ollapsed to form the stru
tureswe see today su
h as 
lusters, and galaxies. Extrapolating ba
kwards, on the otherhand, that homogeneous �reball would have had higher temperatures and densitiesat earlier times, ultimately rea
hing in�nite density at a time 
alled the big bang,about 15 billion years ago.This model is in perfe
t a

ord with the theory of general relativity, whi
h predi
tsthat a universe with the initial 
onditions spe
i�ed by the model will expand and 
oolin exa
tly that way. Moreover there have been many observational 
on�rmations ofthe big bang model. These 
on�rmations in
lude the apparent motions of distantobje
ts relative to us, the ele
tromagneti
 radiation emitted in the early universeand dete
table now in the form of mi
rowaves, and the abundan
es of light elementspredi
ted by the theory of nu
leosynthesis.7



8 CHAPTER 3. A PRIMER ON INFLATIONI want to fo
us in parti
ular on the latter of these. Nu
lear theory is well testedand understood, and by applying this theory to a homogeneous, expanding medium athigh temperature we 
an predi
t what relative abundan
es of hydrogen, deuterium,helium, and lithium nu
lei should have emerged when these nu
lei were formed inthe early universe. These predi
tions a

urately mat
h the observational data. Thismat
h is parti
ularly important be
ause it provides the earliest observational eviden
ewe have for the big bang model. We have no dire
t measurements of any pro
essesthat o

urred before nu
leosynthesis. So in that sense we are free to imagine anydeviations we wish from the big bang model before that point. However, sin
e itseems unlikely that a very di�erent s
enario would give the same predi
tions for theseabundan
es, any su
h models are 
onstrained to redu
e to the big bang s
enario bythe time of nu
leosynthesis.Given how su

essful the big bang model has been in mat
hing essentially everyobservation to date one might legitimately wonder why we would want to modify it atall, rather than just a

epting it straight ba
k to the moment of the big bang. Su
ha 
omplete extrapolation of the theory is not possible, however, be
ause of 
ertainlimitations of our theories of high energy physi
s. When we talk about extrapolatingba
kwards in the big bang model we are referring to running the equations of generalrelativity ba
kwards to earlier times and higher densities. We know, however, thatgeneral relativity 
eases to be valid when we try to des
ribe a region of spa
etimewhose density ex
eeds a 
ertain value known as the Plan
k density, roughly 1096 kgm3 .If we try to 
onsistently apply quantum me
hani
s and general relativity at su
h adensity we �nd that quantum 
u
tuations of spa
etime should be important, and wehave no theory that des
ribes su
h a situation.So the best we 
an do in using the big bang model to des
ribe the very earlyuniverse is the following. At some point in the past the density of the universe wasabove the Plan
k density. We don't know what physi
s governs su
h a 
ase so we 
anmake no predi
tions based on it. Somehow this super-Plan
kian state (sometimes
alled spa
etime foam) gave rise to at least one region of sub-Plan
kian density withthe right initial 
onditions to produ
e the universe we 
urrently see. From now onwhen I refer to the \initial 
onditions" for our universe I will mean the state that the



3.1. THE BIG BANG MODEL 9observable part of the universe was in after the density �rst be
ame sub-Plan
kianand the universe (or at least this region of it) 
ould thus be des
ribed 
lassi
ally.Even in this more limited sense, however, there are 
ertain problems with extend-ing the big bang model ba
k to the beginning of the universe. These problems 
anbe 
ategorized into \initial 
ondition problems" and \reli
 problems." I de�ne whatea
h of these are in the following two se
tions.3.1.2 Initial Condition ProblemsThese problems 
onsist of a number of seemingly �ne-tuned aspe
ts of the earlyuniverse in the big bang model. For example, we know that the universe was almostperfe
tly homogeneous at early times. Su
h statements are, to one way of thinking,not problems at all. As I dis
ussed in the previous se
tion, we do not know whatphysi
s gave rise to these initial 
onditions, so they are free parameters of the theory.Put another way, we 
an imagine that somewhere in the ultra-high energy physi
stheory that we don't yet know is an explanation for why our universe emerged fromthe spa
etime foam with exa
tly the right initial 
onditions to produ
e the kind ofuniverse we see. It would be more satisfying if we 
ould �nd an explanation for thesefeatures within known physi
s, but nature is not obliged to satisfy us. As it happens,we do know of su
h an explanation. Before dis
ussing this solution, however, I wantto des
ribe some of these initial 
ondition problems.HomogeneityThe universe we observe today is very lumpy on small s
ales, e.g. those of people orgalaxies, but on suÆ
iently large s
ales appears to be smooth and uniform. We knowfrom our observations of the mi
rowave ba
kground radiation that at mu
h earliertimes the universe was almost 
ompletely uniform even on smaller s
ales, with a meanvariation Æ�=� � 10�5. 1 If the initial 
onditions were random it might seem strangethat there should be su
h good homogeneity, but of 
ourse the initial 
onditions were1The Greek letter � is often used to mean density. So the meaning of this equation is that theenergy density of any two points in the universe di�ered on average by less than one part in 100; 000.



10 CHAPTER 3. A PRIMER ON INFLATIONpresumably not random but set by some unknown physi
s. It's not hard to imaginethat some physi
al me
hanism drove the universe to a state of high homogeneity.However, this me
hanism must have been imperfe
t be
ause the universe retained asmall amount of inhomogeneity. If it weren't for these small inhomogeneities therewould have been no seeds for galaxy formation and hen
e no stru
ture formation. Ame
hanism that would drive the universe to near-perfe
t uniformity while still leavingthese small but observable 
u
tuations seems a little stranger.FlatnessGeneral relativity relates the 
urvature of spa
etime to the matter in that spa
etime.In the 
ase of an expanding, nearly homogeneous universe su
h as ours the 
urvaturedepends on the overall density of matter and energy. If this density is above a 
riti
alvalue then the universe will be \open," meaning parallel lines will diverge. If the den-sity is sub-
riti
al the universe will be \
losed," meaning parallel lines will 
onverge.Finally, if the universe is exa
tly at 
riti
al density the universe will be \
at," i.e.Eu
lidean. Typi
ally the ratio of the density in the universe to the 
riti
al densitymoves away from one over time. A perfe
tly 
at universe will always remain so buta 
urved universe will be
ome more 
urved over time, whether it's open or 
losed.Currently we 
an measure that the universe is within a fa
tor of two or three of
riti
al density. (Based on re
ent measurements it's probably within about 10% of
riti
al density.) For this to be true now �=�
rit must have been 1 � 10�59 at thetime when the universe had Plan
k density. If the deviation had been a few ordersof magnitude greater than that the universe would either have re
ollapsed long ago,or would have a nearly vanishing energy density by now. Was there some me
hanismthat drove the universe to su
h near-perfe
t (or possibly perfe
t) 
atness?HorizonThis problem is related to the homogeneity problem des
ribed above. A

ording tothe theory of relativity no 
ausal e�e
t 
an propagate faster than the speed of light.If we believe that the universe had a beginning a �nite time ago, then there is a �nite
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ross whi
h 
ausal e�e
ts 
ould have propagated by now. At the time when themi
rowave ba
kground was emitted there should have been roughly a million 
ausallydis
onne
ted regions within the region of the universe we 
an 
urrently observe. What
ould have 
aused su
h strong homogeneity over su
h a vast region before any 
ausalsignals 
ould have spread information throughout this spa
e?3.1.3 Reli
 ProblemsAnother set of problems with the big bang model has to do with the produ
tion ofexoti
 parti
les at high energies. By \high energies" in this 
ontext I mean energiesbelow the Plan
k s
ale but above the prevalent s
ale at nu
leosynthesis. We don't havea 
lear understanding of physi
s at these energies, but we do know some theoreti
alideas that are likely to be part of su
h high energy theory, in
luding Grand Uni�edTheories (\GUT's"), supersymmetry, and supergravity. All su
h theories tend toin
lude spe
ies of parti
les that 
an only be produ
ed at energies far above what we
an produ
e today or what was present during nu
leosynthesis. If we believe that thebig bang model was valid ba
k to the Plan
k era then the universe must have passedthrough a stage where the energies were high enough for these parti
les to have beenprodu
ed.In many 
ases these parti
les have long lifetimes. Some of them 
ould, if produ
ed,last until nu
leosynthesis and spoil the predi
tions of light element abundan
es. Oth-ers 
ould survive to the present and would be expe
ted to dominate the 
urrent energydensity. Parti
les in either of these two groups are known as reli
 parti
les be
ausethey persist from an earlier and higher energy epo
h. For those familiar with theoriesof parti
le physi
s, su
h parti
les in
lude moduli, gravitinos, monopoles, and more.3.1.4 Summary of the Problems With the Big Bang ModelAs I said before, every testable predi
tion of the big bang model to date has beenveri�ed, and it is almost 
ertain that this model gives an a

urate des
ription of theuniverse ba
k at least as far as the time of nu
leosynthesis. The earliest it 
ouldpossibly be applied would be the Plan
k era. If this extrapolation were valid then we



12 CHAPTER 3. A PRIMER ON INFLATIONwould have to suppose that all the very �ne-tuned initial 
onditions we observe su
has homogeneity and 
atness were present from the beginning, presumably as a resultof some unknown quantum gravity e�e
ts. Even given this assumption, however, itis un
lear how the theory 
ould avoid the produ
tion of reli
 parti
les that woulddestroy the su

essful des
ription it has made of the later universe.It would be wonderful if a theory existed that with a minimum of assumptions
ould explain the initial 
onditions su
h as 
atness and homogeneity, provide a 
ausalme
hanism for propagating information over all the seemingly 
ausally dis
onne
tedregions in the early universe, eliminate all high energy reli
 parti
les, and then segueinto the big bang model itself by the time of nu
leosynthesis. Fortunately su
h atheory exists. It's known as in
ation.3.2 In
ationThe basi
 idea of in
ation is extremely simple, and has to do with the rate at whi
hthe universe is expanding. In the standard big bang model the universe experien
es\power-law expansion," meaning the distan
e between any two distant obje
ts growslike tp where t is the time sin
e the big bang and p is a number that depends on whatthe universe is made of. Typi
ally p will be either 1=2 or 2=3, or possibly somethingin between the two. A

ording to in
ationary theory, before this power law expansionthere was a brief period of exponential expansion. In other words distan
es during thistime grew as eHt where t is on
e again time and H 
an be any number.2 Exponentialgrowth 
an be mu
h faster than power-law growth. During this time the universeexpanded by at least 60 e-folds, i.e. by a fa
tor of at least e60 (roughly 1026, ornearly a billion billion billion). There are two obvious questions raised by this idea:What me
hanism would 
ause su
h an expansion to o

ur and what would be the
onsequen
es if it did? In the next se
tion I will explain how in
ation 
an 
omeabout in the 
ontext of basi
 �eld theory. I will argue that in
ation is a very naturalo

urren
e that may be expe
ted to take pla
e within a wide variety of high energy2The symbol e just refers to a number, roughly 2:8, that is typi
ally used for 
onvenien
e. You
ould also write this law as 10Ht and you would simply get a di�erent value for H .



3.2. INFLATION 13physi
s models. In the following se
tion I will des
ribe some of the basi
 
onsequen
esof in
ation, in
luding the resolution of all the problems raised in the previous se
tionon the big bang model.3.2.1 Why In
ation O

ursIn this se
tion I am going to use a little more math and physi
s than in the rest ofthe primer. For any non-te
hni
al readers who �nd this se
tion 
onfusing you shouldbe able to skip it, take my word that in
ation does o

ur naturally in the 
ontext ofmany models of physi
s, and go on to the se
tion on the 
onsequen
es of in
ation.In general relativity the expansion of a homogeneous pat
h of the universe isdes
ribed by the Friedmann equationsH2 + ka2 = 8�3M2p � (3.1)�a = � 4�3M2p (� + 3p) a: (3.2)The s
ale fa
tor a is proportional to the distan
e between two obje
ts 
omoving withthe expansion. The 
onstant k indi
ates the 
urvature of the universe; k = �1, 0,or 1 for an open, 
at, or 
losed universe respe
tively. The Hubble parameter H isde�ned as H � _aa and the other terms in the equations are the energy density �, thepressure p, and the Plan
k mass Mp = 1=pG � 1:22� 1019GeV .Starting from the �rst Friedmann equation, the se
ond one is equivalent to thestatement of energy 
onservation, dE = �pdV , applied to a lo
al pat
h of the uni-verse. Taking E = �V and V / a3 this energy 
onservation equation be
omes theequation of 
ontinuity _� = �3H (�+ p) : (3.3)For an equation of state of the form p = �� the solution to the equation of 
ontinuityis � / a�3(1+�): (3.4)For the two most 
ommon 
ases of nonrelativisti
 parti
les (\matter") and relativisti
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les (\radiation") the values of � are 0 and 1=3, meaning that � de
reases as a�3and a�4 respe
tively in these two 
ases. Note that in both of these 
ases the energydensity is de
reasing faster than the 
urvature term in equation [3.1℄. This is why ina matter or radiation dominated universe 
urvature tends to in
rease.What would happen if the universe were dominated by a form of energy with� = �1, i.e. p = ��? In this 
ase the energy density wouldn't de
rease at all asthe universe expanded. The 
urvature would qui
kly be
ome negligible and equation[3.1℄ would redu
e to H2 = 8�3M2p �; (3.5)whi
h for a 
onstant � gives a 
onstant H. Re
alling that H � _aa this equation impliesa = eHt; (3.6)in other words in
ation.Having said this, however, we are still fa
ed with the question of what would giverise to su
h a strange equation of state. One possibility is a \
osmologi
al 
onstant,"i.e. an energy density asso
iated with the va
uum. Be
ause this density wouldn't
hange as the universe expanded (the va
uum presumably still being the same) itwould behave as we have just des
ribed. (There are other, more dire
t ways toshow that in general relativity the only 
onsistent way to have a frame-independentva
uum energy would be for it to have the equation of state p = ��.) A 
osmologi
al
onstant term would not be a useful way to have in
ation, however, be
ause in this
ase in
ation would never end.A simple way to mimi
 the e�e
ts of a 
osmologi
al 
onstant, however, would beto have a potential dominated s
alar �eld. The energy density and pressure for as
alar �eld with potential V minimally 
oupled to gravity in a FRW universe are� = 12 _�2 + 12 jr�j2 + V (3.7)p = 12 _�2 � 16 jr�j2 � V: (3.8)



3.2. INFLATION 15So if the dominant energy term is V the equation of state will be p = �� and the�eld � will a
t like a 
osmologi
al 
onstant, maintaining a 
onstant energy density asthe universe expands. This behavior 
an be intuitively understood simply by notingthat for a given potential fun
tion V (�), if � is not 
hanging the energy density Vshould not 
hange.The term \in
ation" was 
oined by Alan Guth [1℄, who developed a model wherea s
alar �eld was trapped in a lo
al minimum of its potential with V > 0. In su
h a
ase the �eld would remain potential dominated until it tunneled to its true minimum,thus ending in
ation. Unfortunately this model su�ered from a number of problems.For example, it failed to produ
e the right level of inhomogeneities. It was also farfrom obvious what would have driven the �eld to be trapped in this minimum inthe �rst pla
e, so to some degree the model simply traded one set of �ne-tunings foranother.Sin
e Guth's paper 
ame out there have been many di�erent versions of in
ationdevised, in
luding \new in
ation," \
haoti
 in
ation," \hybrid in
ation," \extendedin
ation," and on and on. Most plausible models, however, are based on some variantof the following idea, �rst developed by Andrei Linde in 1983 [2℄.The evolution equation for a homogeneous s
alar �eld in an expanding universe is��+ 3H _�+ �V�� = 0: (3.9)Note that H plays the role of a fri
tion term in this equation, slowing the motion of�. If � starts out at a value with a large potential, then by equation [3.1℄ H will belarge and � will tend to roll very slowly. In this 
ase the potential term will dominateover the kineti
 term and both V and H will vary slowly. The universe will thusexpand quasi-exponentially, i.e. in
ation will o

ur. Eventually, however, � will rollto a small enough value that H will no longer overdamp the system, _� will be
omeimportant, and in
ation will end.Linde showed that for simple potentials su
h as V / �2 or V / �4 su
h in
ation
an o

ur. If you assume that the �eld � had 
haoti
 initial 
onditions when theuniverse �rst began with sub-Plan
kian energy density then there will in general be
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h where the potential energy of � dominates over the kineti
 and gradientterms enough to 
ause in
ation. If in the entire universe there is one pat
h, even aPlan
k size one, with these 
onditions, then in
ation will drive the size of this pat
hto exponentially large values. Su
h in
ationary regions will qui
kly 
ome to dominatethe volume of the universe. In fa
t, using the assumption of 
haoti
 initial 
onditionsan in
ationary region will typi
ally expand by at least about 10107 times, and oftenmu
h more.So the requirements for having in
ation are fairly simple. Provided the quantum�eld theory governing sub-Plan
kian physi
s has a s
alar �eld with a reasonable po-tential and somewhere in the universe a region exists where the potential energy ofthat �eld is large and dominates the overall energy density, in
ation will o

ur in thatregion. Regions where in
ation o

urs will then �ll nearly all of spa
e. The s
alar�eld that drives in
ation in this way is often referred to as the \in
aton". Note thata \reasonable potential" in
ludes the polynomial potentials mentioned above as wellas others. At present we have never dire
tly observed a s
alar �eld, but at least onesu
h �eld must exist in nature if the standard model is 
orre
t, and supersymmetrypredi
ts the existen
e of many s
alar �elds. So although we don't know the 
orre
tfundamental physi
s model that would give rise to the in
aton, it seems at the veryleast reasonable to suppose that su
h a �eld might exist.3.2.2 Some Basi
 Consequen
es of In
ationThe impa
t of in
ation on the initial 
ondition problems mentioned before is quitesimple. If the universe undergoes exponential expansion then any lo
al pat
h ofit will 
ome to be very homogeneous and 
at, like the surfa
e of a balloon beingblown up very rapidly. Mathemati
ally this 
an be seen from the argument aboveexplaining why 
urvature tends to grow in a matter or radiation dominated universebut de
rease in an in
ationary universe. Given the enormous expansion that o

ursduring in
ation, the growth of the 
urvature that has o

urred sin
e then should be
ompletely negligible and we would expe
t to see an essentially perfe
tly 
at universenow.
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ation 
an also solve the horizon problem. The statement that the observableuniverse at the Plan
k era 
onsisted of many 
ausally dis
onne
ted regions 
omes fromextrapolating ba
k assuming matter and/or radiation domination. During in
ation,however, a single, Plan
k size, 
ausally 
onne
ted region 
an expand to be
ome manytimes bigger than the 
urrent observable universe, thus 
reating 
ausal 
orrelationson s
ales mu
h bigger than we 
an hope to observe.In
ation also solves the problem of reli
 parti
les be
ause during in
ation thedensity of all parti
les will be exponentially suppressed. When in
ation ends and theuniverse moves towards a state of thermal equilibrium, the temperature may be lowenough to avoid reprodu
ing these reli
 parti
les.All of these results of in
ation are theoreti
ally attra
tive as explanations of thefeatures we observe in the universe at large s
ales. Probably the most importantsu

ess of in
ation, however, is its explanation of the origin of inhomogeneities in theuniverse. At �rst this idea might seem 
ontradi
tory given that I said in
ation 
attensthe universe and redu
es to e�e
tively zero the density of anything that was in it. Itturns out, however, that small inhomogeneities 
an be generated during in
ation. The
u
tuations that are generated in this way early in in
ation are typi
ally stret
hed outby the exponential expansion to s
ales mu
h greater than we 
an observe (althoughsee 
hapter 7 for some possible 
onsequen
es of these large s
ale 
u
tuations). The
u
tuations generated at the last stages of in
ation, however, form the seeds of theinhomogeneities that we observe in the CMB, and whi
h subsequently gave rise tothe stru
tures we observe in the universe.The origin of these inhomogeneities is in quantum 
u
tuations that are stret
hedout during in
ation. As the wavelength of these 
u
tuations grows larger than theHubble radius H�1 they 
ease os
illating and get frozen in as 
lassi
al waves. The
u
tuations on the s
ales we 
an observe today were all generated during the last 60or so e-folds of in
ation. See [3℄ for more details on this pro
ess.The overall amplitude of these 
u
tuations depends on the parameters in the in-
aton potential, so these parameters must be adjusted to mat
h the observed CMBanisotropy. The form of the 
u
tuations, however, is a robust predi
tion of in
ation.



18 CHAPTER 3. A PRIMER ON INFLATIONIn almost all versions of in
ation these 
u
tuations have the form of Gaussian, adi-abati
 perturbations with a nearly s
ale-invariant spe
trum.3 So far the predi
tionsof in
ation have �t the CMB data ex
ellently, and no other theory has been able toreprodu
e these predi
tions.3.3 ReheatingAlthough in
ation produ
es a universe with many of the features we observe in ourown, su
h as near-homogeneity with small 
u
tuations, the universe immediately afterin
ation is in one sense almost 
ompletely empty. While in
ation gets rid of all reli
parti
les su
h as gravitinos and monopoles, it also gets rid of all other parti
les aswell. After in
ation nearly all the energy density in the universe is in the homogeneousin
aton �eld. On
e in
ation ends this �eld must somehow de
ay and give its energyto other �elds, eventually giving rise to the panoply of parti
les we see around ustoday. The pro
ess by whi
h the in
aton de
ays into other forms of energy is knownas reheating.The issue of reheating has been explored for almost as long as in
ationary theoryitself (see e.g. [4℄). In the earliest papers on the subje
t it was noted that afterin
ation ends the homogeneous in
aton �eld would os
illate about its minimum.Assuming the in
aton were 
oupled to other �elds it would then de
ay, leading to a
as
ade of energy density into many di�erent forms. Several methods were developedfor perturbatively investigating this de
ay.In 1994 it was realized that there is in general a mu
h more eÆ
ient me
hanismby whi
h the in
aton 
ould de
ay, namely parametri
 resonan
e [5℄. To see how thisworks 
onsider the simple 
ase of a �eld � 
oupled to the in
aton � via an intera
tionterm Vintera
tion = 12g2�2�2: (3.10)The equation of motion for � will be that of an os
illator whose frequen
y dependson �. As � os
illates this frequen
y will 
hange, 
ausing 
u
tuations of � to be3There are many introdu
tions and reviews about the CMB available. See for example http://
fa-www.harvard.edu/ mwhite/htmlpapers.html.



3.3. REHEATING 19rapidly ampli�ed in bands of resonant frequen
ies. (For a more 
omplete dis
ussionof parametri
 resonan
e in general see [6℄ and for a dis
ussion of parametri
 resonan
eduring reheating see [7, 8℄.) This e�e
t is known as preheating be
ause it rapidlytransfers mu
h of the in
aton's energy to 
u
tuations of the �eld � before the slower,perturbative me
hanisms of reheating 
an o

ur.Sin
e the dis
overy of preheating a great deal of work has been done to understandthe 
onsequen
es of nonperturbative e�e
ts in reheating. These e�e
ts 
an in
ludephase transitions, the produ
tion of topologi
al defe
ts, the produ
tion and/or elim-ination of various kinds of reli
 parti
les, and se
ondary stages of in
ation. Su
hnonperturbative e�e
ts often involve strong, nonlinear intera
tions between �elds farfrom thermal equilibrium in an expanding universe. Thus progress in this �eld hasin many 
ases required large-s
ale numeri
al simulations.The work des
ribed in this thesis forms part of the ongoing investigation intodi�erent me
hanisms by whi
h reheating 
an o

ur and the 
onsequen
es of thoseme
hanisms within various models of in
ationary 
osmology.



Part IIMe
hanisms of Reheating
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Chapter 4
Introdu
tion to the Resear
h
This part of the thesis is adapted from the papers I have published in the 
ourse ofmy graduate resear
h. All of these papers deal with probing me
hanisms of reheatingafter in
ation. Colle
tively they, along with my work on latti
e simulations des
ribedin part III, form the essential 
ontent of this thesis.Before presenting this resear
h it is appropriate that I should say a few wordsabout my 
ontributions to the work presented here. Of 
ourse most of the work donein s
ienti�
 
ollaboration is the result of numerous dis
ussions, arguments, and otherforms of give and take that make it impossible to separate out individual 
ontributionsin a meaningful way. Nonetheless I 
an note in a general sense that all of the latti
e
al
ulations reported in these 
hapters were done by me. I also performed variousother numeri
al 
al
ulations su
h as the linear 
al
ulations des
ribed in 
hapter 7.The interpretation of these results was 
ollaborative. The development of the latti
esimulations, and in parti
ular the physi
s (as opposed to 
omputational) aspe
tsof them, has 
ontinually evolved over the last several years as a result of dis
ussionsbetween me and several of my 
ollaborators. The program itself was originally writtenby Igor Tka
hev and has subsequently been rewritten and extended by me. Part III
ontains a more detailed dis
ussion of our respe
tive 
ontributions to the simulations.The theoreti
al parts of the resear
h, in
luding the dis
ussions and 
on
lusions, wasworked out in so many ex
hanges between so many people that I don't think individual
ontributions 
an meaningfully be attributed.21



22 CHAPTER 4. INTRODUCTION TO THE RESEARCHThe rest of this introdu
tion 
onsists of a brief summary of the subje
t matterof the 
hapters in this part. This summary is not intended as a full, pedagogi
ala

ount of the 
ontent of the resear
h, and it will be presented in a te
hni
al formmost suitable for people familiar with in
ationary 
osmology. The details of the workare 
ontained in the 
hapters themselves and this se
tion is merely intended as aqui
k referen
e to those results.Summary of PapersChapter 5, \Instant Preheating" explains a novel me
hanism by whi
h the de
ay ofthe in
aton 
an produ
e parti
les many orders of magnitude heavier than the in
atonparti
les themselves. My 
ollaborators and I 
all this me
hanism instant preheatingbe
ause it 
an lead to essentially 
omplete de
ay within a single os
illation. The basi
idea is that if the in
aton �eld � is 
oupled to another �eld �, e.g. through a g2�2�2
oupling, then the mass of the � parti
les will depend on �. In parti
ular, as � passesthrough zero the � parti
les will be momentarily massless. The resulting nonadiabati

hange of the � mass will lead to the produ
tion of a 
ertain number density of �parti
les. All of this has been understood for many years. What wasn't appre
iated,however, was the e�e
t that the 
ontinued movement of the � �eld would have on the� parti
les. In parti
ular, as � moves away from zero these parti
les would be
omemassive. In most typi
al in
ationary models � will 
ontinue to roll to a value of theorder of a Plan
k mass, meaning that if g2 = O(1) the � parti
les will a
quire massesof the order of the Plan
k mass, irrespe
tive of the mass of �. If � then rolls ba
k andsettles near zero this 
hanging � mass will be relatively unimportant. If, however, �
an in turn de
ay to another spe
ies of massive parti
les then it 
an e�e
tively drainall the energy from the � �eld in a single os
illation while produ
ing parti
les withnear Plan
kian masses. If � doesn't os
illate but 
ontinues rolling (as for example insome quintessen
e models) then this me
hanism will be even more eÆ
ient, an issuethat is taken up in more detail in 
hapter 6.Chapter 6 on NO models des
ribes a 
lass of in
ationary models in whi
h thein
aton �eld has no minimum, but rather 
ontinues rolling in an asymptoti
ally 
at



23potential. Su
h models generated a lot of interest for a while be
ause of their possiblerelevan
e to the theory of quintessen
e. Be
ause the usual me
hanisms of reheatingdon't work in these models it had been proposed by several authors that reheating
ould o

ur in these 
ases via gravitational parti
le produ
tion. My 
ollaborators andI showed that su
h s
enarios su�er from serious problems involving the produ
tionof iso
urvature 
u
tuations and reli
 parti
les su
h as moduli and gravitinos. Weexplained how these problems 
an be avoided, however, by introdu
ing a 
ouplingbetween the in
aton and one or more light �elds and invoking the instant preheatingme
hanism des
ribed above.Chapter 7 on moduli �elds re
onsiders an old problem, namely the produ
tion oflarge values of moduli �elds during in
ation. Moduli, i.e. light, weakly 
oupled �elds,appear generi
ally in string and supersymmetry motivated models of parti
le physi
s.In this 
hapter I show that the problems asso
iated with their produ
tion in the earlyuniverse are more severe than had been previously realized. In parti
ular, even ifno 
lassi
al displa
ement of the moduli �elds o

ur there will be long wavelengthquantum 
u
tuations of these �elds ampli�ed during in
ation. The amplitude ofthese 
u
tuations will depend on the duration of in
ation and for typi
al 
haoti
in
ation models these will be large enough to disrupt nu
leosynthesis and in many
ases even 
ause a new stage of in
ation dominated by these light �elds. In
ationdriven by su
h light �elds would be in serious 
on
i
t with CMB observations. Idis
uss how these e�e
ts 
an depend on the details of the models, but do not presenta general solution to the problem.Chapter 8, \In
ation After Preheating," also deals with a se
ondary stage ofin
ation, but one of a very di�erent sort. It was known from previous work thatif the in
aton has a symmetry breaking potential and 
ouples to another �eld then
u
tuations of this se
ond �eld 
reated during preheating 
an temporarily lead tosymmetry restoration, followed by a �rst order phase transition. It was spe
ulatedthat su
h symmetry restoration 
ould lead to a very brief se
ondary stage of in
ation,perhaps alleviating some problems of reli
 produ
tion during in
ation and preheating.In this 
hapter I report the results of latti
e simulations in whi
h my 
ollaboratorsand I veri�ed this predi
tion. In parti
ular we found that after symmetry was restored



24 CHAPTER 4. INTRODUCTION TO THE RESEARCHin our simulations there was a brief period where the pressure was negative and theexpansion of the universe was a

elerating, i.e. a period of in
ation.Chapter 9 on the development of equilibrium 
onsiders what happens to the in-
aton and the produ
ts of its de
ay after the explosive stage of parti
le produ
tionasso
iated with preheating. I report here the results of a series of latti
e simulationsin di�erent models. My 
ollaborator and I used these results to derive a set of empir-i
al rules that seem to govern the pro
ess of thermalization. Most notably, we arguedthat in most models of in
ation there is some me
hanism that leads to rapid parti
leprodu
tion, with the ex
itation 
on
entrated in the infrared modes of the produ
ed�elds. Following this initial ex
itation all �elds that are dire
tly or indire
tly 
oupledto the ex
ited se
tor also get ex
ited exponentially rapidly. The �elds then form intogroups, in whi
h all of the �elds within a parti
ular group have identi
al spe
tra andtime evolution. Within ea
h group, the �elds then thermalize by spreading their en-ergy to the ultraviolet end of the spe
trum. The 
omposition of these groups dependsstrongly on the detailed intera
tions between the �elds.Finally, 
hapter 10 on ta
hyoni
 preheating des
ribes a new me
hanism by whi
hthe in
aton 
an rapidly de
ay. If the in
aton se
tor in
ludes a dire
tion in �eld spa
ewith negative 
urvature then 
u
tuations 
an be rapidly produ
ed via a spinodalinstability. Su
h potentials o

ur generi
ally in models of hybrid in
ation. Essentiallythe pro
ess being des
ribed is just spontaneous symmetry breaking. The existen
e ofspinodal instabilities has long been known in 
ondensed matter physi
s, and of 
oursespontaneous symmetry breaking has been studied extensively in 
ondensed matterand parti
le physi
s. However, so far as I know nobody had previously realized thatin the 
ontext of the sudden appearan
e of a negative 
urvature (as o

urs in hybridin
ation) this me
hanism of de
ay is so eÆ
ient as to lead to a 
omplete de
ay of thehomogeneous �eld(s) within a single os
illation. We found this result to be generi
for a wide variety of models and parameters.



Chapter 5
Instant Preheating
Note: This 
hapter is based on a paper by Gary Felder, Lev Kofman, and AndreiLinde, available on the Los Alamos eprint server as hep-ph/9812289. The full 
itationappears in the bibliography [9℄.
Chapter Abstra
tI des
ribe here a new eÆ
ient me
hanism of reheating. Immediately after rollingdown the rapidly moving in
aton �eld � produ
es parti
les �, whi
h may be eitherbosons or fermions. This is a nonperturbative pro
ess that o

urs almost instantly;no os
illations or parametri
 resonan
e are required. The e�e
tive masses of the� parti
les may be very small at the moment when they are produ
ed, but they\fatten" when the �eld � in
reases. When the parti
les � be
ome suÆ
iently heavy,they rapidly de
ay to other, lighter parti
les. This leads to an almost instantaneousreheating a

ompanied by the produ
tion of parti
les with masses whi
h may be aslarge as 1017 � 1018 GeV. This me
hanism works in the usual in
ationary modelswhere V (�) has a minimum, where it takes only a half of a single os
illation of thein
aton �eld �, but it is espe
ially eÆ
ient in models with e�e
tive potentials slowlyde
reasing at large � as in the theory of quintessen
e.25



26 CHAPTER 5. INSTANT PREHEATING5.1 Introdu
tionAs dis
ussed in the introdu
tion to the thesis, the �rst stages of preheating are typi-
ally governed by nonperturbative e�e
ts. In parti
ular, the most eÆ
ient me
hanismof reheating known before the publi
ation of the resear
h in this 
hapter was basedon the theory of the nonperturbative de
ay of the in
aton �eld due to the e�e
t ofbroad parametri
 resonan
e [5, 7, 8℄. To distinguish this stage of nonperturbativeparti
le produ
tion from the stage of parti
le de
ay and thermalization whi
h 
anbe des
ribed using perturbation theory [10, 11, 12℄ (see also [13, 4℄), it was 
alledpreheating.This pro
ess 
an rapidly transfer the energy of a 
oherently os
illating s
alar �eldto the energy of other �elds or elementary parti
les. Be
ause of the nonperturbativenature of the pro
ess, it may lead to many unusual e�e
ts, su
h as nonthermal 
os-mologi
al phase transitions [14, 15, 16, 17℄. Another unusual feature of preheatingdis
overed in [5, 7, 8℄ is the possibility of the produ
tion of a large amount of super-heavy parti
les with masses one or two orders of magnitude greater than the in
atonmass. In the simplest versions of 
haoti
 in
ation with the in
aton mass m � 1013GeV this 
an lead to the 
opious produ
tion of parti
les with masses up to 1014�1015GeV [5, 7, 8, 18, 19, 20, 21, 22, 23℄. This issue is rather important sin
e intera
tionsand de
ay of superheavy parti
les may lead to baryogenesis at the GUT s
ale [18, 19℄.However, GUT baryogenesis was only marginally possible in previously studiedmodels of preheating be
ause the masses of produ
ed parti
les just barely approa
hedthe GUT s
ale. Moreover, in some models the parti
les 
reated by the resonan
estrongly intera
t with ea
h other, or rapidly de
ay. This may take them out of theresonan
e band, in whi
h 
ase parametri
 resonan
e does not last long or does nothappen at all. Also, there are some models where the e�e
tive potential does not havea minimum, but instead slowly de
reases at large � [24, 25, 26, 27, 28, 29℄. In thesemodels the s
alar �eld does not os
illate at all after in
ation, so neither parametri
resonan
e nor the standard perturbative me
hanism of in
aton de
ay works there.Su
h models are dis
ussed at more length in 
hapter 6.In this 
hapter I show how my 
ollaborators and I turned these potential problems



5.2. INSTANT PREHEATING: THE BASIC IDEA 27into an advantage. I des
ribe a new me
hanism of preheating, whi
h works evenin the models where parametri
 resonan
e 
annot develop. The new me
hanism isalso nonperturbative but very simple. It leads to an almost instantaneous reheatinga

ompanied by the produ
tion of superheavy parti
les with masses whi
h may be asgreat as 1017 � 1018 GeV. In some 
ases it may even lead to the produ
tion of bla
kholes of a Plan
kian mass, whi
h immediately evaporate.5.2 Instant preheating: The basi
 ideaTo explain the main idea of the new s
enario I will 
onsider the simplest model of
haoti
 in
ation with the e�e
tive potential m22 �2 or �4�4 and assume that the in
aton�eld � intera
ts with some other s
alar �eld � with the intera
tion term V = 12g2�2�2.In these models in
ation o

urs at j�j �> 0:3Mp [3℄. Suppose for de�niteness thatinitially � is large and negative, and in
ation ends at � � �0:3Mp. After that the�eld � rolls to � = 0, then it grows up to 10�1Mp � 1018 GeV, and �nally rolls ba
kand os
illates about � = 0 with a gradually de
reasing amplitude. If the 
oupling
onstant g is large enough (g �> 10�4), then, a

ording to [5, 7, 8℄, the produ
tion ofparti
les � o

urs for the �rst time when the s
alar �eld � rea
hes the point � = 0after the end of in
ation. With ea
h subsequent os
illation, parti
le 
reation o

ursas � 
rosses zero. This me
hanism of parti
le produ
tion is des
ribed by the theoryof preheating in the broad resonan
e regime [5, 7, 8℄. But now I will 
on
entrate onthe �rst instant of this pro
ess. Remarkably, in 
ertain 
ases this is all that we needfor eÆ
ient reheating.Usually only a small fra
tion of the energy of the in
aton �eld � 10�2g2 is trans-ferred to the parti
les � at that moment (see Eq. (5.7) in the next se
tion). The roleof parametri
 resonan
e was to in
rease this energy exponentially within several os-
illations of the in
aton �eld. But suppose that the parti
les � intera
t with fermions with the 
oupling h �  �. If this 
oupling is strong enough, then � parti
les mayde
ay to fermions before the os
illating �eld � returns ba
k to the minimum of thee�e
tive potential. If this happens, parametri
 resonan
e does not o

ur. However,as I will show, something equally interesting may o

ur instead of it: The energy



28 CHAPTER 5. INSTANT PREHEATINGdensity of the � parti
les at the moment of their de
ay may be
ome mu
h greaterthan their energy density at the moment of their 
reation.Indeed, prior to their de
ay the number density of � parti
les, n�, remains pra
ti-
ally 
onstant [5, 7, 8℄, whereas the e�e
tive mass of ea
h � parti
le grows as m� = g�when the �eld � rolls up from the minimum of the e�e
tive potential. Therefore theirtotal energy density grows. One may say that � parti
les are \fattened," being fed bythe energy of the rolling �eld �. The fattened � parti
les tend to de
ay to fermionsat the moment when they have the greatest mass, i.e. when � rea
hes its maximalvalue � 10�1Mp, just before it begins rolling ba
k to � = 0.At that moment � parti
les 
an de
ay to two fermions with mass up to m �g210�1Mp, whi
h 
an be as large as 5 � 1017 GeV for g � 1. This is two orders ofmagnitude greater than the masses of the parti
les that 
an be produ
ed by the usualme
hanism based on parametri
 resonan
e [5, 7, 8℄. As a result, the total energydensity of the produ
ed parti
les also be
omes two orders of magnitude greater thantheir energy density at the moment of their produ
tion. Thus the 
hain rea
tion�! �!  
onsiderably enhan
es the eÆ
ien
y of transfer of energy of the in
aton�eld to matter.More importantly, superheavy parti
les  (or the produ
ts of their de
ay) mayeventually dominate the total energy density of matter even if in the beginning theirenergy density was relatively small. For example, the energy density of the os
illatingin
aton �eld in the theory with the e�e
tive potential �4�4 de
reases as a�4 in anexpanding universe with a s
ale fa
tor a(t). Meanwhile the energy density stored inthe nonrelativisti
 parti
les  (prior to their de
ay) de
reases only as a�3. Thereforetheir energy density rapidly be
omes dominant even if originally it was small. Asubsequent de
ay of su
h parti
les leads to a 
omplete reheating of the universe.Sin
e the main part of the pro
ess of preheating in this s
enario (produ
tion of �and  parti
les) o

urs immediately after the end of in
ation, within less than oneos
illation of the in
aton �eld, we 
alled it instant preheating. I should emphasizethat instant preheating is a 
ompletely nonperturbative e�e
t, whi
h 
an lead to theprodu
tion of parti
les with momenta and masses many orders of magnitude greaterthan the in
aton mass. This would be impossible in the 
ontext of the elementary



5.3. THE SIMPLEST MODELS 29theory of reheating developed in [10, 11, 12℄. In what follows I will give a moredetailed des
ription of the instant preheating s
enario.5.3 The simplest modelsConsider �rst the simplest model of 
haoti
 in
ation with the e�e
tive potentialV (�) = m22 �2, and with the intera
tion Lagrangian�12g2�2�2�h �  �. I will takem =10�6Mp, as required by mi
rowave ba
kground anisotropy [3℄, and in the beginning Iwill assume for simpli
ity that � parti
les do not have a bare mass, i.e. m�(�) = gj�j.Reheating in this model is eÆ
ient only if g �> 10�4 [5, 7, 8℄1, whi
h implies gMp �>102m for the realisti
 value of the mass m � 10�6Mp. Thus, immediately after theend of in
ation, when � �Mp=3, the e�e
tive mass gj�j of the �eld � is mu
h greaterthan m. It de
reases when the �eld � moves down, but initially this pro
ess remainsadiabati
, j _m�j � m2�.The adiabati
ity 
ondition be
omes violated and parti
le produ
tion o

urs whenj _m�j � gj _�j be
omes greater than m2� = g2�2. For a harmoni
 os
illator one hasj _�0j = m�, where j _�0j is the velo
ity of the �eld in the minimum of the e�e
tivepotential, and � � 10�1Mp is the amplitude of the �rst os
illation. This impliesthat the pro
ess be
omes nonadiabati
 for g�2 �< m�, i.e. for ��� �< � �< ��, where�� � qm�g [5, 7, 8℄. Here � � 10�1Mp is the initial amplitude of the os
illations ofthe in
aton �eld. Note that under the 
ondition g � 10�4 whi
h is ne
essary foreÆ
ient reheating, the interval ��� �< � �< �� is very narrow: �� � �. As a result,the pro
ess of parti
le produ
tion o

urs nearly instantaneously, within the time�t� � ��j _�0j � (gm�)�1=2: (5.1)This time interval is mu
h smaller than the age of the universe, so all e�e
ts relatedto the expansion of the universe 
an be negle
ted during the pro
ess of parti
le pro-du
tion. The un
ertainty prin
iple implies in this 
ase that the 
reated parti
les will1Note that if one takes g > 10�3, radiative 
orre
tions to the e�e
tive potential may 
onsid-erably 
hange its shape [3℄. However, this does not happen in supersymmetri
 theories where the
ontributions of fermions and bosons nearly 
an
el ea
h other.



30 CHAPTER 5. INSTANT PREHEATINGhave typi
al momenta k � (�t�)�1 � (gm�)1=2. The o

upation number nk of �parti
les with momentum k is equal to zero all the time when it moves toward � = 0.When it rea
hes � = 0 (or, more exa
tly, after it moves through the small region��� �< � �< ��) the o

upation number suddenly (within the time �t�) a
quires thevalue [5, 7, 8℄ nk = exp � �k2gm�! ; (5.2)and this value does not 
hange until the �eld � rolls to the point � = 0 again.A detailed des
ription of this pro
ess in
luding the derivation of Eq. (5.2) wasgiven in Ref. [7℄; see in parti
ular Eq. (55) there. This equation (5.2) 
an be writtenin a more general form. First of all, the shape of the e�e
tive potential does notplay any role in its derivation. The essential point of the derivation of Eq. (5.2) isthat � parti
les are produ
ed in a small vi
inity of the point � = 0, when �(t) 
an berepresented as �(t) � _�0(t� t0). The only thing whi
h one needs to know is not V (�),m or �, but the velo
ity of the �eld � at the time when it passes the point � = 0.Therefore one 
an repla
e m� by j _�0j in this equation. Also, the same equation isvalid for massive parti
les � as well, if one repla
es k2 by k2 +m2�, where m� is thebare mass of the parti
les � at � = 0. (A similar result is valid for fermions and forve
tor parti
les.) Therefore Eq. (5.2) in a general 
ase (for any m� and V (�)) 
anbe written as follows: nk = exp ��(k2 +m2�)gj _�0j ! : (5.3)This 
an be integrated to give the density of � parti
lesn� = 12�2 1Z0 dk k2nk = (g _�0)3=28�3 exp ��m2�gj _�0j! : (5.4)Numeri
al investigation of in
ation in the theory m22 �2 with m = 10�6Mp gives j _�0j =10�7M2p , whereas in the theory �4�4 with � = 10�13 one has a somewhat smaller valuej _�0j = 6 � 10�9M2p . This implies, in parti
ular, that if one takes g � 1, then in thetheory m22 �2 there is no exponential suppression of produ
tion of � parti
les unlesstheir mass is greater than m� � 2� 1015 GeV. This agrees with a similar 
on
lusion



5.3. THE SIMPLEST MODELS 31obtained in [5, 7, 8, 18, 19, 20, 21, 22, 23℄.Let us now 
on
entrate on the 
ase m2� �< gj _�0j, when the number of produ
edparti
les is not exponentially suppressed. In this 
asen� � (g _�0)3=28�3 : (5.5)A

ording to Eq. (5.3), a typi
al initial energy (momentum) of ea
h parti
le � atthe moment of their produ
tion is � (gj _�jj=�)1=2, so their total energy density is�� � (g _�0)28�7=2 : (5.6)The ratio of this energy to the total energy density �� = _�20=2 of the s
alar �eld � atthis moment gives ���� � 5� 10�3 g2: (5.7)This result is pra
ti
ally model-independent, given the intera
tion term �12g2�2�2.In parti
ular, it does not depend on the in
aton mass m in the theory m22 �2. Thesame result 
an be obtained in the theory �4�4 independently of the value of �.An interesting possibility appears if one has m2� � gj _�0j. Then the probability ofprodu
tion of su
h parti
les is not exponentially suppressed during the �rst os
illa-tion, but it is exponentially suppressed during all subsequent os
illations be
ause j _�jde
reases due to the expansion of the universe, and the 
ondition m2� �< gj _�j be
omesviolated. In this 
ase new parti
les � are not 
reated. However, as we already ex-plained, these new parti
les may not even be ne
essary. For example, in the theory�4�4 the energy density of the in
aton �eld �� de
reases as a�4, whereas the energydensity stored in the nonrelativisti
 parti
les � (prior to their de
ay) de
reases onlyas a�3. Therefore their energy density rapidly be
omes dominant even if originally itwas small. Their subsequent de
ay makes the pro
ess of reheating 
omplete.But preheating in this model be
omes mu
h more eÆ
ient if one uses the me
h-anism des
ribed in the beginning of this 
hapter. Indeed, let us assume that theparti
les � survive until the �eld � rolls up from � = 0 to the point �1 from whi
h
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k to � = 0. In the theory m22 �2 one has �1 � 0:07Mp, whereas in thetheory �4�4 one has �1 � 0:12Mp. I will take �1 � 0:07Mp in my estimates. At thattime the mass of ea
h parti
le � will be g�1 � 10�1gMp, they will be nonrelativisti
,and their total energy density (for the 
ase of the theory m22 �2) will be�� = m�n� � 10�1gMp (g _�0)3=28�3 � 10�14g5=2M4p : (5.8)Therefore the ratio of the energy density of � parti
les to the energy density of thein
aton �eld � _�20=2 will be���� � 10�3j _�0j�1=2Mpg5=2 � 2 g5=2: (5.9)The last result follows from the relation j _�0j � 10�1mMp � 10�7M2p for m � 10�6Mp.Under the 
ondition g �> 10�4, whi
h is the standard 
ondition for eÆ
ient preheating[5, 7, 8℄, this ratio is mu
h greater than the one in Eq. (5.7).If the parti
les � do not de
ay when the �eld � rea
hes �1, then their energy willde
rease again in parallel with j�j, until it rea
hes the value given by Eq. (5.7). Thus,preheating is most eÆ
ient if all parti
les � 
an de
ay at the moment when the �eld �rea
hes its maximal value �1. This is possible if the lifetime of the parti
les � 
reatedat the moment t0 is 
lose to �t � �m�1=4. Parti
les � in this model 
an de
ay tofermions, with the de
ay rate [5, 7, 8℄�(�!   ) = h2m�8� = h2gj�j8� : (5.10)Note that the de
ay rate grows with the growth of the �eld j�j, so parti
les tend tode
ay at large j�j. One 
an easily 
he
k that the parti
les � de
ay when the �eld �rea
hes its maximal value j�j � 0:07Mp ifh2g � 500mMp � 5� 10�4: (5.11)At the moment when j�j rea
hes 0:07Mp, the parti
les � have e�e
tive mass m� =



5.3. THE SIMPLEST MODELS 33gj�j � 0:07gMp. Su
h parti
les 
an de
ay to two fermions  if m < 0:035 gMp.This implies that after the �rst half of an os
illation, the s
alar �eld � 
an produ
efermions with mass up to 0:035 gMp. For example, in the theory with g � 10�1,h � 7 � 10�2 one 
an produ
e fermions with mass up to m � 4 � 1016 GeV, andin the theory with g � 1, h � 2 � 10�2 one 
an produ
e parti
les with mass up to4� 1017 GeV.As we have found, initially the ratio ���� is suppressed by the fa
tor 2g5=2, see Eq.(5.9). But this suppression is not very strong, and if the energy density of the  parti
les during some short period of the evolution of the universe de
reases not asfast as the energy density of the in
aton �eld and other produ
ts of its subsequentde
ay, then very soon the universe will be dominated by the produ
ts of de
ay of theparti
les  , and reheating will be 
omplete.If h2g � 5�10�4, the � parti
les may de
ay before the os
illating �eld � rea
hes itsmaximal value �1 � 10�1Mp. This 
an make our me
hanism somewhat less eÆ
ient.However, the de
ay 
annot o

ur until m� = gj�j be
omes greater than 2m . If,for example, the fermions have mass � 0:03 gMp, then the de
ay o

urs only whenthe �eld � rea
hes its maximal value �1 even if h2g � 5 � 10�4. This preserves theeÆ
ien
y of our me
hanism even for very large h2g.On the other hand, for h2g � 5 � 10�4, the parti
les � do not de
ay within asingle os
illation. In this 
ase the parametri
 resonan
e regime be
omes possible,whi
h again leads to eÆ
ient preheating a

ording to [5, 7, 8℄. Moreover, superheavyfermions still will be produ
ed in this regime, be
ause the os
illating �eld will spenda 
ertain amount of time at � � �1. During this time superheavy parti
les will beprodu
ed, and their number may not be strongly suppressed.The me
hanism of parti
le produ
tion des
ribed above 
an work in a broad 
lass oftheories. For example, one 
an 
onsider models with the intera
tion g22 �2(�+v)2. Su
hintera
tion terms appear, for example, in supersymmetri
 models with superpotentialsof the type W = g�2(�+v) [30℄. In su
h models the mass m� vanishes not at �1 = 0,but at �1 = �v, where v 
an take any value. Correspondingly, the produ
tion of �parti
les o

urs not at � = 0 but at � = �v. When the in
aton �eld rea
hes theminimum of its e�e
tive potential at � = 0, one has m� � gv, whi
h may be very



34 CHAPTER 5. INSTANT PREHEATINGlarge. If one takes v � Mp, one 
an get m� � gMp, whi
h may be as great as 1018GeV for g � 10�1, or even 1019 GeV for g � 1. If, however, one takes v � Mp, thedensity of � parti
les produ
ed by this me
hanism will be exponentially suppressedby the subsequent stage of in
ation. This possibility will be dis
ussed in the nextse
tion.Sin
e parametri
 ampli�
ation of parti
le produ
tion is not important in the 
on-text of the instant preheating s
enario, it will work equally well if the in
aton �eld
ouples not to bosons but to fermions [31, 32℄. Indeed, the 
reation of fermions withmass gj�j also o

urs be
ause of the nonadiabati
ity of the 
hange of their mass at� = 0. The theory of this e�e
t at g �> 10�4 is very similar to the theory of the
reation of � parti
les des
ribed above; see in this respe
t [32℄. The eÆ
ien
y ofpreheating will be enhan
ed if the fermions  with a growing mass gj�j 
an de
ayinto other fermions and bosons, as in the s
enario des
ribed in the previous se
tion.It is amazing that os
illations of the �eld � with mass m = 1013 GeV 
an lead tothe 
opious produ
tion of superheavy parti
les with masses 4 - 5 orders of magnitudegreater than m. The previously known me
hanism of preheating was barely 
apableof produ
ing parti
les of mass � 1015 GeV, whi
h is somewhat below the GUT s
ale,and even that was possible only in the strong 
oupling limit g = O(1). This newme
hanism allows for the produ
tion of parti
les with mass greater than 1016 GeVeven if the 
oupling 
onstants are relatively small. This fa
t may play an importantrole in the theory of baryogenesis in GUTs.5.4 Fat wimpzillasThere have been a number of papers published on the possibility of the produ
tion ofsuperheavy WIMPS after in
ation [33, 34, 35, 36, 37, 38, 23℄. Su
h parti
les (whi
hhave been proudly 
alled WIMPZILLAS [39℄) 
ould be responsible for the dark matter
ontent of the universe, and, if they have a very large but �nite de
ay time, they 
analso be responsible for 
osmi
 rays with energies greater than the Greisen{Zatsepin{Kuzmin limit [40, 41℄. The fo
us of these works in a 
ertain sense was opposite to thatof the theory of preheating: It was ne
essary to �nd a me
hanism for the produ
tion



5.4. FAT WIMPZILLAS 35of stable (or nearly stable) parti
les whi
h would survive until now. For that purpose,the me
hanism of their produ
tion must be extremely ineÆ
ient, sin
e otherwise thepresent density of su
h reli
s would be una

eptably large.As one 
ould expe
t, it is mu
h easier to make the me
hanism ineÆ
ient ratherthan the other way around. For example, Eq. (5.4) implies that the probability ofprodu
tion of superheavy � parti
les is suppressed by a fa
tor of exp���m2�gj _�0j�. Inthe theory m22 �2 with m = 10�6Mp we have j _�0j = 10�7M2p , so this suppression fa
toris given by exp��107�m2�gM2p �. This implies that for g � 1 the produ
tion of parti
leswith m� � 1016 GeV is suppressed approximately by 10�10, and this suppressionbe
omes as strong as 10�40 for m� = 2 � 1016 GeV. This same level of suppression
an be a
hieved, for example, with g = 10�2 and m� = 2�1015. Thus, by �ne-tuningof the parameters m� and g one 
an obtain any value of the density of WIMPS atthe present stage of the evolution of the universe. This result agrees with the resultobtained in [23℄ by a di�erent method.This suppression me
hanism is equally operative for the pro
ess �! �!  dis-
ussed here. If the parti
les � are heavy at � = 0, their number will be exponentiallysuppressed. When the �eld � grows, their masses grow as follows: m2�(�) = m2�+g2�2,At the moment of their de
ay these parti
les 
an have mass of the order 1017 � 1018GeV. The main advantage of this new me
hanism is that the pro
ess of fattening ofthe parti
les � des
ribed above allows for the produ
tion of parti
les  whi
h 
anbe 102 times heavier than their 
ousins dis
ussed in [33, 34, 35, 36, 37, 38, 23℄. Inthe absen
e of established terminology, one 
an 
all su
h superheavy parti
les FATWIMPZILLAS.Another way to produ
e an exponentially small number of superheavy WIMPSis to produ
e them at the last stages of in
ation. This is possible in theories withthe intera
tion term g22 �2(� + v)2, as des
ribed in the previous se
tion. If one takesv �> Mp, then the parti
les � will be 
reated during in
ation. The number of �parti
les produ
ed during in
ation in the simplest theory with V (�) = m22 �2 does notdepend on v be
ause _� does not depend on � and on v in this s
enario: _� = mMp2� [3℄.However, their density will subsequently be exponentially suppressed by in
ation.This is exa
tly what we need if the � parti
les or the produ
ts of their de
ay are



36 CHAPTER 5. INSTANT PREHEATINGWIMPS. For example, in the theory with V (�) = m22 �2 the universe in
ates bya fa
tor of exp(2�v2=M2p ) after the 
reation of � parti
les [3℄, so their density atthe end of in
ation be
omes smaller by a fa
tor of exp(6�v2=M2p ). This leads to adesirable suppression for v � 2Mp. (The exa
t number depends on the subsequentthermal history of the universe.) Meanwhile the masses of WIMPS produ
ed by thisme
hanism 
an be extremely large, of order gMp. If the � parti
les are stable, theythemselves may serve as superheavy WIMPS with nearly Plan
kian mass. If theyde
ay to fermions, then the fermions may play a similar role.5.5 Instant Preheating and NO ModelsThe me
hanism of instant preheating works most eÆ
iently in models where thein
aton potential be
omes 
at at large values of �. Su
h non-os
illatory (NO) modelshave been the subje
t of a great deal of interest re
ently be
ause of their potentialappli
ation to the theory of quintessen
e, i.e. the possibility that a rolling s
alar�eld with a nearly 
at potential 
ould mimi
 the role of a 
osmologi
al 
onstant inthe 
urrent universe. The appli
ation of instant preheating in these models will bedis
ussed in detail in 
hapter 6. Here I will simply note that if the mass of theparti
les � grows with � and � has a 
at potential then the mass of � 
an be
omeessentially arbitrarily large.5.6 Con
lusionsThe theory of reheating after in
ation is already rather old. For many years it wasthought that the 
lassi
al os
illating in
aton �eld 
ould be represented as a 
olle
tionof s
alar parti
les of mass m �< 1013 GeV, that ea
h parti
le de
ayed to parti
les ofsmaller mass, and that the �nal goal was to 
al
ulate the reheating temperature Tr.During the last de
ade we have learned that this simple pi
ture in 
ertain 
ases 
anbe very useful, but typi
ally one must use the nonperturbative theory of reheating forthe des
ription of the �rst stages of reheating. The main ingredient of this theory wasthe theory of broad parametri
 resonan
e. Parti
le produ
tion in this s
enario 
ould



5.6. CONCLUSIONS 37be represented as a series of su

essive a
ts of 
reation, during whi
h the number ofprodu
ed parti
les in
reased exponentially. It seems now that this was only a �rststep towards a 
omplete understanding of nonperturbative me
hanisms of reheatingafter in
ation. It may be suÆ
ient to 
onsider a single a
t of 
reation, espe
ially ifone takes into a

ount the relative in
rease of energy of produ
ed parti
les during thesubsequent evolution of the 
lassi
al in
aton �eld, and the possibility of the 
hainrea
tion � ! � !  . This new me
hanism is 
apable of produ
ing parti
les ofnearly Plan
kian energy, whi
h was impossible in the previous versions of the theoryof reheating.One of the key ingredients of the nonperturbative me
hanism of preheating de-s
ribed above is a nonadiabati
 
hange of the mass m�(�) near the point where itvanishes (or at least strongly de
reases). Su
h situations o

ur very naturally in su-persymmetri
 theories of elementary parti
les if one identi�es � and � with moduli�elds that 
orrespond to 
at dire
tions of the e�e
tive potential. Indeed, in super-symmetri
 theories the e�e
tive potential often has several 
at dire
tions, whi
h mayinterse
t. When one of the moduli �elds (the in
aton) moves along a 
at dire
tionand rea
hes the interse
tion, the mass of another �eld vanishes. A simple example ofthis situation was des
ribed in se
tion 5.3. The 
hange of the number of massless de-grees of freedom is a generi
 phenomenon whi
h is under intense investigation in the
ontext of supersymmetri
 gauge theories, supergravity and string theory, where it isasso
iated with the points of enhan
ed gauge symmetry, see e.g. [42, 43, 44, 45, 46℄.Masses of elementary parti
les may also 
hange nonadiabati
ally during 
osmolog-i
al phase transitions. At the moment of a phase transition masses of some parti
lesvanish and may even temporarily be
ome ta
hyoni
. In this 
ase parti
le produ
tionmay be
ome even more intense. See 
hapter 10.The main 
on
lusion of this work is that with an a

ount taken of the new pos-sibilities dis
ussed above the s
enario of preheating be
omes more robust. In the
ases where parametri
 resonan
e may o

ur, it provides a very eÆ
ient me
hanismof preheating. Now we have found that eÆ
ient preheating is possible even in modelswhere parametri
 resonan
e does not happen be
ause of the rapid de
ay of produ
ed
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les. Instant preheating o

urs in the usual in
ationary models where the in
a-ton �eld os
illates near the minimum of its e�e
tive potential. But this me
hanismworks espe
ially well in models with e�e
tive potentials whi
h slowly de
rease at large�, as in the theory of quintessen
e. The 
onversion of the energy of the in
aton �eldto the energy of elementary parti
les in these models o

urs very rapidly, and it isalways 100% eÆ
ient. The next 
hapter dis
usses su
h s
enarios.



Chapter 6In
ation and Preheating in NOModelsNote: This 
hapter is based on a paper by Gary Felder, Lev Kofman, and AndreiLinde, available on the Los Alamos eprint server as hep-ph/9903350. The full 
itationappears in the bibliography [47℄.Chapter Abstra
tIn this 
hapter I dis
uss in
ationary models in whi
h the e�e
tive potential of thein
aton �eld does not have a minimum, but rather gradually de
reases at large �. Insu
h models the in
aton �eld does not os
illate after in
ation, and its e�e
tive massbe
omes vanishingly small, so the standard theory of reheating based on the de
ay ofthe os
illating in
aton �eld does not apply. For a long time the only known me
hanismof reheating in su
h non-os
illatory (NO) models was based on gravitational parti
leprodu
tion in an expanding universe. This me
hanism is very ineÆ
ient. I willshow that it may lead to 
osmologi
al problems asso
iated with large iso
urvature
u
tuations and overprodu
tion of dangerous reli
s su
h as gravitinos and moduli�elds. These problems 
an be resolved in the 
ontext of the s
enario of instantpreheating des
ribed in 
hapter 5 if there exists an intera
tion g2�2�2 of the in
aton�eld � with another s
alar �eld �. I show that the me
hanism of instant preheating in39



40 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELSNO models is mu
h more eÆ
ient than the usual me
hanism of gravitational parti
leprodu
tion even if the 
oupling 
onstant g2 is extremely small, 10�14 � g2 � 1.6.1 Introdu
tionUsually it is assumed that the in
aton �eld � after in
ation rolls down to the min-imum of its e�e
tive potential V (�), os
illates, and eventually de
ays. The stageof os
illations of the in
aton �eld is a ne
essary part of the standard me
hanism ofreheating of the universe [10, 11, 12, 5, 7, 8℄.However, there exist some models where the in
aton potential V (�) graduallyde
reases at large � and does not have a minimum. In su
h theories the in
aton �eld� does not os
illate after in
ation, so the standard me
hanism of reheating does notwork there.Investigation of in
ationary models of this type has been rather sporadi
 [24,25, 26, 27, 28℄, and ea
h new author has given them a new name, su
h as de
ation[25℄, kination [26, 27℄, and quintessential in
ation [28℄. However, the universe doesnot de
ate in these models, and in general they are not related to the theory ofquintessen
e. The main distinguishing feature of in
ationary models of this type is thenon-os
illatory behavior of the in
aton �eld, whi
h makes the standard me
hanismof reheating inoperative. Therefore we de
ided to 
all su
h models \non-os
illatorymodels," or simply \NO models." In addition to des
ribing the most essential featureof this 
lass of theories whi
h makes reheating problemati
, this name re
e
ts therather negligent attitude towards these models whi
h existed until re
ently.One of the reasons why NO models have not attra
ted mu
h attention was theabsen
e of an eÆ
ient me
hanism of reheating. For a long time it was believed thatthe only me
hanism of reheating possible in NO models was gravitational parti
leprodu
tion [24, 25, 26, 27, 28℄, whi
h o

urs be
ause of the 
hanging metri
 in theearly universe [48, 49, 50, 51, 52, 53℄. This me
hanism is very ineÆ
ient, whi
h maylead to 
ertain 
osmologi
al problems.However, re
ently the situation 
hanged. The me
hanism of instant preheatingdes
ribed in the previous 
hapter is very eÆ
ient, and it works in NO models even



6.2. ISOCURVATURE PERTURBATIONS IN NO MODELS 41better than in the models where V (�) has a minimum.In this 
hapter I will des
ribe various features of NO models. First of all, I willdis
uss the problem of initial 
onditions in these models, whi
h had not been properlyaddressed before. The standard assumption made in [24, 25, 26, 27, 28℄ is that atthe end of in
ation in NO models one has a large and heavy in
aton �eld � thatrapidly 
hanges and 
reates light parti
les � minimally 
oupled to gravity from astate where the 
lassi
al value of the �eld � vanishes. We showed that this setting ofthe problem needed to be re
onsidered. If the �elds � and � do not intera
t (whi
hwas the standard assumption of Refs. [24, 25, 26, 27, 28℄), then at the end of in
ationthe �eld � typi
ally does not vanish. Usually the last stages of in
ation are driven bythe light �eld � rather than by the heavy �eld �. But in this 
ase reheating o

ursdue to os
illations of the �eld �, as in the usual models of in
ation.In addition to reexamining the problem of initial 
onditions, we will point out po-tential diÆ
ulties asso
iated with iso
urvature perturbations and gravitational pro-du
tion of gravitinos and moduli �elds in NO models.In order to provide a 
onsistent setting for the NO models one needs to introdu
eintera
tion between the �elds � and �. This resolves the problem of initial 
onditionsin these models and makes it possible to have a non-os
illatory behavior of the in
aton�eld after in
ation. We show that all of these problems 
an be resolved in the 
ontextof the re
ently proposed s
enario of instant preheating [9℄ if there is an intera
tiong22 �2�2 of the in
aton �eld � with another s
alar �eld �, with g2 � 10�14. In this 
asethe me
hanism of instant preheating in NO models is mu
h more eÆ
ient than theusual me
hanism of gravitational parti
le produ
tion studied in [24, 25, 26, 27, 28℄.6.2 Iso
urvature perturbations in NO ModelsIn 
hapter 7 I show that if in
ation begins with a large value of the in
aton � anda vanishing value of a light �eld � then typi
ally large 
u
tuations of the �eld �will be generated by the end of in
ation. These 
u
tuations are largest at longwavelengths, well outside the horizon, and thus appear e�e
tively homogeneous onsubhorizon s
ales. For a suÆ
iently long period of in
ation these 
u
tuations will



42 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELSgrow large enough to initiate a new in
ationary stage driven by the light �eld �. Thusthe standard assumption that reheating begins with a light �eld � having vanishingamplitude is generi
ally in
orre
t.Here I will 
onsider a more general question: If the two �elds � and � do notintera
t, then why should we assume that one of them should vanish at the beginningof in
ation? And if it does not vanish, then how does it 
hange the whole pi
ture?Suppose for example that the �eld � is a Higgs �eld [28℄ with a relatively smallmass and with a large 
oupling 
onstant �� � ��. The total e�e
tive potential inthis theory (for � < 0) is given byV (�; �) = ��4 �4 + ��4 (�2 � v2)2: (6.1)Here v is the amplitude of spontaneous symmetry breaking, v �Mp. During in
ationand at the �rst stages of reheating this term 
an be negle
ted, so we will study thesimpli�ed model V (�; �) = ��4 �4 + ��4 �4: (6.2)This model was �rst analyzed in [54℄. It is dire
tly related to the Peebles-Vilenkinmodel [28℄ if the �eld � is the Higgs boson �eld with a small mass m.In general, at the beginning of in
ation one has both � 6= 0 and � 6= 0. Thus wewill not assume that � = 0, and instead of studying quantum 
u
tuations of this �eldwhi
h 
an make it large, I will assume that it 
ould be large from the very beginning.Even though the �elds � and � do not intera
t with ea
h other dire
tly, they movetowards the state � = 0 and � = 0 in a 
oherent way. The reason is that the motionof these �elds is determined by the same value of the Hubble 
onstant H.The equations of motion for both �elds during in
ation look as follows:3H _� = ����3: (6.3)3H _� = ����3: (6.4)



6.2. ISOCURVATURE PERTURBATIONS IN NO MODELS 43These equations imply that d����3 = d����3 ; (6.5)whi
h yields the general solution1���2 = 1���2 + 1���20 � 1���20 ; (6.6)Sin
e the initial values of these �elds are mu
h greater than the �nal values, at thelast stages of in
ation one has [54℄ �� = vuut���� : (6.7)
Suppose �� � ��. In this 
ase the \heavy" �eld � rapidly rolls down, and thenfrom the last equation it follows, rather paradoxi
ally, that the Hubble 
onstant atthe end of in
ation is dominated by the \light" �eld �. Thus we 
an 
onsistently
onsider the 
reation of 
u
tuations of the �eld � (� parti
les) at the end of and afterthe last in
ationary stage driven by the � �eld. But now these 
u
tuations o

ur ontop of a nonvanishing 
lassi
al �eld �.To study the behavior of the 
lassi
al �elds � and � and their 
u
tuations ana-lyti
ally, one should remember that during the in
ationary stage driven by � one hasH = q2���3 �2Mp . In this 
ase, as before, the solution for the equation of motion of the�eld � is given by [2℄ � = �0 exp0��s��6�Mpt1A : (6.8)Meanwhile, a

ording to Eq. (6.7),� = �0vuut���� exp0��s��6�Mpt1A ; (6.9)



44 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELSwhereas for perturbations of the �eld � one has:Æ� = Æ�0 exp0��3s��6�Mpt1A : (6.10)Let us 
onsider, for example, the behavior of the �elds and their 
u
tuations atthe end of in
ation, starting from the moment � = �i. One may take, for example,�i � 4Mp, whi
h 
orresponds to a point approximately 60 e-folds before the end ofin
ation. The 
u
tuations Æ�i � H(�i)=2� de
rease a

ording to (6.10), and at theend of in
ation one getsÆ�� = H(�i)2��i exp0��2s��6�Mpt1A = q���ip6�Mp �2e�2i : (6.11)Here �e � 0:3Mp 
orresponds to the end of in
ation.1 After that moment the�elds � and � begin os
illating, and the ratio of Æ� to the amplitude of os
illationsof the �eld � remains approximately 
onstant. This gives the following estimate forthe amplitude of iso
urvature perturbations in this model:ÆV (�)V (�) � 4Æ�� = 2� 10�2q�� : (6.12)Initially perturbations of V (�) give a negligibly small 
ontribution to perturba-tions of the metri
 be
ause V (�) � V (�); that is why they are 
alled iso
urvatureperturbations. However, the main idea of preheating in NO models is that eventually� �elds or the produ
ts of their de
ay will give the dominant 
ontribution to theenergy-momentum tensor be
ause the energy density of the �eld � rapidly vanishesdue to the expansion of the universe (�� � a�6). However, be
ause of the inho-mogeneity of the distribution of the �eld � (whi
h will be imprinted in the densitydistribution of the produ
ts of its de
ay on s
ales greater than H�1), the period of thedominan
e of matter over the s
alar �eld � will happen at di�erent times in di�erent1We are grateful to Peebles and Vilenkin for pointing out that the fa
tor �2e�2i should be presentin this equation.



6.2. ISOCURVATURE PERTURBATIONS IN NO MODELS 45parts of the universe. In other words, the epo
h when the universe begins expandingas a � pt or a � t2=3 instead of a � t1=3 will begin at di�erent moments t (at dif-ferent total densities) in di�erent parts of the universe. Starting from this time theiso
urvature 
u
tuations (6.12) will produ
e metri
 perturbations, and, as a result,perturbations of CMB radiation.Note that if the equation of state of the �eld � or of the produ
ts of its de
ay
oin
ided with the equation of state of the s
alar �eld � after in
ation, 
u
tuationsof the �eld � would not indu
e any anisotropy of CMB radiation. For example, these
u
tuations would be harmless if the �eld � de
ayed into ultrarelativisti
 parti
leswith the equation of state p = �=3 and if the equation of state of the �eld � at thattime were also given by p = �=3. However, in our 
ase the �eld � has equation ofstate p = �, whi
h is quite di�erent from the equation of state of the �eld � or of itsde
ay produ
ts.Iso
urvature 
u
tuations lead to approximately 6 times greater large s
ale anisotropyof the 
osmi
 mi
rowave radiation as 
ompared with adiabati
 perturbations. To avoid
osmologi
al problems, one would need to have ÆV (�)V (�) �< 5 � 10�6. If � is the Higgs�eld with �� �> 10�7, then the perturbations dis
ussed above will be una

eptablylarge. This may be a rather serious problem. Indeed, one may expe
t to have manys
alar �elds in realisti
 theories of elementary parti
les. To avoid large iso
urvature
u
tuations ea
h of these �elds must be extremely weakly 
oupled, with �� �< 10�7,The general 
on
lusion is that the theory of reheating in NO models, as well astheir 
onsequen
es for the 
reation of the large-s
ale stru
ture of the universe, maybe quite di�erent from what was anti
ipated in the �rst papers on this subje
t. In thesimplest versions of su
h models in
ation typi
ally does not end in the state � = 0,and large iso
urvature 
u
tuations are produ
ed.



46 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELS6.3 Cosmologi
al produ
tion of gravitinos and mod-uli �eldsIf the in
aton �eld � is sterile, not intera
ting with any other �elds, the elementaryparti
les 
onstituting the universe should be produ
ed gravitationally due to thevariation of the s
ale fa
tor a(t) with time. This was one of the basi
 assumptionsof all papers on NO models [24, 25, 26, 27, 28℄. Not all spe
ies 
an be produ
ed thisway, but only those whi
h are not 
onformally invariant. Indeed, the metri
 of theFriedmann universe is 
onformally 
at. If one 
onsiders, for example, massless s
alarparti
les � with an additional term � 112�2R in the Lagrangian (
onformal 
oupling),one 
an make 
onformal transformations of � simultaneously with transformationsof the metri
 and �nd that the theory of � parti
les in the Friedmann universe isequivalent to their theory in 
at spa
e. That is why su
h parti
les would not be
reated in an expanding universe.Sin
e 
onformal 
oupling is a rather spe
ial requirement, one expe
ts a numberof di�erent spe
ies to be produ
ed. An apparent advantage of gravitational parti
leprodu
tion is its universality [35, 36, 37℄. There is a kind of \demo
ra
y" rule for allparti
les non-
onformally 
oupled to gravity: the density of su
h parti
les produ
edat the end of in
ation is �X � �XH4, where �X � 10�2 is a numeri
al fa
tor spe
i�
for di�erent spe
ies and H is the Hubble parameter at the end of in
ation.Unfortunately, demo
ra
y does not always work; there may be too many danger-ous reli
s produ
ed by this universal me
hanism. One of the potential problems isrelated to the overprodu
tion of gravitons mentioned in [28℄. In order to solve it oneneeds to have models with a very large number of types of light parti
les. This isdiÆ
ult but not impossible [28℄. However, even more diÆ
ult problems will arise ifNO models are implemented in supersymmetri
 theories of elementary parti
les.For example, in supersymmetri
 theories one may en
ounter many 
at dire
tionsof the e�e
tive potential asso
iated with moduli �elds. These �elds usually are verystable. Moduli parti
les de
ay very late, so in order to avoid 
osmologi
al problemsthe energy density of the moduli �elds must be many orders of magnitude smallerthan the energy density of other parti
les [55, 56, 57, 58, 59, 60℄.
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ally are not 
onformally invariant. There are several di�erente�e
ts that add up to give them masses CH during expansion of the universe, withC = O(1) (in general, C is not a 
onstant) [55, 56, 57, 58, 59℄. This is very similar towhat happens if, for example, one adds a term � �2R�2 to the lagrangian of a s
alar�eld. Indeed, during in
ation R = 12H2, so this term leads to the appearan
e of a
ontribution to the mass of the s
alar �eld �m2 = 12�H2. Conformal 
oupling would
orrespond to m2 = 2H2.A

ording to [24℄, the energy density of s
alar parti
les produ
ed gravitationallyat the end of in
ation is given by 10�2H4(1 � 6�)2. Thus, unless the 
onstant Cis �ne-tuned to mimi
 
onformal 
oupling, we expe
t that in addition to the energyof 
lassi
al os
illating moduli �elds, at the end of in
ation one has gravitationalprodu
tion of moduli parti
les with energy density � 10�2H4, just as for all other
onformally noninvariant parti
les.In usual in
ationary models one also en
ounters the moduli problem if the energyof 
lassi
al os
illating moduli �elds is too large [55, 56, 57, 58, 59℄. Here we are dis-
ussing an independent problem whi
h appears even if there are no 
lassi
al os
illatingmoduli. Indeed, in NO models all parti
les 
reated by gravitational e�e
ts at the endof in
ation will have similar energy density � 10�2H4. But if the energy densityof moduli �elds is not extremely strongly suppressed as 
ompared with the energydensity of other parti
les, then su
h models will be ruled out [55, 56, 57, 58, 59, 60℄.See 
hapter 7 for further dis
ussion of the moduli problem in in
ation.A similar problem appears if one 
onsiders the possibility of gravitational (non-thermal) produ
tion of gravitinos. Usually it is assumed that gravitinos have massm3=2 = 102 � 103 GeV, whi
h is mu
h smaller than the typi
al value of the Hubble
onstant at the end of in
ation. Therefore naively one 
ould expe
t that gravitinos,just like massless fermions of spin 1=2, are (almost exa
tly) 
onformally invariant andshould not be produ
ed due to expansion of the Friedmann universe.However, in the framework of supergravity, the ba
kground metri
 is generatedby in
aton �eld(s) �j with an e�e
tive potential 
onstru
ted from the superpotentialW (�j). The gravitino mass in the early universe a
quires a 
ontribution proportionaltoW (�j). Depending on the model, the gravitino mass soon after the end of in
ation



48 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELSmay be of the same order as H or somewhat smaller, but typi
ally it is mu
h greaterthan its present value m3=2.A general investigation of the behavior of gravitinos in the Friedmann universeshows that the gravitino �eld in a self-
onsistent Friedmann ba
kground supportedby s
alar �elds is not 
onformally invariant [61℄. For example, the e�e
tive potential��4 
an be obtained from the superpotentialp��3 in the global supersymmetry limit.This leads to a gravitino mass � p��3=M2p . At the end of in
ation � � Mp, andtherefore the gravitino mass is 
omparable to the Hubble 
onstant H � p��2=Mp.This implies strong breaking of 
onformal invarian
e.The theory of gravitational produ
tion of gravitinos is strongly model-dependent,and in some models it might be possible to a
hieve a 
ertain suppression of theirprodu
tion as 
ompared to the produ
tion of other parti
les. The problem is that, justlike in the situation with the moduli �elds, this suppression must be extraordinarilystrong. Indeed, to avoid 
osmologi
al problems one should suppress the number ofgravitinos as 
ompared to the number of other parti
les by a fa
tor of about 10�15[62, 63, 64, 65, 66, 67℄. For a more detailed dis
ussion of the 
osmologi
al produ
tionof gravitinos see [61℄.The gravitino/moduli problem and the problem of iso
urvature perturbations areinterrelated in a rather nontrivial way. Indeed, the gravitino and moduli problems areespe
ially severe if the density of gravitinos and/or moduli parti
les produ
ed duringreheating is of the same order of magnitude as the energy density of s
alar �elds �.In my previous 
al
ulations I assumed, following [24, 28℄, that the energy density ofthe �elds � after in
ation is O(10�2H4). But this statement is not always 
orre
t.It was derived in [24℄ under an assumption that parti
le produ
tion o

urs duringa short time interval when the equation of state 
hanges. Meanwhile in in
ationary
osmology the long-wavelength 
u
tuations of the �eld �minimally 
oupled to gravityare produ
ed during in
ation all the time when the Hubble 
onstant H(t) is smallerthan the mass of the � parti
les m�. The energy density of � parti
les produ
edduring in
ation will 
ontain a 
ontribution �0 = m2�2 h�2i, whi
h may be many ordersof magnitude greater than 10�2H4.For the sake of argument, one may 
onsider in
ation in the theory �4�4 and take



6.4. SAVING NO MODELS: INSTANT PREHEATING 49m� equal to the value of H at the end of in
ation, m� � p��Mp. Then, a

ording toEq. (7.29), after in
ation one has �0 � ��m2��6036M4p � 10�2H4 � �0Mp�6 � 10�2H4, be
ause�0 �Mp.This is the same e�e
t that I dis
uss in 
hapter 7: If �0 is large enough, wemay even have a se
ond stage of in
ation driven by the large energy density of the
u
tuations of the �eld �. But even if �0 is not large enough to initiate a se
ondstage of in
ation, it still must be mu
h greater than Mp to drive the �rst stage ofin
ation, whi
h makes the standard estimate � � 10�2H4 in
orre
t [68℄.There is one more e�e
t that should be 
onsidered, in addition to gravitationalparti
le produ
tion. The e�e
tive mass of the parti
les � at � < 0 is given by p3��.At the end of in
ation, at � � Mp, this mass is of the same order as the Hubble
onstant � p��2=Mp. Then, within the Hubble time H�1 the �eld � rolls to thevalley at � > 0 and its mass vanishes. This is a non-adiabati
 pro
ess; the mass ofthe s
alar �eld 
hanges by O(H) during the time O(H�1). As a result, in addition togravitational parti
le produ
tion there is an equally strong produ
tion of parti
les �due to the nonadiabati
 
hange of their mass [68, 69℄.This may imply that the fra
tion of energy in gravitinos will be mu
h smaller thanpreviously expe
ted, simply be
ause the fra
tion of energy in the 
u
tuations of the�eld � will be mu
h larger. But there is no free lun
h. For example, the produ
tion oflarge number of nearly massless parti
les �may lead to problems with nu
leosynthesis.Large in
ationary 
u
tuations of the �eld � 
an 
reate large iso
urvature 
u
tuations.One 
an avoid this problem if one assumes, for example, that the �elds � a
quiree�e
tive mass O(H) in an expanding universe. Then their 
u
tuations will not beprodu
ed during in
ation. But in su
h a 
ase their density after in
ation will begiven by 10�2H4, and therefore we do not have any relaxation of the gravitino andthe moduli problems.6.4 Saving NO models: Instant preheatingAs we will see, the problems dis
ussed above will not appear in theories of a moregeneral 
lass, where the �elds � and � 
an intera
t with ea
h other. I will 
onsider a



50 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELSmodel with the intera
tion g22 �2�2. First I will show that in this 
ase it really makessense to study preheating assuming that � = 0. Then I will dis
uss how the instantpreheating me
hanism des
ribed in 
hapter 5 allows eÆ
ient energy transfer from the�eld � to parti
les of the �eld �.6.4.1 Initial 
onditions for in
ation and reheating in the modelwith intera
tion g22 �2�2Consider a theory with an e�e
tive potential dominated by the term V (�; �) =g22 �2�2. This means that the 
onstant g is large enough for me to temporarily negle
tthe terms ��4 �4 + ��4 �4 in the dis
ussion of initial 
onditions.In this 
ase the Plan
k boundary is given by the 
onditiong22 �2�2 �M4p ; (6.13)whi
h de�nes a set of four hyperbolasgj�jj�j �M2p : (6.14)At larger values of � and � the density is greater than the Plan
k density, so thestandard 
lassi
al des
ription of spa
e-time is impossible there. On the other hand,the e�e
tive masses of the �elds should be smaller than Mp, and 
onsequently the
urvature of the e�e
tive potential 
annot be greater than M2p . This leads to twoadditional 
onditions: j�j �< g�1Mp; j�j �< g�1Mp: (6.15)I assume that g � 1. Suppose for de�niteness that initially the �elds � and � belongto the Plan
k boundary (6.14) and that j�j is half-way towards its upper bound (6.15):j�j � g�1Mp=2. The 
hoi
e of the 
oeÆ
ient 1=2 here is not essential; we only wantto make sure that the �eld � initially is of order Mp, but it 
an be slightly greaterthan Mp, This allows for an extremely short stage of in
ation when the �eld � rollsdown towards � = 0.



6.4. SAVING NO MODELS: INSTANT PREHEATING 51The equations for the two �elds are��+ 3H _� = �g2��2: (6.16)and �� + 3H _� = �g2�2�: (6.17)The 
urvature of the e�e
tive potential in the � dire
tion initially is � g2�2 � g2M2p ,whi
h is very small 
ompared to the initial value of H2 � M2p . Thus the �eld � willmove very slowly, so one 
an negle
t the term �� in Eq. (6.16).3H _� = �g2��2: (6.18)If the �eld � 
hanges slowly, then the �eld � behaves as in the theory m2�2 �2 withm� � gj�j being slightly smaller thanMp and with the initial value of � being slightlygreater than Mp. This leads to a very short stage of in
ation that ends within a fewPlan
k times. After this short stage the �eld � rapidly os
illates. During this stagethe energy density of the os
illating �eld drops down as a�3, the universe expands asa � t2=3, and H = 23t . Thus the square of the amplitude of the os
illations of the �eld� de
reases as follows: �2 � �20a�3 � t�2. This leads to the following equation forthe �eld �: _�� � �g2t : (6.19)The solution of this equation is � = �0 � tt0��g2 with t0 � M�1p , and �0 � �Mp=g.(The 
ondition t0 �M�1p follows from the fa
t that the initial value of H = 23t is notmu
h below Mp.) This gives � � �Mpg (Mpt)�g2 : (6.20)The in
aton �eld � be
omes equal to �Mp after the exponentially large timet �M�1p  1g!g�2 : (6.21)



52 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELSDuring this time the energy of os
illations of the �eld � be
omes exponentially small,and the small term ��4 �4 that I negle
ted until now be
omes the leading term drivingthe s
alar �eld �. At this stage we will have the usual 
haoti
 in
ation s
enario withj�j > Mp and with the �elds evolving along the dire
tion � = 0.Thus in the presen
e of the intera
tion term g22 �2�2 one 
an indeed 
onsider in-
ation and reheating with � = 0. As we have seen, this possibility was rather prob-lemati
 in the models where � and � intera
ted only gravitationally.The e�e
tive mass of the �eld � during in
ation is gj�j, whi
h is mu
h greaterthan the Hubble 
onstant � p��2Mp for g2� � �2M2p . In realisti
 versions of this model onehas � � 10�13 [3℄, and g2 � �. Therefore long-wavelength 
u
tuations of the �eld �are not produ
ed during the last stages of in
ation, when � �Mp.A similar 
on
lusion is valid if at the last stages of in
ation the e�e
tive potentialof the �eld � is quadrati
, V (�) = m22 �2. In this 
ase H � m�Mp , and in
ationary
u
tuations of the �eld � are not produ
ed for g � mMp . In realisti
 versions of thismodel one has m � 10�6Mp [3℄, and 
u
tuations Æ� are not produ
ed if g2 � 10�12.This means that the problem of iso
urvature 
u
tuations does not appear.6.4.2 Instant preheating in NO modelsTo explain the main idea of the instant preheating s
enario in NO models, I will
onsider for simpli
ity a model where V (�) = m22 �2 for � < 0, and V (�) vanishes for� > 0. I will dis
uss a more general situation later. I will assume that the e�e
tivepotential 
ontains the intera
tion term g22 �2�2, and that � parti
les have the usualYukawa intera
tion h �  � with fermions  . For simpli
ity, we will assume here that� parti
les do not have any bare mass, so that their e�e
tive mass is equal to gj�j.In 
hapter 5 I showed that for this 
ase � parti
les are produ
ed at the momentwhen � = 0 with number density (g _�0)3=28�3 , whi
h then de
reases as a�3(t) to given� = (g _�0)3=28�3a3(t) : (6.22)(See equation (5.5).) Here we take a0 = 1 at the moment of parti
le produ
tion.
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le produ
tion o

urs only in a small vi
inity of � = 0. Then the �eld �
ontinues rolling along the 
at dire
tion of the e�e
tive potential with � > 0, andthe mass of ea
h � parti
le grows as g�. Therefore the energy density of produ
edparti
les is �� = (g _�0)3=28�3 g�(t)a3(t) : (6.23)The energy density of the �eld � drops down mu
h faster, as a�6(t). The reasonis that if one negle
ts ba
krea
tion of produ
ed parti
les, the energy density of the�eld � at this stage is entirely 
on
entrated in its kineti
 energy density 12 _�2, whi
h
orresponds to the equation of state p = �. I will study this issue now in a moredetailed way.The equation of motion for the in
aton �eld after parti
le produ
tion looks asfollows: ��+ 3H _� = �g2�h�2i (6.24)I will assume for simpli
ity that the �eld � does not have bare mass, i.e. m� = g�. Assoon as the �eld � be
omes greater than �� (and this happens pra
ti
ally instantly,when parti
le produ
tion ends), the parti
les � be
ome nonrelativisti
. In this 
aseh�2i 
an be easily related to n�:h�2i � 12�2 Z nk k2dkpk2 + g2�2 � n�g� � (g _�0)3=28�3g�a3(t) : (6.25)Therefore the equation for the �eld � reads��+ 3H _� = �gn� = �g (g _�0)3=28�3a3(t) : (6.26)To analyze the solutions of this equation, I will �rst negle
t ba
krea
tion. In this 
aseone has a � t1=3, H = 13t , and � = Mp2p3� log tt0 ; (6.27)where t0 = 13H0 = Mp2p3� _�0 � 5p3�m .
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an easily 
he
k that this regime remains inta
t and ba
krea
tion is unim-portant for t < t1 � 8�3pg5 _�0 , until the �eld � grows up to�1 � 5Mp4p3� log 1g : (6.28)This equation is valid for g � 1. For example, for g = 10�3 one has �1 � 3Mp. Forg = 10�1 one has �1 � Mp. Note that the terms in the left hand side of the Eq. (6.26)de
rease as t�2 when the time grows, whereas the ba
krea
tion term goes as t�1. Assoon as the ba
krea
tion be
omes important, i.e. as soon as the �eld � rea
hes �1,it turns ba
k, and returns to � = 0. When it rea
hes � = 0, the e�e
tive potentialbe
omes large, so the �eld � 
annot be
ome negative, and it boun
es towards large� again.Now let us take into a

ount intera
tion of the � �eld with fermions. This inter-a
tion leads to de
ay of the � parti
les with the de
ay rate [5, 7, 8℄�(�!   ) = h2m�8� = h2gj�j8� : (6.29)Note that the de
ay rate grows with the growth of the �eld j�j, so parti
les tend tode
ay at large �. In our 
ase the �eld � spends most of the time prior to t1 at � �Mp(if it does not de
ay earlier, see below). The de
ay rate at that time is�(�!   ) � h2gMp8� : (6.30)If ��1� < t1 � 8�3g5=2 _�0 , then parti
les � will de
ay to fermions  at t < t1 and the for
edriving the �eld � ba
k to � = 0 will disappear before the �eld � turns ba
k. In this
ase the �eld � will 
ontinue to grow, and its energy density will 
ontinue de
reasinganomalously fast, as a�6. This happens ifh2gMp8� �> g5=2 _�1=208�3 : (6.31)Taking into a

ount that in our 
ase _�0 � mMp10 and m � 10�6Mp, one �nds that this
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ondition is satis�ed if h �> 5� 10�3g3=4. This is a very mild 
ondition. For example,it is satis�ed for h > 5� 10�3 if g = 1, and for h > 5� 10�7 if g = 10�4.This s
enario is always 100% eÆ
ient. The initial fra
tion of energy transferredto matter at the moment of � parti
le produ
tion is not very large, about 10�2g2 ofthe energy of the in
aton �eld [9℄. However, be
ause of the subsequent growth ofthis energy due to the growth of the �eld �, and be
ause of the rapid de
rease ofkineti
 energy of the in
aton �eld, the energy density of the � parti
les and of theprodu
ts of their de
ay soon be
omes dominant. This should be 
ontrasted with theusual situation in the theories where V (�) has a minimum. As was emphasized in[5, 7, 8℄, eÆ
ient preheating is possible only in a sub
lass of su
h models. In manymodels where V (�) has a minimum the de
ay of the in
aton �eld is in
omplete, and ita

umulates an una

eptably large energy density 
ompared with the energy densityof the thermalized 
omponent of matter. The possibility of having very eÆ
ientreheating in NO models may have signi�
ant 
onsequen
es for in
ationary modelbuilding.It is instru
tive to 
ompare the density of parti
les produ
ed by this me
hanismto the density of parti
les 
reated during gravitational parti
le produ
tion, whi
h isgiven by �� � 10�2H4 � �� ��M4p , where �� is the energy density of the �eld � atthe end of in
ation. In the model ��4 �4 one has �� � 10�16M4p , and, 
onsequently,�� � �� ��M4p � 10�16��. Meanwhile, as we just mentioned, at the �rst moment afterparti
le produ
tion in our s
enario the energy density of produ
ed parti
les is ofthe order of 10�2g2�� [9℄, and then it grows together with the �eld � be
ause ofthe growth of the mass g� of ea
h � parti
le. Thus, for g2 �> 10�14 the numberof parti
les produ
ed during instant preheating is mu
h greater than the number ofparti
les produ
ed by gravitational e�e
ts. Therefore one may argue that reheating ofthe universe in NO models should be des
ribed using the instant preheating s
enario.Typi
ally it is mu
h more eÆ
ient than gravitational parti
le produ
tion. This means,in parti
ular, that produ
tion of normal parti
les will be mu
h more eÆ
ient thanthe produ
tion of gravitinos and moduli.In order to avoid the gravitino problem altogether one may 
onsider versions ofNO models where the parti
les produ
ed during preheating remain nonrelativisti




56 CHAPTER 6. INFLATION AND PREHEATING IN NO MODELSfor a while. Then the energy density of gravitinos during this epo
h de
reases mu
hfaster than the energy density of usual parti
les. New gravitinos will not be produ
edif the resulting temperature of reheating is suÆ
iently small.6.5 Other versions of NO modelsIn the previous se
tion we 
onsidered the simplest model where V (�) = 0 for � > 0.However, in general V (�) may be
ome 
at not at � = 0, but only asymptoti
ally, at� �> Mp. Su
h theories have be
ome rather popular now in relation to the theory ofquintessen
e; for a partial list of referen
es see e.g. [70, 71, 72, 73, 74, 75, 76, 29, 77,78, 79℄. In su
h a 
ase the ba
krea
tion of 
reated parti
les may never turn the s
alar�eld � ba
k to � = 0. Therefore the de
ay of the parti
les � may o

ur very late, andone 
an have very eÆ
ient preheating for any values of the 
oupling 
onstants g andh. On the other hand, if the � parti
les are stable, and if the �eld � 
ontinues rollingfor a very long time, one may en
ounter a rather unusual regime. If the parti
lemasses gj�j at some moment approa
hMp, the � parti
les may 
onvert to bla
k holesand immediately evaporate.Indeed, in 
onventional quantum �eld theory, an elementary parti
le of mass Mhas a Compton wavelength M�1 smaller than its S
hwarzs
hild radius 2M=M2p ifM �> Mp. Therefore one may expe
t that as soon as m� = gj�j be
omes greater thanMp, ea
h � parti
le be
omes a Plan
k-size bla
k hole, whi
h immediately evaporatesand reheats the universe. If this regime is possible, it should be avoided. Indeed,bla
k holes of Plan
k mass may produ
e similar amounts of all kinds of parti
les,in
luding gravitinos. Therefore if reheating o

urs be
ause of bla
k hole evaporation,then we will return to the gravitino problem again.Thus, the best possibility is to 
onsider those versions of the instant preheatings
enario that do not lead to the 
reation of stable parti
les of Plan
kian mass. It mayseem paradoxi
al that one needs to be 
areful about this 
onstraint. Several years agoit would have seemed impossible to produ
e parti
les of mass greater than 5�1012 GeVduring the de
ay of an in
aton �eld of mass m� � 1013 GeV. Here I have des
ribed



6.5. OTHER VERSIONS OF NO MODELS 57a nonperturbative me
hanism of preheating that may produ
e parti
les 5 orders ofmagnitude heavier thanm�. It is interesting that the me
hanism of instant preheatingworks espe
ially well in the 
ontext of NO models where all other me
hanisms arerather ineÆ
ient.



Chapter 7Gravitational Parti
le Produ
tionand the Moduli ProblemNote: This 
hapter is based on a paper by Gary Felder, Lev Kofman, and AndreiLinde, available on the Los Alamos eprint server as hep-ph/9909508. The full 
itationappears in the bibliography [68℄.7.1 Chapter Abstra
tA theory of gravitational produ
tion of light s
alar parti
les during and after in
ationis investigated. In the most interesting 
ases where long-wavelength 
u
tuations oflight s
alar �elds 
an be generated during in
ation, these 
u
tuations rather thanquantum 
u
tuations produ
ed after in
ation give the dominant 
ontribution to par-ti
le produ
tion. In su
h 
ases a simple analyti
al theory of parti
le produ
tion 
anbe developed. Appli
ation of these results to the theory of quantum 
reation of mod-uli �elds demonstrates that if the moduli mass is smaller than the Hubble 
onstantthen these �elds are 
opiously produ
ed during in
ation. This gives rise to the 
os-mologi
al moduli problem even if there is no homogeneous 
omponent of the 
lassi
almoduli �eld in the universe. To avoid this version of the moduli problem it is ne
es-sary for the Hubble 
onstant H during the last stages of in
ation and/or the reheatingtemperature TR after in
ation to be extremely small.58



7.2. INTRODUCTION 597.2 Introdu
tionRe
ently there has been a renewal of interest in gravitational produ
tion of parti
les inan expanding universe. This was a subje
t of intensive study many years ago, see e.g.[48, 49, 50, 51, 52, 53℄. However, with the invention of in
ationary theory the issueof the produ
tion of parti
les due to gravitational e�e
ts be
ame less urgent. Indeed,gravitational e�e
ts are espe
ially important near the 
osmologi
al singularity, atthe Plan
k time. But the density of the parti
les produ
ed at that epo
h be
omesexponentially small due to in
ation. New parti
les are produ
ed only after the end ofin
ation when the energy density is mu
h smaller than the Plan
k density. Produ
tionof parti
les due to gravitational e�e
ts at that stage is typi
ally very ineÆ
ient.There are a few ex
eptions to this rule that have motivated the re
ent interest ingravitational parti
le produ
tion. First of all, there are some models where the mainme
hanism of reheating during in
ation is due to gravitational produ
tion. Eventhough this me
hanism is very ineÆ
ient, in the absen
e of other me
hanisms of re-heating it may do the job. For example, in the NO models dis
ussed in the previous
hapter the in
aton �eld � does not os
illate after in
ation, so the standard me
ha-nism of reheating does not work [24, 25, 26, 27, 28, 47℄. Usually gravitational parti
leprodu
tion in su
h models lead to dangerous 
osmologi
al 
onsequen
es, su
h as largeiso
urvature 
u
tuations and overprodu
tion of gravitinos. In order to over
ome theseproblems, it was ne
essary to modify the NO models and to use the non-gravitationalme
hanism of instant preheating for the des
ription of parti
le produ
tion. See 
hap-ters 5 and 6 for more details.There are some other 
ases where even very small but unavoidable gravitationalparti
le produ
tion may lead either to useful or to 
atastrophi
 
onsequen
es [35,37, 57, 61, 80℄. For example, it has re
ently been found that the produ
tion ofgravitinos by the os
illating in
aton �eld is not suppressed by the small gravitational
oupling. As a result, gravitinos 
an be 
opiously produ
ed in the early universeeven if the reheating temperature always remains smaller than 108 GeV [61, 80℄.Another important example is related to moduli produ
tion. 15 years ago Coughlanet al realized that string theory and supergravity give rise to a 
osmologi
al moduli



60 CHAPTER 7. THE MODULI PROBLEMproblem asso
iated with the existen
e of a large homogeneous 
lassi
al moduli �eld inthe early universe [81℄. Soon afterwards Gon
harov, Linde and Vysotsky showed thatquantum 
u
tuations of moduli �elds produ
ed at the last stages of in
ation lead tothe moduli problem even if initially there were no 
lassi
al moduli �elds [57℄. Thusthe 
osmologi
al moduli problem may appear either be
ause of the existen
e of a largelong-living homogeneous 
lassi
al moduli �eld or be
ause of quantum produ
tion ofex
itations (parti
les) of the moduli �elds. In [47℄ it was pointed out that the problemof moduli produ
tion is espe
ially diÆ
ult in the 
ontext of NO models, where moduliare produ
ed as abundantly as usual parti
les.Re
ently the problem of moduli produ
tion in the early universe was studied bynumeri
al methods in [80℄, with 
on
lusions similar to those of Ref. [57℄. As I amgoing to demonstrate, the main sour
e of gravitational produ
tion of light moduliin in
ationary 
osmology is very simple, and one 
an study the theory of moduliprodu
tion not only numeri
ally but also analyti
ally by the methods developed in[57, 47℄. This fa
t allowed us to generalize and 
onsiderably strengthen the results ofRefs. [57, 80℄.In parti
ular, we will see that in the leading approximation the problem of over-produ
tion of light moduli parti
les is equivalent to the problem of large homogeneous
lassi
al moduli �elds [57℄. I will show that the ratio of the number density of lightmoduli produ
ed during in
ation to the entropy of the universe after reheating satis-�es the inequality n�s �> TRH203mM2p : (7.1)Here m is the moduli mass, Mp � 2:4 � 1018 GeV is the redu
ed Plan
k mass, andH0 is the Hubble 
onstant at the moment 
orresponding to the beginning of the last60 e-foldings before the end of in
ation.In the simplest versions of in
ationary theory with potentials M2�2=2 or ��4=4one has H0 � 1014 GeV. In su
h models our result implies that in order to satisfy the
osmologi
al 
onstraint n�s �< 10�12 one needs to have an abnormally small reheatingtemperature TR �< 1 GeV. Alternatively one may 
onsider in
ationary models wherethe Hubble 
onstant at the end of in
ation is very small. But I will argue that even



7.3. MODULI PROBLEM 61this may not help, so one may need either to invoke thermal in
ation or to use someother me
hanisms that 
an make the moduli problem less severe, see e.g. [82, 83, 84℄.In the next se
tion I outline the 
lassi
al and quantum versions of the moduliproblem and explain how ea
h of them 
an arise in in
ationary theory. In se
tion7.4 I des
ribe the results of our numeri
al simulations of gravitational produ
tionof light s
alar �elds during and after preheating. In parti
ular these results verifyour predi
tion that the dominant 
ontribution to parti
le produ
tion 
omes fromlong-wavelength modes that are indistinguishable from homogeneous 
lassi
al moduli�elds. Finally in se
tion 7.5 I analyti
ally 
ompute the produ
tion of these long wave-length modes and derive Eq.(7.1). This se
tion also 
ontains a 
on
luding dis
ussion.
7.3 Moduli problemString moduli 
ouple to standard model �elds only through Plan
k s
ale suppressedintera
tions. Their e�e
tive potential is exa
tly 
at in perturbation theory in thesupersymmetri
 limit, but it may be
ome 
urved due to nonperturbative e�e
ts orbe
ause of supersymmetry breaking. If these �elds originally are far from the min-imum of their e�e
tive potential, the energy of their os
illations will de
rease in anexpanding universe in the same way as the energy density of nonrelativisti
 matter,�m � a�3(t). Meanwhile the energy density of relativisti
 plasma de
reases as a�4.Therefore the relative 
ontribution of moduli to the energy density of the universemay qui
kly be
ome very signi�
ant. They are expe
ted to de
ay after the stage ofnu
leosynthesis, violating the standard nu
leosynthesis predi
tions unless the initialamplitude of the moduli os
illations �0 is suÆ
iently small. The 
onstraints on theenergy density of the moduli �eld �� and the number of moduli parti
les n� dependon details of the theory. The most stringent 
onstraint appears be
ause of the pho-todisso
iation and photoprodu
tion of light elements by the de
ay produ
ts of themoduli �elds. For m � 102 � 103 GeV one hasn�s �< 10�12 � 10�15 : (7.2)



62 CHAPTER 7. THE MODULI PROBLEMsee [60, 85, 86℄ and referen
es therein. In this 
hapter I use a 
onservative version ofthis 
onstraint, n�s �< 10�12.If the �eld � is a 
lassi
al homogeneous os
illating s
alar �eld, then this 
onstraintapplies to it as well if one de�nes the 
orresponding number density of nonrelativisti
parti
les � by the following obvious relation:n� = ��m = m�22 : (7.3)Let us �rst 
onsider moduli � with a 
onstant mass m � 102 � 103 GeV andassume that reheating of the universe o

urs after the beginning of os
illations of themoduli. This is indeed the 
ase if one takes into a

ount that in order to avoid thegravitino problem one should have TR < 108 GeV. I will also assume for de�nitenessthat the minimum of the e�e
tive potential for the �eld � is at � = 0; one 
an alwaysa
hieve this by an obvious rede�nition of the �eld �.Independent of the 
hoi
e of in
ationary theory, at the end of in
ation the mainfra
tion of the energy density of the universe is 
on
entrated in the energy of anos
illating s
alar �eld �. Typi
ally this is the same �eld that drives in
ation, but insome models su
h as hybrid in
ation this may not be the 
ase. I will 
onsider herethe simplest (and most general) model where the e�e
tive potential of the �eld � afterin
ation is quadrati
, V (�) = M22 �2: (7.4)After in
ation the �eld � os
illates. If one keeps the notation � for the amplitude ofos
illations of this �eld, then one 
an say that the energy density of this �eld is givenby �(�) = M22 �2.To simplify my notation, I take the s
ale fa
tor at the end of in
ation to be a0 = 1.The amplitude of the os
illating �eld in the theory with the potential (7.4) 
hangesas �(t) = �0 a�3=2(t): (7.5)The �eld � does not os
illate and almost does not 
hange its magnitude until the



7.3. MODULI PROBLEM 63moment t1 when H2(t) = ��3M2p be
omes smaller than m2=3. At that time one has���� � m2�206H2(t)M2p � �202M2p (7.6)This ratio, whi
h 
an also be obtained by a numeri
al investigation of os
illations ofthe moduli �elds, does not 
hange until the time tR when reheating o

urs be
ause�� and �� de
rease in the same way: they are proportional to a�3.At the moment of reheating one has ��(tR) = �2N(T )T 4R=30, and the entropy ofprodu
ed parti
les s = 2�2N(T )T 3R=45, where N(T ) is the number of light degrees offreedom. This yields n�s � ��ms � �20TR3mM2p (7.7)Usually one expe
ts TR � m � 102 GeV. Then in order to have n�s < 10�12one would need �0 � 10�6Mp. However, it is hard to imagine why the value of themoduli �eld at the end of in
ation should be so small. If one takes �0 � Mp, whi
hlooks natural, then one violates the bound n�s < 10�12 by more than 12 orders ofmagnitude. This is the essen
e of the 
osmologi
al moduli problem [81℄.In general, the situation is more 
omplex. During the expansion of the universethe e�e
tive potential of the moduli a
quires some 
orre
tions. In parti
ular, quiteoften the e�e
tive mass of the moduli (the se
ond derivative of the e�e
tive potential)
an be represented as m2� = m2 + 
2H2 ; (7.8)where 
 is some 
onstant and H is the Hubble parameter [55, 56℄. Higher derivativesof the e�e
tive potential may a
quire 
orre
tions as well. This leads to a di�erentversion of the moduli problem dis
ussed in [57℄, see also [58, 59℄. The position of theminimum of the e�e
tive potential of the moduli �eld in the early universe may o

urat a large distan
e from the position of the minimum at present. This may �x theinitial position of the �eld � and lead to its subsequent os
illations.



64 CHAPTER 7. THE MODULI PROBLEMA simple toy model illustrating this possibility was given in [82, 83℄:V = 12m2��2 + 
22 H2 (�� �0)2 : (7.9)At large H the minimum appears at � = �0; at small H the minimum is at � = 0.Thus one would expe
t that initially the �eld should stay at �0, and later, when Hde
reases, it should os
illate about � = 0 with an initial amplitude approximatelyequal to �0. The only natural value for �0 in supergravity is �0 � Mp. This may leadto a strong violation of the bound (7.2).A more detailed investigation of this situation has shown [84℄ that one shoulddistinguish between three di�erent possibilities: 
� 1, 
 � 1 and 
� 1.If 
 > O(10), the �eld � is trapped in the (moving) minimum of the e�e
tivepotential, its os
illations have very small amplitudes, and the moduli problem doesnot appear at all [84℄. This is the simplest resolution of the problem, but it is notsimple to �nd realisti
 models where the 
ondition 
 > O(10) is satis�ed.The most natural 
ase is 
 � 1. It requires a 
omplete study of the behavior ofthe e�e
tive potential in an expanding universe. There may exist some 
ases wherethe minimum of the e�e
tive potential does not move in this regime, but in generalthe e�e
ts of quantum 
reation of moduli in this s
enario [57, 80℄ are subdominantwith respe
t to the 
lassi
al moduli problem dis
ussed above [57, 58, 59℄, so I will notdis
uss this regime.Here I study the 
ase 
 � 1. In this 
ase the e�e
tive mass of the moduli atH � m is always mu
h smaller than H, so the �eld does not move towards itsminimum, regardless of its position. Thus if there is any 
lassi
al �eld �0 it simplystays at its initial position until H be
omes smaller than m, just as in the 
ase
onsidered above, and the resulting ratio n�s is given by Eq. (7.7).The moduli problem in this s
enario has two aspe
ts. First of all, in order to avoidthe 
lassi
al moduli problem one needs to explain why �0 � 10�6q mTR Mp, whi
h isne
essary (but not suÆ
ient) to have n�=s < 10�12. Then one should study quantum
reation of moduli in an expanding universe and 
he
k whether their 
ontribution ton� violates the bound n�=s < 10�12. This last aspe
t of the moduli problem was



7.3. MODULI PROBLEM 65studied in [57, 80℄.In in
ationary 
osmology these two 
ontributions (the 
ontributions to n� fromthe 
lassi
al �eld � and from its quantum 
u
tuations) are almost indistinguishable.Indeed, the dominant 
ontribution to the number of moduli produ
ed in an expandinguniverse is given by the 
u
tuations of the moduli �eld produ
ed during in
ation.These 
u
tuations have exponentially large wavelengths and for all pra
ti
al purposesthey have the same 
onsequen
es as a homogeneous 
lassi
al �eld of amplitude �0 =qh�2i.To be more a

urate, these 
u
tuations behave in the same way as the homoge-neous 
lassi
al �eld � only if their wavelength is greater than H�1. During in
ationthis 
ondition is satis�ed for all in
ationary 
u
tuations, but after in
ation the size ofthe horizon grows and eventually be
omes larger than the wavelength of some of themodes. Then these modes begin to os
illate and their amplitude begins to de
reaseeven if at that stage m < H. To take this e�e
t into a

ount one may simply ex
ludefrom 
onsideration those modes whose wavelengths be
ome smaller than H�1 priorto the moment t � m�1 when H drops down to m. It 
an be shown that in the
ontext of our problem this is a relatively minor 
orre
tion, so one 
an use the simpleestimate �0 = qh�2i.In order to evaluate this quantity I will assume that 
 � 1 and m � H duringand after in
ation. This redu
es the problem to the investigation of the produ
tion ofmassless (or nearly massless) parti
les during and after in
ation. In the next se
tionI study this issue and show that in the most interesting 
ases where in
ationarylong-wavelength 
u
tuations of a s
alar �eld 
an be generated during in
ation, theygive the dominant 
ontribution to parti
le produ
tion. This allowed us to redu
e a
ompli
ated problem of gravitational parti
le produ
tion to a simple problem that
ould be easily solved analyti
ally.



66 CHAPTER 7. THE MODULI PROBLEM7.4 Generation of light parti
les from and afterin
ationIn this se
tion I will present the results of a numeri
al study of the gravitational
reation of light s
alar parti
les in the 
ontext of in
ation. Consider a s
alar �eld �with the potential V (�) = 12 �m2 � �R��2 (7.10)where R is the Ri

i s
alar. In a Friedmann universe R = � 6a2 (�aa + _a2). The s
alar�eld operator 
an be represented in the form�(x; t) = 1(2�)�3=2 Z d3k hâk�k(t)eikx + âyk��k(t)e�ikxi (7.11)where the eigenmode fun
tions �k satisfy��k + 3 _aa _�k + 24 ka!2 +m2 � �R35�k = 0; (7.12)By introdu
ing 
onformal time and �eld variables de�ned as � � R dta ; fk � a�k eq.(7.12) 
an be simpli�ed to f 00k + !2kfk = 0 (7.13)where primes denote di�erentiation with respe
t to � and!2k = k2 + a2m2 + �16 � �� �aa: (7.14)The growth of the s
ale fa
tor is determined by the evolution of the in
aton �eld �with potential V (�). In 
onformal time�a = _a2a � 8�a3 ��02 � a2V (�)� (7.15)�00 + 2 _aa�0 + a2�V (�)�� = 0: (7.16)
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onditions for the modes fk, in the �rst approximation one 
an usepositive frequen
y va
uum 
u
tuations fk = 1p2ke�ikt, see e.g. [37℄. However, whendes
ribing 
u
tuations produ
ed at the last stages of a long in
ationary period, oneshould begin with 
u
tuations that have been generated during the previous stage ofin
ation. For example, for massless s
alar �elds minimally 
oupled to gravity insteadof fk = 1p2ke�ikt one should use Hankel fun
tions [3℄:fk(t) = ia(t) Hkp2 k  1 + kiHe�H t! exp i kH e�H t! ; (7.17)where H is the Hubble 
onstant at the beginning of 
al
ulations. To make the 
al-
ulations even more a

urate, one should take into a

ount that long-wavelengthperturbations were produ
ed at early stages of in
ation when H was greater thanat the beginning of the 
al
ulations. If the stage of in
ation is very long, then the�nal results do not 
hange mu
h if instead of the Hankel fun
tions (7.17) one usesfk = 1p2ke�ikt. However, if the in
ationary stage is short, then using the fun
tionsfk = 1p2ke�ikt 
onsiderably underestimates the resulting value of h�2i.At late times the solutions to Eq. (7.13) 
an be represented in terms of WKBsolutions as fk(�) = �k(�)p2!k e�i R � !kd� + �k(�)p2!k e+i R � !kd� ; (7.18)where �k(�) and �k(�) play the role of 
oeÆ
ients of a Bogolyubov transformation.This form is often used to dis
uss parti
le produ
tion be
ause the number density ofparti
les in a given mode is given by nk = j�k(�)j2 and their energy density is !knk.As we will see, though, the main 
ontribution to the number density of � parti
les atlate times 
omes from long-wavelength modes that are far outside the horizon duringreheating. As long as they remain outside the horizon these modes do not manifestparti
le-like behaviour, i.e. the mode fun
tions do not os
illate. In this situation the
oeÆ
ients � and � have no 
lear physi
al meaning. I therefore present our results interms of the mode amplitudes jfk(�)j2, whi
h as I will show 
ontain all the informationrelevant to number density and energy density at late times.



68 CHAPTER 7. THE MODULI PROBLEMAt late times when a00a � H < m the long wavelength modes of � will be nonrel-ativisti
 and their number density will simply be given by Eq. (7.3). Moreover thevery long wavelength modes whi
h are still outside the horizon at late times (e.g. atnu
leosynthesis) will a
t like a 
lassi
al homogeneous �eld whose amplitude is givenby h�2i = 12�2a2 Z dkk2jfkj2: (7.19)It is these very long wavelength modes whi
h will dominate and therefore the quantityof interest for us is the amplitude of these 
u
tuations.In our 
al
ulations we assumed that m2 = 
2H2 with 
 � 1; the results shownare for 
 = 0 but we also did the 
al
ulations with 
 = :01 and found that the resultswere independent of 
 in this range.Figure 7.1 shows the results of solving Eq. (7.13) for a model with the in
aton po-tential V (�) = 14��4. These data were taken after ten os
illations of the in
aton �eld.The verti
al axis shows k2jfkj2 as a fun
tion of the momentum k. The momentum isshown in units of the Hubble 
onstant at the end of in
ation.The di�erent plots represent runs with di�erent starts of in
ation, i.e. with di�er-ent initial values of �. They all 
oin
ide in the ultraviolet part of the spe
trum, butthe runs that started towards the end of in
ation show a signi�
ant suppression inthe infrared. This shows that 
u
tuations produ
ed during in
ation are the primarysour
e of the infrared modes, whi
h in turn dominate the number density.The 
urve on top shows the Hankel fun
tion solutions (7.17), whi
h givejfkj2 = a2H22k3 (7.20)for de Sitter spa
e, i.e. for a 
onstant H. In the �gure, we have 
orre
ted thisexpression by using for ea
h mode the value of the Hubble 
onstant at the momentwhen that mode 
rossed the horizon. For the ��4 model shown here the appropriateHubble parameter for ea
h mode 
an be approximated asHk = s2��3  �2e � 1� ln kHe!! (7.21)
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Figure 7.1: Flu
tuations vs. mode frequen
y at a late time. The lower plots showruns that started 
lose to the end of in
ation, with initial 
onditions fk = 1p2ke�ikt.The starting times range from �0 = 1:5Mp (lowest 
urve) up through �0 = 2Mp. Thehighest 
urve shows the Hankel fun
tion solutions given by eqs. (7.20) and (7.21) Aswe see, 
al
ulations with fk = 1p2ke�ikt produ
e the 
orre
t spe
trum at large k butunderestimate the level of quantum 
u
tuations at small k.where �e and He are the values of the in
aton and the Hubble parameter respe
tivelyat the end of in
ation.Note that if the Hankel fun
tion solutions (7.17) are used as initial 
onditionsfor a numeri
al run then they do not 
hange as the modes 
ross the horizon, sothe upper 
urve of the plot 
an also be obtained from su
h a run. Relative to thisupper 
urve it's easy to see how the numeri
al runs show suppression in the infrareddue to starting in
ation at late times and 
hoosing the initial 
onditions in the formfk = 1p2ke�ikt, and suppression in the ultraviolet due to the end of in
ation. Thelatter suppression is physi
ally realisti
. The infrared suppression should o

ur at awavelength 
orresponding to the Hubble radius at the beginning of in
ation.The di�erent regions of the graph illustrate e�e
ts that o

urred at di�erent times.During in
ation long wavelength modes 
rossed the horizon at early times. Thus thefar left portion of the plot shows the modes that 
rossed earliest. They have thehighest amplitudes both be
ause they were frozen in earliest and be
ause the Hubble
onstant was higher at earlier times when they were produ
ed. The lower plots don't
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ause in
ation began too late for these modes to 
rossoutside the horizon and be ampli�ed. Farther to the right the 
urve shows modesthat were only slightly if at all ampli�ed during in
ation. The far right modes wereprodu
ed during the fast rolling and os
illatory stages. These modes are not frozenand 
an be des
ribed meaningfully in terms of � and � 
oeÆ
ients. The regularizedexpression jfkj2 = 1!k hj�kj2 +Re ��k��ke�2i R !kd��i (7.22)shows why the amplitudes of these modes os
illate as a fun
tion of k.In short in
ationary 
u
tuations are primarily responsible for produ
ing infraredmodes and post-in
ationary e�e
ts a

ount for ultraviolet modes, but it is the infraredmodes that were outside the horizon at the end of in
ation that dominate the numberdensity at late times. The earlier in
ation began the farther this distribution willextend into the infrared, and the long wavelength end of this spe
trum will alwaysgive the greatest 
ontribution to the number density of � parti
les.Our numeri
al 
al
ulations were similar to those of Kuzmin and Tka
hev [37℄.However, they took a rather small initial value of the 
lassi
al s
alar �eld �, whi
hresulted in less than 60 e-folds of in
ation. As initial 
onditions for the 
u
tuationsthey used fk = 1p2ke�ikt. They pointed out that the results of su
h 
al
ulations
an give only a lower bound on the number of � parti
les produ
ed during in
ation.Consequently, similar 
al
ulations performed in [80℄ 
ould give only a lower bound onthe number of moduli �elds produ
ed in the early universe.Our goal is to �nd not a lower bound but the 
omplete number of parti
les pro-du
ed at the last stages of in
ation in realisti
 in
ationary models, where the totalduration of in
ation typi
ally is mu
h greater than 60 e-foldings. One result revealedby our 
al
ulations is that the e�e
ts of an arbitrarily long stage of in
ation 
an bemimi
ked by the 
orre
t 
hoi
e of \initial" 
onditions 
hosen for the modes �k afterin
ation. Instead of using the Minkowski spa
e 
u
tuations fk = 1pke�ikt used in [37℄as well as in our numeri
al 
al
ulations, one should use the de Sitter spa
e solutions(7.17), with H 
orre
ted to the value it had for ea
h mode at horizon 
rossing. Usingthese modes at the end of in
ation is equivalent to running a simulation with a long
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ation.Our numeri
al 
al
ulations 
on�rmed the result that I am going to derive analyt-i
ally in the next se
tion: The number of � parti
les (n� � mh�2i) produ
ed duringthe stage of in
ation beginning at � = �0 in the simplest model M2�2=2 is propor-tional to �40, whereas in the model ��4=4 it is proportional to �60. Thus the totalnumber of parti
les produ
ed during in
ation is extremely sensitive to the 
hoi
e ofinitial 
onditions. If one 
onsiders �0 
orresponding to the beginning of the last 60e-folds of in
ation, the total number of parti
les produ
ed at that stage appears to bemu
h greater than the lower bound obtained in [37℄. As we will see, this allowed us toput a mu
h stronger 
onstraint on the moduli theories than the 
onstraint obtainedin [80℄.7.5 Light moduli from in
ationThe numeri
al results obtained in the previous se
tion 
on�rmed our expe
tation thatin the most interesting 
ases where long-wavelength in
ationary 
u
tuations of lights
alar �elds 
an be generated during in
ation, they give the dominant 
ontributionto parti
le produ
tion. In parti
ular, in the 
ase of 
� 1, m� H most moduli �eld
u
tuations are generated during in
ation rather than during the post-in
ationarystage. These 
u
tuations grow at the stage of in
ation in the same way as if themoduli �eld � were massless [3℄: dh�2idt = H34�2 : (7.23)If the Hubble 
onstant does not 
hange during in
ation, one obtains the well-knownrelation h�2i = H3 t4�2 : (7.24)However, in realisti
 in
ationary models the Hubble 
onstant 
hanges in time, and
u
tuations of the light �elds � with m� H behave in a more 
ompli
ated way.As an example, let us 
onsider the 
ase studied in the last se
tion. Here in
ationis driven by a �eld � with an e�e
tive potential V (�) = �4�4 at � > 0. This potential
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ould be os
illatory or 
at for � < 0. We 
onsider a light s
alar �eld � that is not
oupled to the in
aton �eld �, and that is minimally 
oupled to gravity.The �eld � during in
ation obeys the following equation:3H _� = ���3: (7.25)Here H = 12s�3 �2Mp : (7.26)These two equations yield the solution [3℄� = �0 exp0��2s�3Mpt1A ; (7.27)where �0 is the initial value of the in
aton �eld �. In this 
ase Eq. (7.23) reads:dh�2idt = �p�96p3�2 �60M3p exp0��12s�3Mpt1A (7.28)The result of integration at large t 
onverges toh�2i = �2  �3024�M2p !2 : (7.29)This result agrees with the results of our numeri
al investigation des
ribed in theprevious se
tion.From the point of view of the moduli problem, these 
u
tuations lead to the same
onsequen
es as a 
lassi
al s
alar �eld � that is homogeneous on the s
ale H�1 andthat has a typi
al amplitude�0 = qh�2i = s�2 �3024�M2p : (7.30)A similar result 
an be obtained in the model V (�) = M22 �2. In this 
ase one has



7.5. LIGHT MODULI FROM INFLATION 73[3℄ �(t) = �0 �s23MpMt: (7.31)The time-dependent Hubble parameter is given byH = Mp6Mp�(t); (7.32)whi
h yields �0 = qh�2i = M�208�p3M2p : (7.33)
As we see, the value of �0 depends on the initial value of the �eld �. This resulthas the following interpretation. One may 
onsider an in
ationary domain of initialsize H�1(�0). This domain after in
ation be
omes exponentially large. For example,its size in the model with V (�) = M22 �2 be
omes [3℄l � H�1(�0) exp �204M2p ! : (7.34)In order to a
hieve 60 e-folds of in
ation in this model one needs to take �0 � 15Mp.This implies that a typi
al value of the (nearly) homogeneous s
alar �eld � in auniverse that experien
ed 60 e-folds of in
ation in this model is given by�0 = qh�2i � 5M: (7.35)In realisti
 versions of this model one has M � 5� 10�6Mp � 1013 GeV [3℄. Substi-tution of this result into Eq. (7.7) givesn�s � 2� 10�10 TRm : (7.36)This implies that the 
ondition n�=s �< 10�12 requires that the reheating temperaturein this model should be at least two orders of magnitude smaller thanm. For example,for m � 102 GeV one should have TR �< 1 GeV, whi
h looks rather problemati
.



74 CHAPTER 7. THE MODULI PROBLEMThis result 
on�rms the basi
 
on
lusion of Ref. [57℄ that the usual models of in-
ation do not solve the moduli problem. Our result is similar to the result obtained in[80℄ by numeri
al methods, but it is approximately two orders of magnitude stronger.The reason for this di�eren
e is that the authors of Ref. [80℄ used a mu
h smallervalue of �0 in their numeri
al 
al
ulations. Consequently, they took into a

ount onlythe parti
les produ
ed at the very end of in
ation, whereas the leading e�e
t o

ursat earlier stages of in
ation, i.e. at larger �.In general one 
an get a simple estimate of �0 = qh�2i by assuming that theuniverse expanded with a 
onstant Hubble parameter H0 during the last 60 e-foldsof in
ation. To make this estimate more a

urate one should take the value of theHubble 
onstant not at the end of in
ation but approximately 60 e-foldings before it,at the time when the 
u
tuations on the s
ale of the present horizon were produ
ed.The reason is that the largest 
ontribution to the 
u
tuations is given by the timewhen the Hubble 
onstant took its greatest values. Also, at that stage the rate of
hange of H was relatively slow, so the approximation H = H0 = 
onst is reasonable.Thus one 
an write �0 = qh�2i �> H02�qH0t � H02�p60 � H0 : (7.37)This gives n�s �> TRH203mM2p : (7.38)In the simplest versions of 
haoti
 in
ation with potentialsM2�2=2 or ��4=4 one hasH0 � 1014 GeV, whi
h leads to the requirement TR �< 1 GeV. But this equation showsthat there is another way to relax the problem of the gravitational moduli produ
tion:one may 
onsider models of in
ation with a very small value of H0 [57℄. For example,one may have n�=s � 10�12 for TR � H0 � 107 GeV.However, this 
ondition is not suÆ
ient to resolve the moduli problem; the situ-ation is more 
ompli
ated. First of all, it is very diÆ
ult to �nd in
ationary modelswhere in
ation o

urs only during 60 e-foldings. Typi
ally it lasts mu
h longer, andthe 
u
tuations of the light moduli �elds will be mu
h greater. This is espe
ially



7.5. LIGHT MODULI FROM INFLATION 75obvious in the theory of eternal in
ation where the amplitude of 
u
tuations of thelight moduli �elds 
an be
ome inde�nitely large [3℄. In parti
ular, if the 
onditionm2� � m2 + 
2H2 with 
 � 1 remains valid for � �> Mp, then one may expe
t thegeneration of moduli �elds � > Mp. This should initiate in
ation driven by the lightmoduli [47℄. Then the situation would be
ome even more problemati
: we wouldneed to �nd out how one 
ould produ
e the baryon asymmetry of the universe afterthe light moduli de
ay and how one 
ould obtain density perturbations Æ�=� � 10�4in su
h a low-s
ale in
ationary model.One may expe
t that the region of values of � where its e�e
tive potential hassmall 
urvature m2 � H2 may be limited, and may even depend on H. Then theexisten
e of a long stage of in
ation would push the 
u
tuations of the �eld � upto the region where its e�e
tive potential be
omes 
urved, and instead of our resultsfor �0 one should substitute the largest value of � for whi
h m2� < H2. In su
h asituation one would have a mixture of problems that o

ur at 
� 1 and at 
 � 1.Finally, I should emphasize that all our worries about quantum 
reation of moduliappear only after one makes the assumption that for whatever reason the initial valueof the 
lassi
al �eld � in the universe vanishes, i.e. that the 
lassi
al version of themoduli problem has been resolved. We do not see any justi�
ation for this assumptionin theories where the mass of the moduli �eld in the early universe is mu
h smallerthan H. Indeed, in su
h theories the 
lassi
al �eld � initially 
an take any value,and this value is not going to 
hange until the moment t � H�1 � m�1. The mainpurpose of the resear
h being reported on here was to demonstrate that even if one�nds a solution to the light moduli problem at the 
lassi
al level, the same problemwill appear again be
ause of quantum e�e
ts.This does not mean that the moduli problem is unsolvable. One of the mostinteresting solutions is provided by thermal in
ation [82, 83℄. The Hubble 
onstantduring in
ation in this s
enario is very small, and the e�e
ts of moduli produ
tionthere are rather insigni�
ant. Another possibility is that moduli are very heavy in theearly universe, m2� = m2 + 
2H2, with 
 > O(10), in whi
h 
ase the moduli problemdoes not appear [84℄. The main question is whether we really need to make the theoryso 
ompli
ated in order to avoid the 
osmologi
al problems asso
iated with moduli.



76 CHAPTER 7. THE MODULI PROBLEMIs it possible to �nd a simpler solution? One of the main results of our investigationis to 
on�rm the 
on
lusion of Ref. [57℄ that the simplest versions of in
ationarytheory do not help us to solve the moduli problem but rather aggravate it.In 
on
lusion I would like to note that the methods dis
ussed here apply not onlyto the theory of moduli produ
tion but to other problems as well. For example,one may study the theory of gravitational produ
tion of superheavy s
alar parti
lesafter in
ation [35, 37℄. If these parti
les are minimally 
oupled to gravity and havemass m � H during in
ation, then one 
an use Eqs. (7.30), (7.33) to 
al
ulatethe number of produ
ed parti
les. These equations imply that the �nal result willstrongly depend on �0, i.e. on the duration of in
ation. If in
ation o

urs for morethan 60 Hubble times, the produ
tion of parti
les with m� H is mu
h more eÆ
ientthan was previously anti
ipated. As I just mentioned, if �0 is large enough then theprodu
tion of 
u
tuations of the �eld � may even lead to a new stage of in
ationdriven by the �eld � [47℄. On the other hand, if m is greater than the value of theHubble 
onstant at the very end of in
ation, then quantum 
u
tuations are produ
edonly at the early stages of in
ation (when H > m). These 
u
tuations os
illateand de
rease exponentially during the last stages of in
ation. In su
h 
ases the �nalnumber of produ
ed parti
les will not depend on the duration of in
ation and 
an beunambiguously 
al
ulated.



Chapter 8
In
ation After Preheating
Note: This 
hapter is based on a paper by Gary Felder, Lev Kofman, Andrei Linde,and Igor Tka
hev, available on the Los Alamos eprint server as hep-ph/0004024. Thefull 
itation appears in the bibliography [87℄.
Chapter Abstra
tPreheating after in
ation may lead to nonthermal phase transitions with symmetryrestoration. These phase transitions may o

ur even if the total energy density of 
u
-tuations produ
ed during reheating is relatively small as 
ompared with the va
uumenergy in the state with restored symmetry. As a result, in some in
ationary modelsone en
ounters a se
ondary, nonthermal stage of in
ation due to symmetry restora-tion after preheating. Su
h se
ondary in
ation 
ould also provide a partial solutionto the moduli problem. We review the theory of nonthermal phase transitions andmake a predi
tion about the expansion fa
tor during the se
ondary in
ationary stage.We then present the results of latti
e simulations that verify these predi
tions, anddis
uss possible impli
ations of our results for the theory of formation of topologi
aldefe
ts during nonthermal phase transitions.77



78 CHAPTER 8. INFLATION AFTER PREHEATING8.1 Introdu
tion
The theory of 
osmologi
al phase transitions is usually asso
iated with symmetryrestoration due to high temperature e�e
ts and the subsequent symmetry breakingthat o

urs as the temperature de
reases in an expanding universe [88, 89, 90, 91,92, 93, 3℄. A parti
ularly important version of this theory is the theory of �rst order
osmologi
al phase transitions developed in [93℄. It served as a basis for the �rstversions of in
ationary 
osmology [1, 13, 94℄, as well as for the theory of ele
troweakbaryogenesis [95, 96℄.Re
ently it was pointed out that preheating after in
ation [5, 7℄ may rapidlyprodu
e a large number of parti
les that for a long time remain in a state out ofthermal equilibrium. These parti
les may lead to spe
i�
 nonthermal 
osmologi
alphase transitions [14, 15℄. In some 
ases these phase transitions are �rst order [16,97℄; they o

ur by the formation of bubbles of the phase with spontaneously brokensymmetry inside the metastable symmetri
 phase. If the lifetime of the metastablestate is large enough for the energy density of 
u
tuations to be diluted, one mayen
ounter a short se
ondary stage of in
ation after preheating [14℄. Su
h a se
ondaryin
ation stage, if it o

urs late enough, 
ould be important in solving the moduliand gravitino problems. In this respe
t se
ondary \nonthermal" in
ation due topreheating may be an alternative to the \thermal in
ation" [82℄, suggested for solvingthese problems.In this 
hapter I will brie
y present the theory of su
h phase transitions and thengive the results of numeri
al latti
e simulations that dire
tly demonstrated the pos-sibility of su
h brief in
ation. I will also dis
uss possible impli
ations of these resultsfor the theory of formation of topologi
al defe
ts during nonthermal phase transitions.The latti
e 
al
ulations reported here were done using the program LATTICEEASY,des
ribed in part III of this thesis.



8.2. THEORY OF THE PHASE TRANSITION 798.2 Theory of the phase transitionConsider a set of s
alar �elds with the potentialV (�; �) = �4 (�2 � v2)2 + g22 �2�2 : (8.1)The in
aton �eld � has a double-well potential and intera
ts with an N -
omponents
alar �eld �; �2 � PNi=1 �2i . For simpli
ity, the �eld � is taken to be massless andwithout self-intera
tion. The �elds 
ouple minimally to gravity in a FRW universewith a s
ale fa
tor a(t).The potential V (�; �) has minima at � = �v, � = 0 and a lo
al maximum inthe � dire
tion at � = � = 0 with 
urvature V;�� = ��v2. The e�e
tive potentiala
quires 
orre
tions due to quantum and/or thermal 
u
tuations of the s
alar �elds[88, 89, 93, 3℄, �V = 32�h�2i�2 + g22 h�2i�2 + g22 h�2i�2 + :::; (8.2)where I have written only the leading terms depending on � and �. The e�e
tivemass squared of the �eld � is given bym2� = �m2 + 3��2 + 3�h�2i+ g2h�2i; (8.3)where m2 = �v2. Symmetry is restored, i.e. � = 0 be
omes a stable equilibriumpoint, when the 
u
tuations h�2i; h�2i be
ome suÆ
iently large to make the e�e
tivemass squared positive at � = 0.For example, one may 
onsider matter in thermal equilibrium. Then, in the largetemperature limit, one has h�2i = h�2i i = T 212 : The e�e
tive mass squared of the �eld� m2�;eff = �m2 + 3��2 + 3�hÆ�2i+ g2h�2i (8.4)is positive and symmetry is restored (i.e. � = 0 is the stable equilibrium point) forT > T
, where T 2
 = 12m23�+Ng2 � m2. At this temperature the energy density of the gas
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 parti
les is given by� = N (T
)�230T 4
 = 24m4N (T
)�25 (3�+Ng2)2 : (8.5)Here N (T ) is the e�e
tive number of degrees of freedom at large temperature, whi
hin realisti
 situations may vary from 102 to 103. We will assume that Ng2 � �, seebelow. For g4 < 96N (T
)�25N2 � the thermal energy at the moment of the phase transitionis greater than the va
uum energy density V (0) = m44� , whi
h means that the phasetransition does not involve a stage of in
ation.In fa
t, the phase transition with symmetry breaking o

urs not at T > T
, butsomewhat earlier [93℄. To understand this e�e
t let us 
ompare the temperatureT
 � m=(pNg) and the mass m� = g� of the � parti
les in the minimum of the zero-temperature e�e
tive potential at � = v = m=p�. One 
an easily see that m� � T
forNg4 � �. This means that forNg4 � � the temperature T
 is insuÆ
ient to ex
iteperturbations of the �elds �i at � = v. As a result, these perturbations do not 
hangethe shape of the e�e
tive potential � = v. Thus the potential at T slightly above T
has its old zero-temperature minimum at � = v, as well as the temperature-indu
edminimum at � = 0. Symmetry breaking o

urs as a �rst-order phase transition due toformation of bubbles of the phase with � � v at some temperature above T
 when theminimum at � = v be
omes deeper than the minimum at � = 0, and the probabilityof bubble formation be
omes suÆ
iently large. A more detailed investigation in the
ase N = 1 shows that the phase transition is �rst order under a weaker 
onditiong3 � � [93℄.In the 
ase Ng4 > 102� the phase transition o

urs after a se
ondary stage ofin
ation. In this regime radiative 
orre
tions are important. They lead to the 
reationof a lo
al minimum of V (�; �) at � = 0 even at zero temperature, and the phasetransition o

urs from a strongly super
ooled state [93℄. That is why the �rst modelsof in
ation required super
ooling at the moment of the phase transition [1, 13, 94℄.In supersymmetri
 theories one may have Ng4 � 102� and still have a potentialthat is 
at near the origin due to 
an
ellation of quantum 
orre
tions of bosons andfermions [82℄. In su
h 
ases the thermal energy be
omes smaller than the va
uum



8.2. THEORY OF THE PHASE TRANSITION 81energy at T < T0, where T 40 = 152N�2m2v2. Then one may have a short stage ofin
ation that begins at T � T0 and ends at T = T
. During this time the universemay in
ate by the fa
tor a
a0 = T0T
 � 10�1�g4� �1=4: (8.6)Similar phase transitions may o

ur mu
h more eÆ
iently prior to thermalization,due to the anomalously large 
u
tuations h�2i and h�2i produ
ed during preheating[14, 15℄. These 
u
tuations 
an 
hange the shape of the e�e
tive potential and leadto symmetry restoration. Afterwards, the universe expands, the values of h�2i andh�2i drop down, and the phase transition with symmetry breaking o

urs.An interesting feature of nonthermal phase transitions is that they may o

ureven in theories where the usual thermal phase transitions do not happen. The mainreason 
an be understood as follows. Suppose reheating o

urs due to the de
ay ofa s
alar �eld with energy density �. If this energy is instantly thermalized, then oneobtains relativisti
 parti
les with energy density O(T 4) that in the �rst approximation
an be represented as � � E2(h�2i + h�2i). Here E � T � �1=4 is a typi
al energyof a parti
le in thermal equilibrium. After preheating, however, one has parti
les �and � with mu
h smaller energy but large o

upation numbers. As a result, the sameenergy release may 
reate mu
h greater values of h�2i and h�2i than in the 
ase ofinstant thermalization. This may lead to symmetry restoration after preheating evenif the symmetry breaking o

urs on the GUT s
ale, v � 1016 GeV [14, 15℄.The main 
on
lusions of [14, 15℄ have been 
on�rmed by detailed investigationusing latti
e simulations in [16, 17, 98, 97℄. One of the main results obtained in [16℄was that for suÆ
iently large g2 nonthermal phase transitions are �rst order. Theyo

ur from a metastable va
uum at � = 0 due to the 
reation of bubbles with � 6= 0.This result is very similar to the analogous result in the theory of thermal phasetransitions [93℄. A

ording to [16℄, the ne
essary 
onditions for this transition too

ur and to be of the �rst order 
an be formulated as follows:(i) At the time of the phase transition, the point � = 0 should be a lo
al minimumof the e�e
tive potential. From (8.3), we see that this means that Ng2h�2i i > �v2.(ii) At the same time, the typi
al momentum p� of �i parti
les should be smaller
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ondition of the existen
e of a potential barrier. Parti
les withmomenta p < gv 
annot penetrate the state with j�j � v, so they 
annot 
hange theshape of the e�e
tive potential at j�j � v. Therefore, if both 
onditions (i) and (ii)are satis�ed, the e�e
tive potential has a lo
al minimum at � = 0 and two degenerateminima at � � �v.(iii) Before the minima at � � �v be
ome deeper than the minimum at � = 0, thein
aton's zero mode should de
ay signi�
antly, so that it performs small os
illationsnear � = 0. Then, after the minimum at j�j � v be
omes deeper than the minimumat � = 0, 
u
tuations of � drive the system over the potential barrier, 
reating anexpanding bubble.The investigation performed in [16℄ 
on�rmed that for suÆ
iently large g2 andN these 
onditions are indeed satis�ed and the phase transition is �rst order. Onemay wonder whether for g2 � � one may have a stage of in
ation in the metastableva
uum � = 0.Analyti
al estimates of Ref. [14℄ suggested that this is indeed the 
ase, and thedegree of this in
ation for N = 1 is expe
ted to bea
a0 ��g2� �1=4; (8.7)whi
h is mu
h greater than the number 10�1�g4� �1=4 in the thermal in
ation s
enario.One 
ould also expe
t that the duration of in
ation, just like the strength of thephase transition, in
reases if one 
onsiders N �elds �i with N � 1.However, the theory of preheating is extremely 
ompli
ated, and there are somefa
tors that 
ould not be adequately taken into a

ount in the simple estimates of[14℄. The most important fa
tor is the e�e
t of res
attering of parti
les produ
edduring preheating [99, 100℄. This e�e
t tends to shut down the resonant produ
tionof parti
les and thus shorten or prevent entirely the o

urren
e of a se
ondary stage ofin
ation. Thus the estimates above re
e
t the maximum degree of in
ation possiblefor a given set of parameter values, but in pra
ti
e the expansion fa
tor will besomewhat smaller than these predi
tions. The only way to fully a

ount for all thee�e
ts of ba
krea
tion and expansion is through numeri
al latti
e simulations. In the
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tion I will des
ribe the basi
 features of our method and des
ribe our mainresults.8.3 Simulation Results and Their InterpretationI take � � 10�13, whi
h gives the proper magnitude of in
ationary perturbations ofdensity [3, 101℄. I assume that g2 � �, and 
onsider v � 1016 GeV, whi
h 
orrespondsto the GUT s
ale. A numeri
al investigation of preheating in the model (8.1) was�rst performed in [16℄. The authors found a strongly �rst order phase transition.The strength of the phase transition in
reased with an in
rease of g2=� and of thenumber N of the �elds �i. However, for the parameters of the model studied in[16℄ (g2=� � 200) there was no in
ation during symmetry restoration. This is notunexpe
ted be
ause the estimates dis
ussed above indi
ated that the expansion ofthe universe during the short stage of nonthermal in
ation 
annot be greater than(g2� )1=4.Keeping in mind that � in this model is extremely small, one would expe
t thatin realisti
 versions of this model one may have g2=� as large as 1010, whi
h 
ouldlead to a relatively long stage of in
ation. However, for very large g2=� our analyti
alestimates are unreliable, and latti
e simulations be
ome extremely diÆ
ult: Oneneeds to have enormously large latti
es to keep both infrared and ultraviolet e�e
tsunder 
ontrol.To mimi
 the e�e
ts of large g2, we 
onsidered a large number of the �elds �i.We performed simulations for g2=� = 800 and N = 19. With these parameters thestrength of the phase transition be
ame mu
h greater, and there was a short stage ofin
ation prior to the phase transition.The details of our latti
e 
al
ulations 
an be found in part III. Here I presentonly our main results for this model. These results were obtained using a grid of 1283points and a grid spa
ing of dx = :133 1p��0 where �0 = :342Mp is the value of thein
aton �eld at the end of in
ation, and hen
e at the beginning of our simulation.These parameters 
orrespond to a total box size roughly equal to 10 Hubble radii atthe end of in
ation.
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Figure 8.1: The spatial average of the in
ation �eld � as a fun
tion of time. The �eld� is shown in units of v, the symmetry breaking parameter. Time is shown in Plan
kunits.The simulation showed that the os
illations of the in
aton �eld de
reased until the�eld was trapped near zero. It remained there until the moment of the phase transitionwhen it rapidly jumped to its symmetry breaking value, as shown in Fig. 8.1.The trapping of the �eld o

urred be
ause of the 
orre
tions to the e�e
tive po-tential indu
ed by the parti
les � and � produ
ed during preheating, just like in thetheory of high-temperature phase transitions. In this 
ase, however, this e�e
t hassome unusual features.To �rst order in g2, the leading 
ontribution to the equation of motion �� = �V 0is given by g2�h�2i, where h�2i � N2�2 1Z0 nk k2 dk!k(�) : (8.8)Here !k = qk2 + g2(�2 + h�2i) is the energy of �i parti
les with momentum k andnk is their o

upation number; � is the homogeneous 
omponent of the �eld. For



8.3. SIMULATION RESULTS AND THEIR INTERPRETATION 85�� qh�2i, one has h�2i�=0 � N2�2 1Z0 nk k2 dkqk2 + g2h�2i : (8.9)This quantity does not depend on �; it 
an be evaluated using our latti
e simulationswhen the �eld � os
illates near � = 0. It leads to the usual quadrati
 
orre
tion to thee�e
tive potential, see Eq. (8.2). This 
orre
tion adequately des
ribes the 
hange ofthe shape of the e�e
tive potential for � smaller than the amplitude of the os
illationsof this �eld, be
ause most of the time prior to the moment of the phase transitionthis amplitude is mu
h smaller than qh�2i.However, if we want to evaluate the e�e
tive potential at all values of j�j from 0 tov, rather than for � similar to the amplitude of the os
illations, then one should takeinto a

ount that for suÆ
iently large j�j the term gj�j be
omes greater than gqh�2iand than the typi
al momentum k of parti
les �i. In this 
ase the main 
ontributionto h�2i is given by nonrelativisti
 parti
les with !k � +gj�j, and one hash�2i � N2�2 1Z0 nk k2 dkgj�j = n�gj�j ; (8.10)where n� is the total density of all types of �i parti
les. This implies that at large j�jthe e�e
tive potential a
quires a 
orre
tionÆV � gj�jn�: (8.11)Thus, instead of being quadrati
 or 
ubi
 in j�j, as one 
ould expe
t from the analogywith the high-temperature theory [93, 97℄, the 
orre
tions to the e�e
tive potentialat large j�j are proportional to j�j [5, 7℄.The 
ombination of these two types of 
orre
tions to the e�e
tive potential (quadrati
at small j�j and linear at large j�j) leads to the symmetry restoration that we havefound in our latti
e simulations.It is instru
tive to look in a more detailed way at the small region near the timeof the phase transition. The �rst of the graphs in Fig. 8.2 shows the os
illationsof the �eld � soon before the phase transition, whereas the se
ond one shows these
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Figure 8.2: The spatial average of the in
ation �eld � as a fun
tion of time in thevi
inity of the phase transition. The left �gure shows the �eld just before the phasetransition and at the moment of the transition. The �eld os
illates with an amplitudeapproa
hing 10�3v. The right �gure shows the �eld � after the phase transition,when it os
illates near the (time-dependent) position of the minimum of the e�e
tivepotential at � � v. Time is shown in Plan
k units.os
illations soon afterwards.First of all, one 
an see that just before the phase transition the �eld os
illateswith an amplitude three orders of magnitude smaller than v, whi
h is a 
lear sign ofsymmetry restoration. Another interesting feature is that the frequen
y of os
illationsdoes not vanish as we approa
h the phase transition, but remains nearly 
onstant.Moreover, this frequen
y is only about two times smaller than the frequen
y of os
il-lations after the phase transition, whi
h is equal to p2m. Note that the frequen
yof the os
illations is determined by the e�e
tive mass of the s
alar �eld, whi
h isgiven by the 
urvature of the e�e
tive potential: m2� = V 00. This means that at themoment of the phase transition the e�e
tive potential has a deep minimum at � = 0with 
urvature V 00 � +m2, i.e. the phase transition is strongly �rst order. Su
h phasetransitions should o

ur due to the formation of bubbles 
ontaining nonvanishing �eld�. Indeed, we found that this transition o

urred in a nearly spheri
al region of thelatti
e that qui
kly grew to en
ompass the entire spa
e. The growth of this regionof the new phase is shown in Fig. 8.3. The nearly perfe
t spheri
ity of this region isan additional indi
ation that the transition was strongly �rst-order. In 
omparison,
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Figure 8.3: These plots show the region of spa
e in whi
h symmetry breaking haso

urred at four su

essive times.the bubble observed in the latti
e simulations of [16℄ for g2=� � 200 was not exa
tlyspheri
ally symmetri
.The �rst order phase transition and bubble formation seen in our simulations 
anbe understood as a result of gradual a

umulation of 
lassi
al 
u
tuations Æ�(t; ~x).These 
u
tuations sto
hasti
ally 
limb up from � = 0 towards the lo
al maximum�� of the e�e
tive potential. Consider the regions in whi
h Æ�(t; ~x) > ��. If theprobability of formation of su
h regions is small be
ause they 
orrespond to highpeaks of the random �eld �, then these regions will have a nearly spheri
al shapeand 
an be represented by spheri
al surfa
es of radius R� (bubbles). If the radius R�is small, gradient terms will prevent the �eld � inside the region from rolling downtowards the global minimum at � = v (sub
riti
al bubble). If R� is large enough,
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Figure 8.4: The s
ale fa
tor a as a fun
tion of time. In the beginning a � pt, whi
his a 
urve with negative 
urvature, but then at some stage it begins to turn upwards,indi
ating a short stage of in
ation.the gradient terms 
annot push the �eld ba
k to the metastable state � = 0 andthe �eld inside the bubble rolls towards the global minimum, forming a bubble ofever in
reasing radius. This pro
ess 
an be des
ribed within the sto
hasti
 approa
hto tunneling proposed in [102℄. Typi
ally, the gradient terms 
annot win over thepotential energy terms if R� > O(jm�1� j), where m� 
orresponds to the e�e
tive massof the s
alar �eld in the interior of the bubble. This provides an estimate for theinitial size of the bubble R� � O(jm�1� j).The phase transition o

urs from a state with energy density dominated by theva
uum energy density V (0). Figure 8.4 shows the s
ale fa
tor a as a fun
tion of time.The 
urvature be
omes slightly positive at the time before the phase transition, whi
hindi
ates a short stage of exponential growth of the universe. Be
ause the 
urvatureis hard to see in �gure 8.4 I have also plotted the se
ond derivative �a in �gure 8.5.While the in
aton is trapped in the false va
uum state, �a be
omes positive, indi
atinga brief stage of in
ation.Another signature of in
ation is an equation of state with negative pressure. Fig-ure 8.6 shows the parameter � = p=�, whi
h be
omes negative during the metastablephase. At the moment of the phase transition the universe be
omes matter dominated



8.4. NONTHERMAL PHASE TRANSITIONS AND PRODUCTION OF TOPOLOGICAL DEFECTS89

0 1´1012 2´1012 3´1012 4´1012 5´1012

-2´10-23

-1´10-23

0

1´10-23

2´10-23

3´10-23

Figure 8.5: The se
ond derivative of the s
ale fa
tor, �a. A universe dominated byordinary matter (relativisti
 or nonrelativisti
) will always have �a < 0, whereas in anin
ationary universe �a > 0. We see that starting from the moment t � 2 � 1012 (inPlan
k units) the universe experien
es a

elerated (in
ationary) expansion.and the pressure jumps to nearly 0.From the beginning of this in
ationary stage (roughly when the pressure be
omesnegative) to the moment of the phase transition the total expansion fa
tor is 2.1. Asexpe
ted this is of the same order but somewhat lower than the predi
ted maximum,�g2� �1=4 � 5:3. We 
an thus 
on
lude that it is possible to a
hieve in
ation forparameters for whi
h this would not have been possible in thermal equilibrium (g4 ��). In our simulation we showed the o

urren
e of a very brief stage of in
ation.This stage may be mu
h longer for larger (realisti
) values of g2=�. However, to
he
k whether this is indeed the 
ase one would need to perform a more detailedinvestigation on a latti
e of a mu
h greater size.8.4 Nonthermal phase transitions and produ
tionof topologi
al defe
tsIn this se
tion I would like to dis
uss possible impli
ations of our investigation for thetheory of produ
tion of topologi
al defe
ts after preheating [16, 17, 98℄.
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Figure 8.6: The ratio of pressure to energy density p=�. (Values were time averagedover short time s
ales to make the plot smoother and more readable.)The bubbles that appear after the phase transition 
an 
ontain either positiveor negative �eld, � = �v. If bubbles of either type are formed with 
omparableprobability, then after the phase transition the universe be
omes divided into nearlyequal numbers of domains with � = �v, separated by domain walls. Su
h domainwalls would lead to disastrous 
osmologi
al 
onsequen
es, whi
h would rule out themodels where this may happen [14, 15℄.In general, the number of bubbles with � = +v may be mu
h greater (or mu
hsmaller) than the number of bubbles with � = �v. Then the domain wall problemdoes not appear be
ause the bubbles with � = +v would rapidly eat all their 
om-petitors with � = �v (or vi
e versa). This may happen, for example, if the momentof the bubble produ
tion is determined by the 
oherently os
illating s
alar �eld �.In su
h a 
ase, after os
illating a bit near the top of the e�e
tive potential, the �eld� may wind up in the same minimum of the e�e
tive potential everywhere in theuniverse.To investigate the domain wall problem in our model one would need to repeat the
al
ulation many times with slightly di�erent initial 
onditions or to make them in abox of a mu
h greater size that would allow one to see many bubbles simultaneously.Fortunately, the results obtained in our study may be suÆ
ient to give an answer to



8.4. TOPOLOGICAL DEFECTS 91this question without extremely large simulations.First of all, a

ording to the sto
hasti
 approa
h [102℄ to the theory of tunnelingwith bubble formation [103, 104℄, the bubbles of the �eld � are 
reated as a result ofthe a

umulation of long-wavelength 
u
tuations of the s
alar �eld with momenta ksmaller than the typi
al mass s
ale m� asso
iated with this �eld, see Se
tion 8.3. Inour 
ase this mass s
ale is related to the frequen
y of os
illations of the s
alar �eldat the moment of the phase transition. At that moment the leading 
ontribution tothe 
u
tuations h�2i is given by 
u
tuations with momenta mu
h smaller than m�.We 
al
ulated the value of the long-wavelength 
omponent of qh�2i and found thatit is (approximately) of the same order as the amplitude of os
illations of the �eld �at the moment of the phase transition. The existen
e of a �rst-order phase transi-tion suggests that the probability of bubble formation must have been exponentiallysuppressed during the metastable stage. Su
h suppression would only o

ur only ifthe amplitude of 
u
tuations required to form a bubble of the new phase was mu
hlarger than qh�2i [102℄, whi
h would in turn mean the required amplitude was mu
hgreater than the amplitude of os
illations of �. This suggests that the probability ofthe bubble formation is almost entirely determined by the in
oherent 
u
tuations ofthe �eld � rather than by the small 
oherent os
illations of this �eld. Consequently,the probability of formation of bubbles 
ontaining � = +v in the �rst approximationmust be equal to the probability of formation of bubbles 
ontaining � = �v.To make this statement more reliable one would need to estimate the amplitudeof the long-wavelength 
u
tuations of the �eld � in a more pre
ise way, whi
h wouldinvolve using latti
es of a greater size. However, there is additional eviden
e suggest-ing that the number of bubbles with positive and negative � must be approximatelyequal to ea
h other.Indeed, as we have seen, the 
urvature of the e�e
tive potential remained approx-imately 
onstant during dozens of os
illations of the �eld � prior to the moment ofthe phase transition. This suggests that the shape of the e�e
tive potential and,
onsequently, the probability of the tunneling, did not 
hange mu
h during a singleos
illation. Therefore one may expe
t that, within a single os
illation, the probabilityof a bubble forming when the os
illating �eld � was negative was approximately the



92 CHAPTER 8. INFLATION AFTER PREHEATINGsame as the probability of the bubble forming when it was positive.If the number of bubbles with positive and negative � are approximately equal toea
h other, the phase transition leads to the formation of dangerous domain walls,whi
h rules out our model [105℄. If 
orre
t, this is a rather important 
on
lusionthat shows that the investigation of nonthermal phase transition may rule out 
ertain
lasses of in
ationary models that otherwise would seem quite legitimate [14, 15℄.But this 
on
lusion does not imply that all theories where the nonthermal phasetransition is strongly �rst order are ruled out. For example, one may 
onsider a model(8.1) with � being not a real but a 
omplex �eld, � = 1p2(�1+ i�2), j�j2 = 12(�21+�22).Sin
e the main 
ontribution to the e�e
tive potential of the �eld � in the theory (8.1)is given not by the �eld(s) � but by the �elds �i, we expe
t that this generalizationwill not lead to a qualitative modi�
ation of our results. In parti
ular, we expe
t thatfor suÆ
iently large N and g2=� the phase transition will be strongly �rst order andthere will be a short stage of in
ation after preheating. However, in the new modelwe will have strings instead of domain walls.A similar model in the absen
e of intera
tion of the �elds � with the �elds �was studied in [17, 98℄. It was argued that even in this 
ase in�nite strings maybe formed. The theory of galaxy formation due to 
osmi
 strings is 
urrently out offavor, but it is 
ertainly true that 
osmi
 strings produ
ed after in
ation may add newinteresting features to the standard theory of formation of the large-s
ale stru
tureof the universe [106, 107, 108, 109℄The possibility of strongly �rst order phase transitions indu
ed by preheating inmodels with g2 � � adds new eviden
e that in�nite strings 
an be produ
ed afternonthermal phase transitions. Indeed, in�nite strings may not be produ
ed if thedire
tion in whi
h the �eld � falls from the point � = 0 at the moment of the phasetransition is determined by the os
illations of the �eld �. If, just as in the 
asedis
ussed above, the amplitude of these os
illations are mu
h smaller than qh�2i atthe moment of the phase transition, then in�nite strings are indeed formed.



8.5. CONCLUSIONS 938.5 Con
lusionsThe results of our latti
e simulation 
on�rmed our expe
tations that preheating maylead to nonthermal phase transitions even in those theories where spontaneous sym-metry breaking o

urs at the GUT s
ale, v � 1016 GeV. Some time ago this questionwas intensely debated in the literature. Some authors 
laimed that nonthermal phasetransitions indu
ed by preheating are impossible, and the notion of the e�e
tive po-tential after preheating is useless. I believe that Figs. 1, 2 and 3 give a 
lear answerto this question. In parti
ular, Fig. 1 shows that 90% of the time from the end ofin
ation to the moment of symmetry breaking the �eld � os
illates about � = 0 withan amplitude mu
h smaller than v. This 
ould happen only be
ause the 
orre
tionsto the e�e
tive potential indu
ed by parti
les � and � 
hange the shape of V (�) near� = 0, turning its maximum into a deep lo
al minimum.In some theories, this e�e
t may lead to produ
tion of superheavy strings, whi
hmay have important 
osmologi
al impli
ations for the theory of formation of the larges
ale stru
ture of the universe. In some other theories, these phase transitions maylead to ex
essive produ
tion of monopoles and domain walls. This may rule out abroad 
lass of otherwise a

eptable in
ationary models.In this paper we have shown that under 
ertain 
onditions a nonthermal phasetransition may lead to a short se
ondary stage of in
ation. It would be interestingto study the possibility that a se
ondary stage of in
ation indu
ed by preheating
ould help solve the moduli and gravitino problems. The answer to this question willbe strongly model-dependent be
ause gravitinos 
an be produ
ed by the os
illatings
alar �eld even after the se
ondary in
ation [61, 80℄. Independently of all pra
ti
alimpli
ations, the possibility of a se
ondary stage of in
ation indu
ed by preheatingseems very interesting be
ause it 
learly demonstrates the potential importan
e ofnonperturbative e�e
ts in post-in
ationary 
osmology.



Chapter 9The Development of EquilibriumAfter PreheatingNote: This 
hapter is based on a paper by Gary Felder and Lev Kofman, availableon the Los Alamos eprint server as hep-ph/0011160. The full 
itation appears in thebibliography [110℄.Chapter Abstra
tIn this 
hapter I present the results of a fully nonlinear study of the development ofequilibrium after preheating. The rapid transfer of energy from the in
aton to other�elds during preheating leaves these �elds in a highly nonthermal state with energy
on
entrated in infrared modes. We performed latti
e simulations of the evolutionof intera
ting s
alar �elds during and after preheating for a variety of in
ationarymodels. We formulated a set of generi
 rules that govern the thermalization pro
essin all of these models. Notably, we found that on
e one of the �elds is ampli�edthrough parametri
 resonan
e or other me
hanisms it rapidly ex
ites other 
oupled�elds to exponentially large o

upation numbers. These �elds qui
kly a
quire nearlythermal spe
tra in the infrared, whi
h gradually propagate into higher momenta.Prior to the formation of total equilibrium, the ex
ited �elds group into subsets withalmost identi
al 
hara
teristi
s (e.g. group e�e
tive temperature). The way �elds94



9.1. INTRODUCTION 95form into these groups and the properties of the groups depend on the 
ouplingsbetween them. We also studied the onset of 
haos after preheating by 
al
ulating theLyapunov exponent of the s
alar �elds.9.1 Introdu
tionReheating typi
ally involves some form of rapid, non-perturbative preheating phase.The 
hara
ter of preheating may vary from model to model, e.g. parametri
 ex
itationin 
haoti
 in
ation [7℄ or ta
hyoni
 preheating in hybrid in
ation (see 
hapter 10),but its distin
t feature remains the same: rapid ampli�
ation of one or more bosoni
�elds to exponentially large o

upation numbers. This ampli�
ation is eventually shutdown by ba
krea
tion of the produ
ed 
u
tuations. The end result of the pro
ess isa turbulent medium of 
oupled, inhomogeneous, 
lassi
al waves far from equilibrium[99℄.Despite the development of our understanding of preheating after in
ation, thetransition from this stage to a hot Friedmann universe in thermal equilibrium hasremained relatively poorly understood. A theory of the thermalization of the �eldsgenerated from preheating is ne
essary to bridge the gap between in
ation and theHot Big Bang. The details of this thermalization stage depend on the 
onstituentsof the fundamental Lagrangian L(�i; �i;  i; A�; h��; :::) and their 
ouplings, so at �rstglan
e it would seem that a des
ription of this pro
ess would have to be stronglymodel-dependent. We found, however, that many features of this stage seem to holdgeneri
ally a
ross a wide spe
trum of models. This fa
t is understandable be
ausethe 
onditions at the end of preheating are generally not qualitatively sensitive to thedetails of in
ation. Indeed, at the end of preheating and beginning of the turbulentstage (denoted by t�), the �elds are out of equilibrium. We examined many modelsand found that at t� there is not mu
h tra
e of the linear stage of preheating and
onditions at t� are not qualitatively sensitive to the details of in
ation. We thereforefound that this se
ond, highly nonlinear, turbulent stage of preheating seemed toexhibit some universal, model-independent features.Although a realisti
 model would in
lude one or more Higgs-Yang-Mills se
tors,



96 CHAPTER 9. THE DEVELOPMENT OF EQUILIBRIUMwe treated the simpler 
ase of intera
ting s
alars. Within this 
ontext, however, we
onsidered a number of di�erent models in
luding several 
haoti
 and hybrid in
ations
enarios with a variety of 
ouplings between the in
aton and other matter �elds.There are many questions about the thermalization pro
ess that we set out toanswer in our work. Could the turbulent waves that arise after preheating be des
ribedby the theory of (transient) Kolmogorov turbulen
e or would they dire
tly approa
hthermal equilibrium? Could the relaxation time towards equilibrium be des
ribed bythe naive estimate � � (n�int)�1, where n is a density of s
alar parti
les and �intis a 
ross-se
tion of their intera
tion? If the in
aton � were de
aying into a �eld�, what e�e
t would the presen
e of a de
ay 
hannel � for the � �eld have on thethermalization pro
ess? For that matter, would the presen
e of � signi�
antly alterthe preheating of � itself, or even destroy it as suggested in [111℄? How stronglymodel-dependent is the pro
ess of thermalization; are there any universal featuresa
ross di�erent models? Finally there's the question of 
haos. It is known thatHiggs-Yang-Mills systems display 
haoti
 dynami
s during thermalization [112℄. Thepossibility of 
haos in the 
ase of a single, self-intera
ting in
aton was mentioned inpassing in [99℄, but when we began our work it was un
lear at what stage of preheating
haos might appear, and in what way.Be
ause the systems we studied involve strong, nonlinear intera
tions far fromthermal equilibrium it is not possible to solve the equations of motion using linearanalysis in Fourier spa
e. Instead we solved the s
alar �eld equations of motiondire
tly in position spa
e using latti
e simulations. These simulations automati
allytake into a

ount all nonlinear e�e
ts of s
attering and ba
krea
tion. Using thesenumeri
al results we were able to formulate a set of empiri
al rules that seem to governthermalization after in
ation. These rules qualitatively des
ribe thermalization in awide variety of models. The features of this pro
ess are in some 
ases very di�erentfrom our initial expe
tations.Se
tions 9.2 and 9.3 des
ribe the results of our numeri
al 
al
ulations. Se
tion9.2 des
ribes one simple 
haoti
 in
ation model that we 
hose to fo
us on as a 
learillustration of our results, while se
tion 9.3 dis
usses how the thermalization pro
esso

urs in a variety of other models. Se
tion 9.4 des
ribes the onset of 
haos during
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ludes a dis
ussion of the measurement and interpretation of theLyapunov exponent in this 
ontext. Se
tion 9.5 
ontains a list of empiri
al rules thatwe formulated to des
ribe thermalization after preheating. Se
tion 9.6 dis
usses theseresults and other aspe
ts of non-equilibrium s
alar �eld dynami
s.9.2 Cal
ulations in Chaoti
 In
ationIn this se
tion I present the results of our numeri
al latti
e simulations of the dy-nami
s of intera
ting s
alars after in
ation. I dis
uss in detail one simple model thatillustrates the general properties of thermalization after preheating. The next se
tionwill dis
uss thermalization in the 
ontext of other models.9.2.1 ModelThe example I have 
hosen to fo
us on is 
haoti
 in
ation with a quarti
 in
atonpotential. The in
aton � has a four-legs 
oupling to another s
alar �eld �, whi
h inturn 
an 
ouple to one or more other s
alars �i. The potential for this model isV = 14��4 + 12g2�2�2 + 12h2i�2�2i : (9.1)The equations of motion for the model (9.1) are given by��+ 3 _aa _�� 1a2r2�+ ���2 + g2�2�� = 0 (9.2)��+ 3 _aa _�� 1a2r2�+ �g2�2 + h2i�2i �� = 0 (9.3)��i + 3 _aa _�i � 1a2 = r2�i + �h2i�2��i = 0: (9.4)We also in
luded self-
onsistently the evolution of the s
ale fa
tor a(t). The modeldes
ribed by these equations is a 
onformal theory, meaning that the expansion of theuniverse 
an be (almost) eliminated from the equations of motion by an appropriate
hoi
e of variables [8℄.



98 CHAPTER 9. THE DEVELOPMENT OF EQUILIBRIUMA detailed explanation of our latti
e simulations is in part III of this thesis. Forthe 
haoti
 in
ation potential des
ribed in this se
tion we res
aled the variables fromPlan
k units in the following waysfpr = a�0 f ; ~xpr = p��0~x; dtpr = p��0dta ; (9.5)where the subs
ript pr (for \program") indi
ates the variables used in our 
al
ulations.The variable �0 = :342Mp is the initial value of � in the simulations. All plots in this
hapter are shown in these program variables.Preheating in this theory in the absen
e of the �i �elds was des
ribed in [8℄. Forg2 �> � the �eld � will experien
e parametri
 ampli�
ation, rapidly rising to expo-nentially large o

upation numbers. In the absen
e of the � �eld (or for suÆ
ientlysmall g) � will be resonantly ampli�ed through its own self-intera
tion, but this self-ampli�
ation is mu
h less eÆ
ient than the two-�eld intera
tion. The results shownhere are for � = 9� 10�14 (for COBE normalization) and g2 = 200�. When I add athird �eld I take h21 = 100g2 and when I add a fourth �eld I take h22 = 200g2.9.2.2 The Output VariablesThere are a number of ways to illustrate the behavior of s
alar �elds, and di�erentones are useful for exploring di�erent phenomena. The raw data is the value of the�eld f(t; ~x), or equivalently its Fourier transform fk(t). One of the simplest quantitiesone 
an extra
t from these values is the varian
eh�f(t)� �f(t)�2i = 1(2�)3 Z d3kjfk(t)j2 ; (9.6)where the integral does not in
lude the 
ontribution of a possible delta fun
tion at~k = 0, representing the mean value �f .One of the most interesting variables to 
al
ulate is the (
omoving) number densityof parti
les of the f -�eld nf(t) � 1(2�)3 Z d3knk(t) ; (9.7)
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omoving) o

upation number of parti
lesnk(t) � 12!k j _fkj2 + !k2 jfkj2 (9.8)!k � qk2 +m2eff (9.9)m2eff � �2V�f 2 : (9.10)For the model (9.1) this e�e
tive mass is given bym2eff = 8>>><>>>: 3�h�2i+ g2h�2ig2h�2i+ h2i h�2i ih2i h�2i (9.11)for �, �, and �i respe
tively. For the 
lassi
al waves of f that we are dealing with, nk
orresponds to an adiabati
 invariant of the waves. Formula (9:8) 
an be interpretedas a parti
le o

upation number in the limit of large amplitude of the f -�eld. Aswe will see below this o

upation number spe
trum 
ontains important informationabout thermalization. Noti
e that the e�e
tive mass of the parti
les depends on thevarian
es of the �elds and may be signi�
ant and time-dependent. The momenta ofthe parti
les do not ne
essarily always ex
eed their masses, meaning the intera
tings
alar waves are not ne
essarily always in the kineti
 regime. In parti
ular this meansthat in general we 
annot 
al
ulate the energies of the �elds simply as R d3k !knkbe
ause intera
tion terms between �elds 
an be signi�
ant.From here on I will use n without a subs
ript to denote the total number densityfor a �eld, and will use the subs
ript only to spe
ify a parti
ular �eld, e.g. n�. I usentot to mean the sum of the total number density for all �elds 
ombined. O

upationnumber will always be written nk and it should be 
lear from 
ontext whi
h �eld isbeing referred to.In pra
ti
e it is not very important whether you 
onsider the spe
trum fk andthe varian
e of f or the spe
trum nk and the number density. Both sets of quantitiesqualitatively show the same behavior in the systems we 
onsidered. The varian
e and



100 CHAPTER 9. THE DEVELOPMENT OF EQUILIBRIUMnumber density grow exponentially during preheating and evolve mu
h more slowlyduring the subsequent stage of turbulen
e. Most of our results are shown in terms ofnumber density nf and o

upation number nk be
ause these quantities have obviousphysi
al interpretations, at least in 
ertain limiting 
ases. I shall o

asionally showplots of varian
e for 
omparison purposes.In what follows I dis
uss the evolution of n(t) and nk(t). The evolution of thetotal number density ntot is an indi
ation of the physi
al pro
esses taking pla
e. Inthe weak intera
tion limit the s
attering of 
lassi
al waves via the intera
tion term12g2�2�2 
an be treated using a perturbation expansion with respe
t to g2. Theleading four-legs diagrams for this intera
tion 
orresponds to a two-parti
le 
ollision(��! ��), whi
h 
onserves ntot. The regime where su
h intera
tions dominate 
or-responds to \weak turbulen
e" in the terminology of the theory of wave turbulen
e[113℄. If we see ntot 
onserved it will be an indi
ation that these two-parti
le 
olli-sions 
onstitute the dominant intera
tion. Conversely, violation of ntot(t) = 
onstwill indi
ate the presen
e of strong turbulen
e, i.e. the importan
e of many-parti
le
ollisions. Su
h higher order intera
tions may be signi�
ant despite the smallness ofthe 
oupling parameter g2 (and others) be
ause of the large o

upation numbers nk.Later, when these o

upation numbers are redu
ed by res
attering, the two-parti
le
ollision should be
ome dominant and ntot should be 
onserved.For a bosoni
 �eld in thermal equilibrium with a temperature T and a 
hemi
alpotential � the spe
trum of o

upation numbers is given bynk = 1e!k��T � 1 : (9.12)(I use units in whi
h �h = 1.) Preheating generates large o

upation numbers forwhi
h equation (9.12) redu
es to its 
lassi
al limitnk � T!k � � ; (9.13)whi
h in turn redu
es to nk / 1=k for k � m;� and nk � 
onst: for k � m;�. We
ompared the spe
trum nk to this form to judge how the �elds were thermalizing. Here
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onsider the 
hemi
al potential of an intera
ting s
alar �elds as a free parameter.Unless otherwise indi
ated all of our results are shown in 
omoving 
oordinatesthat, in the absen
e of intera
tions, would remain 
onstant as the universe expanded.Note also that for most of the dis
ussion I 
onsider �eld spe
tra only as a fun
tion ofj~kj, de�ned by averaging over spheri
al shells in k spa
e. For a Gaussian �eld thesespe
tra 
ontain all the information about the �eld, and even for a non-Gaussian �eldmost useful information is in these averages. This issue is dis
ussed in more detail inse
tion 9.4.9.2.3 ResultsThe key results for this model are shown in Figures 9.12-9.19, whi
h show the evolu-tion of n(t) with time for ea
h �eld and the spe
trum nk for ea
h �eld at a time longafter the end of preheating. These results are shown for runs with one �eld (� only),two �elds (� and �), and three and four �elds (one and two �i �elds respe
tively). Iwill begin by dis
ussing some general features 
ommon to all of these runs, and then
omment on the runs individually.All of the plots of n(t) show an exponential in
rease during preheating, followedby a gradual de
rease that asymptoti
ally slows down. See for example Figure 9.1.This exponential in
rease is a 
onsequen
e of explosive parti
le produ
tion due toparametri
 resonan
e. This regime is fairly well understood [8℄. After preheating the�elds enter a turbulent regime, during whi
h n(t) de
reases. This initial, fast de
rease
an be interpreted as a 
onsequen
e of the many-parti
le intera
tions dis
ussed above;as nk shifts from low to high momenta the overall number de
reases. Realisti
ally,however, the onset of weak turbulen
e should be a

ompanied by the development ofa 
ompensating 
ow towards infrared modes, whi
h we were unable to see be
auseof our �nite box size. Thus the 
ontinued, slow de
rease in n(t) well into the weakturbulent regime is presumably a 
onsequen
e of the la
k of very long wavelengthmodes in our latti
e simulations.To see why this shift is o

urring look at the spe
tra nk (Figures 9.16-9.19, seealso [111, 114℄). Even long after preheating the infrared portions of some of these
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Figure 9.1: Number density n for V = 14��4 + 12g2�2�2. The plots are, from bottomto top at the right of the �gure, n�, n�, and ntot. The dashed horizontal line is simplyfor 
omparison. The end of exponential growth and the beginning of turbulen
e (i.e.the moment t�) o

urs around the time when ntot rea
hes its maximum.spe
tra are tilted more sharply than would be expe
ted for a thermal distribution(9.13). Even more importantly, many of them show a 
uto� at some momentum k,above whi
h the o

upation number falls o� exponentially. Both of these features,the infrared tilt and the ultraviolet 
uto�, indi
ate an ex
ess of o

upation numberat low k relative to a thermal distribution. This ex
ess o

urs be
ause parametri
resonan
e is typi
ally most eÆ
ient at ex
iting low momentum modes, and be
omes
ompletely ineÆ
ient above a 
ertain 
uto� k�. A 
lear pi
ture of how the 
ow tohigher momenta redu
es these features 
an be seen in Figure 9.2, whi
h shows theevolution of the spe
trum nk for � in the two �eld model.Figure 9.2 illustrates the initial ex
itation of modes in parti
ular resonan
e bands,followed by a rapid smoothing out of the spe
trum. The ultraviolet 
uto� is initiallyat the momentum k� where parametri
 resonan
e shuts down, but over time the
uto� moves to higher k as more modes are brought into the quasi-equilibrium of theinfrared part of the spe
trum. Meanwhile the infrared se
tion is gradually 
atteningas it approa
hes a true thermal distribution. During preheating the ex
itation of theinfrared modes drives this slope to large, negative values. From then on it gradually
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Figure 9.2: Evolution of the spe
trum of � in the model V = 14��4 + 12g2�2�2. Redplots 
orrespond to earlier times and blue plots to later ones. For bla
k and whiteviewing: The sparse, lower plots all show early times. In the thi
k bundle of plotshigher up the spe
trum is rising on the right and falling on the left as time progresses.approa
hes thermal equilibrium (i.e. a slope of �1 to 0 depending on the 
hemi
alpotential and the mass). The relaxation time for the equilibrium is signi�
antlyshorter than that given by formula 1=n�int. This estimate is valid for dilute gasesof parti
les, but in our 
ase the large o

upation numbers amplify the s
atteringamplitudes [7℄.Figure 9.3 shows the evolution of the varian
es h�f � �f�2i for the two �eld model.As indi
ated above it shows all the same qualitative features as the evolution of n forthat model.I 
an now go on to point out some di�eren
es between the models, i.e. betweenruns with di�erent numbers of �elds. The one �eld model (pure ��4) shows the basi
features dis
ussed above, but the tilt in the spe
trum is still very large at the endof the simulation and n� is de
reasing very slowly 
ompared to the spe
tral tilt and
hange in n we see in the two �eld 
ase. This di�eren
e o

urs be
ause the intera
tionsbetween � and � greatly speed up the thermalization of both �elds. In the one �eld
ase � 
an only thermalize via its relatively weak self-intera
tion.The spe
tra in the two �eld run also show a novel feature, namely that the spe
tra
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Figure 9.3: Varian
es for V = 14��4+ 12g2�2�2. The upper plot shows h��� ���2i andthe lower plot shows h(�� ��)2i.
for � and � are essentially identi
al, whi
h means among other thingsn� � n�: (9.14)This mat
hing of the two spe
tra o

urs shortly after preheating and from then on thetwo �elds evolve identi
ally (ex
ept for the remaining homogeneous 
omponent of �).A posteriori this result 
an be understood as follows. Looking at the potential ��4+g2�2�2, the se
ond term dominates be
ause of the hierar
hy of 
oupling strengthsg2 = 200�. So the potential V � g2�2�2 is symmetri
 with respe
t to the two �elds,and therefore they a
t as a single e�e
tive �eld.Figures 9.14 and 9.18 show the e�e
ts of adding an additional de
ay 
hannel for�. The intera
tion of � and � does not a�e
t the preheating of �, but does drag� exponentially qui
kly into an ex
ited state. The �eld � is exponentially ampli�ednot by parametri
 resonan
e, but by its stimulated intera
tions with the ampli�ed ��eld. Unlike ampli�
ation by preheating, this dire
t de
ay nearly 
onserves parti
lenumber, with the result that n� de
reases as � grows, and the spe
tra of � and � are
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al. Instead � and � develop nearly identi
al spe
tra,n� � n� < n�; (9.15)and they both thermalize (together) mu
h more rapidly than � did in the absen
eof �. There is a looser relationship n� � n� + n�, whose a

ura
y depends on the
ouplings. The in
aton, meanwhile, thermalizes mu
h more slowly; note the low kof the 
uto� in the � spe
trum in Figure 9.18. By 
ontrast, there is no visible 
uto�in the spe
tra of � and � and the tilt is relatively mild. The most striking propertyof this 
hain of intera
tion is the grouping of �elds; � and � behave identi
ally toea
h other and di�erently from �. This again 
an be understood by the hierar
hy of
oupling 
onstants, h2 = 100g2 = 20; 000�. The term h2�2�2 is dominant and puts �and � on an equal footing.Varying the 
oupling h did not 
hange the overall behavior of the system, but it
hanged the time at whi
h � grew. In the limiting 
ase h� g, � grew with � duringpreheating and remained indistinguishable from it right from the start. (We foundthis, for example, for h2 = 10; 000g2.)When we added a se
ond � �eld we found that the � �eld most strongly 
oupledto � would grow very rapidly and the more weakly 
oupled one would then growrelatively slowly. Note for example that n�2 in Figure 9.19 grows more slowly thann� in Figure 9.18 despite the fa
t that they have the same 
oupling to �. In the four�eld 
ase n� is redu
ed when the more strongly 
oupled � �eld grows and this slowsthe growth of the more weakly 
oupled one. Nonetheless, the addition of another ��eld on
e again sped up the thermalization of � and the � �elds. The three �elds �,�1, and �2 on
e again have identi
al spe
tran� � n�1 � n�2 < n�; (9.16)but in the four �eld 
ase by the end of the run they look indistinguishable fromthermal spe
tra. If there is an ultraviolet 
uto� for these spe
tra it is at momentahigher than 
an be seen on the latti
e we were using. Again, we noti
ed a looserelationship n� � n� + n�1 + n�2. in this 
ase.
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Figure 9.4: E�e
tive masses for V = 14��4+ 12g2�2�2 as a fun
tion of time in units of
omoving momentum. The lower plot is m� and the upper one is m�.I'll 
lose this se
tion with a few words about the e�e
tive masses of the �elds,equation (9.10). All the masses are s
aled in the 
omoving frame, i.e. I 
onsidera2m2eff . Figure 9.4 shows the evolution of the e�e
tive masses in the two �eld model.Note that the verti
al axis of these plots is in the same 
omoving units as the horizon-tal (k) axes of the spe
tra plots. Sin
e the momentum 
uto� was of order k � 5� 10(see Figure 9.2) the mass of � was 
onsistently smaller than the typi
al momentaof the �eld. By 
ontrast m� started out mu
h larger and only gradually de
reased.The 
u
tuations of � remained massive through preheating (although with a phys-i
al mass � 1=a) and for quite a while afterwards the typi
al momentum of these
u
tuations was k � m.Figure 9.5 shows the evolution of the e�e
tive masses for the three �eld model.On
e again m� remains small. Although m� grows large brie
y it qui
kly subsides.However, m�, with 
ontributions from � and �, remains relatively large. Note, how-ever, that the spe
trum of � has no 
lear 
uto� after � has grown, so it is diÆ
ult tosay whether this mass ex
eeds a \typi
al" momentum s
ale or not.
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Figure 9.5: Time evolution of the e�e
tive masses for the model V = 14��4+ 12g2�2�2+12h2�2�2. From bottom to top on the right hand side the plots show m�, m�, and m�.9.3 Other Models of In
ation and Intera
tionsThe model (9.1) was 
hosen to illustrate our basi
 results be
ause ��4 in
ation andpreheating is relatively simple and well studied. Our main interest, however, was inuniversal features of thermalization. In this se
tion I therefore more brie
y dis
uss ourresults for a variety of other models. First I 
ontinue with ��4 in
ation by dis
ussingvariants on the intera
tion potential des
ribed above. Next I dis
uss thermalizationin m2�2 models of 
haoti
 in
ation. Finally I dis
uss hybrid in
ation.9.3.1 Variations on Chaoti
 In
ation With a Quarti
 Poten-tialWe looked at several simple variants of the potential (9.1). We 
onsidered a modelwith a further de
ay 
hannel for � so that the total potential wasV = 14��4 + 12g2�2�2 + 12h21�2�2 + 12h22�2
2: (9.17)Setting h1 = h2 we found that for this four �eld model the evolution of the �eld
u
tuations, spe
tra, and number density were qualitatively similar to those in the



108 CHAPTER 9. THE DEVELOPMENT OF EQUILIBRIUMfour �eld model (9.1). We found that at late timesn� � n� � n
 < n� : (9.18)The �elds �, �, and 
 formed a group with nearly identi
al spe
tra and evolutionand rapid thermalization, while � remained distin
t and thermalized more slowly.Compare these results to the four �eld model results in Figures 9.15 and 9.19.We also 
onsidered parallel de
ay 
hannels for �V = 14��4 + 12g21�2�2 + 12g22�2
2 + 12h2�2�2: (9.19)Setting g1 = g2 and h2 = 100g21 we found that at late timesn� � n
 > n� � n� : (9.20)In other words the four �elds formed into two groups of two, with ea
h group havinga 
hara
teristi
 number density evolution.Finally we looked at adding a self-intera
tion term for �V = 14���4 + 12g2�2�2 + 14���4 (9.21)with �� = g2 and found the results were essentially un
hanged from those of the two�eld runs with no �4 term. The � self-
oupling 
aused the spe
tra of � and � todeviate slightly from ea
h other, but their overall evolution pro
eeded very similarlyto the 
ase with no � self-intera
tion term.9.3.2 Chaoti
 In
ation with a Quadrati
 PotentialWe also 
onsidered 
haoti
 in
ation models with an m2�2 in
aton potential. Fig-ures 9.20-9.23 show results for the modelV = 12m2�2 + 12g2�2�2 + 12h2�2�2 ; (9.22)



9.3. OTHER MODELS OF INFLATION AND INTERACTIONS 109with m = 10�6Mp � 1:22 � 1013GeV (for COBE), g2 = 2:5 � 105m2=M2p , and h2 =100g2. The res
alings used for this model werefpr = a3=2�0 f ; ~xpr = m~x; dtpr = mdt; (9.23)and on
e again all plots here are shown in these res
aled variables. The initial value�0 was set to :193Mp.We 
onsidered separately the 
ase of two �elds � and � and three �elds �, �, and �.This model exhibits parametri
 resonan
e similar to the resonan
e in quarti
 in
ation[7℄, whi
h results in the rapid growth of n seen in these �gures. The spe
tra produ
edin this way are on
e again tilted towards the infrared. In the two �eld 
ase, � and� do not have identi
al spe
tra as they did for quarti
 in
ation. This is be
ause the
oupling term 1=2g2�2�2 redshifts more rapidly than the mass term 1=2m2�2, so thelatter remains dominant in the potential, whi
h is therefore not symmetri
 between �and �. In the three �eld 
ase we again see similar spe
tra for � and �, although theyare not as indistinguishable as they were in ��4 theory. The basi
 features of rapidgrowth of n, high o

upation of infrared modes, and then a 
ux of number densitytowards ultraviolet modes and a slow de
rease in ntot are all present as they were for��4 theory. The shape of the � spe
trum does not appear thermal, but it is un
learif this spe
trum is 
ompatible with Kolmogorov turbulen
e.9.3.3 Hybrid In
ationHybrid in
ation models involve multiple s
alar �elds. The simplest potential fortwo-�eld hybrid in
ation isV (�; �) = �4 (�2 � v2)2 + g22 �2�2 : (9.24)In
ation in this model o

urs while the homogeneous � �eld slow rolls from large �towards the bifur
ation point at � = p�g v (due to the slight lift of the potential in� dire
tion). On
e �(t) 
rosses the bifur
ation point, the 
urvature of the � �eld,m2� � �2V=��2, be
omes negative. This negative 
urvature results in exponential
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u
tuations. In
ation then ends abruptly in a \waterfall" manner.In 
hapter 10 I dis
uss preheating in hybrid in
ation, whi
h typi
ally o

urs via ame
hanism 
alled \ta
hyoni
 preheating." Although this me
hanism is very di�erentin some ways from parametri
 resonan
e the result is quite similar; 
u
tuations ofthe �elds are rapidly driven to a state with exponentially large o

upation numbersup to some 
uto� in momentum. I won't dis
uss ta
hyoni
 preheating in any detailhere. Rather my 
on
ern here is to note how thermalization o

urs after preheating.One reason to be interested in hybrid in
ation is that it 
an be easily implementedin supersymmetri
 theories. In parti
ular, for illustration I will use supersymmetri
F-term in
ation as an example of a hybrid model. The potential isV = �4 j4���� v2j2 + 4�j�j2 �j�j2 + j��j2�+ h2�2j�j2 ; (9.25)where � = 2:5 � 10�5 and h2 = 2�. Here �, � and �� are the 
omplex s
alar �eldsof the in
aton se
tor and � is an additional matter �eld. In
ation o

urs along the� dire
tion for h�i � v, when � = �� = 0. When the magnitude of the slow-rolling�eld � rea
hes the value hj�
ji = v2 spontaneous symmetry breaking o

urs and the� �elds be
ome ex
ited. It 
an be shown that at the end of in
ation and the startof symmetry breaking the 
ompli
ated potential (9.25) 
an be e�e
tively redu
ed tothe simple two �eld potential (9.24) (where � and � are 
ombinations of � and �, ��and g2 = 12�) plus the 
oupling term with h2�2j�j2.Figure 9.6 show the evolution of the six degrees of freedom of the in
aton se
toras well as the �eld �. We see that all of the in
aton �elds ex
ept Im(�) are ex
itedvery qui
kly. Later the �elds � and Im(�) are dragged into ex
ited states as well.This dragging 
orresponds to preheating in the non-in
aton se
tor. The �elds � andIm(�) are ex
ited by their stimulated intera
tions with the rest of the �elds. Theresult of this ampli�
ation is a turbulent state that evolves towards equilibrium verysimilarly to the 
haoti
 models. Although the details of in
ation and preheating arevery di�erent in hybrid and 
haoti
 models, we found that on
e a matter �eld hasbeen ampli�ed, the thermalization pro
ess pro
eeds in the same way.
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Figure 9.6: Evolution of varian
es of �elds in the model (9.25). The two �elds thatgrow at late times, in order of their growth, are � and Im(�).9.4 The Onset of Chaos, Lyapunov Exponents andStatisti
sIntera
ting waves of s
alar �elds 
onstitute a dynami
al system, meaning there is nodissipation and the system 
an be des
ribed by a Hamiltonian. Dynami
al 
haos isone of the features of wave turbulen
e. In this se
tion I address the question if, howand when the onset of 
haos takes pla
e after preheating.The s
alar �eld 
u
tuations produ
ed during preheating are generated in squeezedstates [115, 7℄ that are 
hara
terized by 
orrelations of phases between modes ~k and�~k. Be
ause of their large amplitudes we 
an 
onsider these 
u
tuations to be stand-ing 
lassi
al waves with de�nite phases. During the linear stage of preheating, beforeintera
tions between modes be
omes signi�
ant, the evolution of these waves mayor may not show 
haoti
 sensitivity to initial 
onditions. Indeed, for wide ranges of
oupling parameters parametri
 resonan
e has sto
hasti
 features [7, 8℄, and prior tothis work the issue of the numeri
al stability of parametri
 resonan
e had not beeninvestigated. When intera
tion (res
attering) between waves be
omes important, the
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ome de
oherent. At this stage the waves have well de�ned o

upation num-bers but not well de�ned phases, and the random phase approximation 
an be used todes
ribe the system. This transition signals the onset of turbulen
e, following whi
hthe system will gradually evolve towards thermal equilibrium.To investigate the onset of 
haos in this system we followed the time evolution oftwo initially nearby points in the phase spa
e, see e.g. [112℄. Consider two 
on�g-urations of a s
alar �eld f and f 0 that are identi
al ex
ept for a small di�eren
e ofthe �elds at a set of points xA. I use f(t; ~xA); _f(t; ~xA) to indi
ate the unperturbed�eld amplitude and �eld velo
ity at the point ~xA and f 0(t; ~xA); _f 0(t; ~xA) to indi
ateslightly perturbed values at this point. In other words, the �eld 
on�gurations withf(t; ~xA); _f(t; ~xA) and f 0(t; ~xA); _f 0(t; ~xA) are initially 
lose points in the �eld phasespa
e. We independently evolved these two systems (phase spa
e points) and ob-serve how the perturbed �eld values diverge from the unperturbed ones. Chaos 
anbe de�ned as the tenden
y of su
h nearby 
on�gurations in phase spa
e to divergeexponentially over time. This divergen
e is parametrized by the Lyapunov exponentfor the system, de�ned as � � 1t logD(t)D0 (9.26)where D is a distan
e between two 
on�gurations and D0 is the initial distan
e attime 0. Here we de�ned the distan
e D(t) simply asD(t)2 �XA (jf 0A � fAj)2 + (j _f 0A � _fAj)2 ; (9.27)where fA � f(t; ~xA) and the summation is taken over all the points where the 
on-�gurations initially di�ered.For illustration I present the 
al
ulations for the model V = 14��4 + 12g2�2�2. Wedid two latti
e simulations of this model with initial 
onditions that were identi
alex
ept that in one of them we multiplied the amplitude of � by 1 + 10�6 at 8 evenlyspa
ed points on the latti
e. Figure 9.7 shows the Lyapunov exponent for both �elds� and �. Note that the verti
al axis is �t rather than just �. During the turbulentstage the parameter D(t) is arti�
ially saturated to a 
onstant be
ause of the limitedphase spa
e volume of the system. Fortunately, the most interesting moment around
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Figure 9.7: The Lyapunov exponent � for the �elds � (lower 
urve) and � (upper
urve). The verti
al axis is �t.t�, where the 
haoti
 motion begins, is 
overed by this simple approa
h. Certainly,the �eld dynami
s 
ontinue to be 
haoti
 in subsequent stages of the turbulen
e, andone 
an use more sophisti
ated methods to 
al
ulate the Lyapunov exponent duringthese stages [116, 112℄. However, this issue is less relevant for our study.Both �elds show roughly the same rate of growth of �, but �� grows mu
h earlierthan �� and therefore rea
hes a higher level. The reason for this is simple. Theamplitude of � is initially very small and grows exponentially, so even in the absen
eof 
haos we would expe
t that during preheating the di�eren
e �0(t; ~xA) � �(t; ~xA)must grow exponentially, proportionally to � � eR dt�(t) itself. So this exponentialgrowth is not a true indi
ator of 
haos.To get around this problem and de�ne the onset of 
haos in the 
ontext of pre-heating more meaningfully we introdu
ed a normalized distan
e fun
tion�(t) �XA  f 0A � fAf 0A + fA!2 +  _f 0A � _fA_f 0A + _fA!2 (9.28)
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Figure 9.8: The Lyapunov exponent �0 for the �elds � and � using the normalizeddistan
e fun
tion �.that is well regularized even while the �eld � is being ampli�ed exponentially. Fig-ure 9.8 shows the Lyapunov exponent �0 � 1t log �(t)�(t0) for �. In this 
ase we see theonset of 
haos only at the end of preheating. The plot for the � �eld is nearly identi-
al. The Lyapunov exponents for the �elds were �0� � �0� � 0:2 (in the units of timeadopted in the simulation). This 
orresponds to a very fast onset of 
haos.Thus we see that 
haoti
 turbulen
e starts abruptly at the end of preheating.Initially wave turbulen
e is strong and res
attering does not 
onserve the total numberof parti
les ntot. The fastest variation in ntot o

urs at the same time as the onset of
haos, t� � 100 � 200. We 
onje
ture that the entropy of the system of intera
tingwaves is generated around the moment t�. As the parti
le o

upation number drops,the turbulen
e will be
ome weak and ntot will be 
onserved. Figure 9.1 
learly showsthis evolution of the total number of parti
les ntot in the model.We also 
onsidered the statisti
al properties of the intera
ting 
lassi
al waves inthe problem. The initial 
onditions of our latti
e simulations 
orrespond to randomgaussian noise. In thermal equilibrium, the �eld velo
ity _f has gaussian statisti
s,while the �eld f itself departs from that unless it has high o

upation numbers.
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Figure 9.9: The probability distribution fun
tion for the �eld � after preheating. Dotsshow a histogram of the �eld and the solid 
urve shows a best-�t Gaussian.Figure 9.9 shows the probability distribution of the �eld � during the weak turbulen
estage after preheating, and indeed the distribution is nearly exa
tly gaussian. Thus, atthis stage we 
an treat the superposition of 
lassi
al s
alar waves with large o

upationnumbers and random phases as random gaussian �elds.During preheating, however, this gaussian distribution is altered. A simple mea-sure of the gaussianity of a �eld 
omes from examining its moments. For a gaussian�eld there is a �xed relationship between the two lowest nonvanishing moments,namely 3hÆ�2i2 = hÆ�4i ; (9.29)where Æ� � � � h�i and angle bra
kets denote ensemble averages or, equivalently,large spatial averages. We measured the ratio of the left and right hand sides of thisequation for � and � and their time derivatives using spatial averages over the latti
e.The results are shown in Figures 9.10 and 9.11. As expe
ted, the �elds are initiallygaussian, deviate from it during preheating, and rapidly return to it afterwards. Theplots for the moments of the �eld velo
ities are similar, although the �eld velo
itiesremain 
loser to gaussianity.
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Figure 9.10: Deviations from Gaussianity for the �eld � as a fun
tion of time. Thesolid, red line shows 3hÆ�2i2=hÆ�4i and the dashed, blue line shows 3hÆ _�2i2=hÆ _�4i.
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Figure 9.11: Deviations from Gaussianity for the �eld � as a fun
tion of time. Thesolid, red line shows 3hÆ�2i2=hÆ�4i and the dashed, blue line shows 3hÆ _�2i2=hÆ _�4i.



9.5. RULES OF THERMALIZATION 117It is quite important to noti
e that gaussianity is broken around the end of pre-heating and the beginning of the strong turbulen
e. In parti
ular, it makes invalidthe use of the Hartree approximation beyond this point.9.5 Rules of ThermalizationThis resear
h was primarily empiri
al. We numeri
ally investigated the pro
esses ofpreheating and thermalization in a variety of models and determined a set of rulesthat seem to hold generi
ally. These rules 
an be formulated as follows:1. In many, if not all viable models of in
ation there exists a me
hanism for expo-nentially amplifying 
u
tuations of at least one �eld �. These me
hanisms tend toex
ite long-wavelength ex
itations, giving rise to a highly infrared spe
trum.The me
hanism of parametri
 resonan
e in single-�eld models of in
ation has beenstudied for a number of years. Contrary to the 
laims of some authors, this e�e
t isquite robust. Adding additional �elds (e.g. our � �elds) or self-
ouplings (e.g. �4)has little or no e�e
t on the resonant period. Moreover, in many hybrid models asimilar e�e
t o

urs due to other instabilities. The qualitative features of the �eldsarising from these pro
esses seem to be largely independent of the details of in
ationor the me
hanisms used to produ
e the �elds.2. Ex
iting one �eld � is suÆ
ient to rapidly drag all other light �elds with whi
h �intera
ts into a similarly ex
ited state.We saw this e�e
t when multiple �elds were 
oupled dire
tly to � and when 
hainsof �elds were 
oupled indire
tly to �. All it takes is one �eld being ex
ited to rapidlyamplify an entire se
tor of intera
ting �elds. These se
ond generation ampli�ed �eldswill inherit the basi
 features of the � �eld, i.e. they will have spe
tra with moreenergy in the infrared than would be expe
ted for a thermal distribution.3. The ex
ited �elds will be grouped into subsets with identi
al 
hara
teristi
s (spe
tra,o

upation numbers, e�e
tive temperatures) depending on the 
oupling strengths.We saw this e�e
t in a variety of models. For example in the models (9.1) and(9.17) the � and � �elds formed su
h a group. In general, �elds that are intera
ting



118 CHAPTER 9. THE DEVELOPMENT OF EQUILIBRIUMin a group su
h as this will thermalize mu
h more qui
kly than other �elds, pre-sumably be
ause they have more potential to intera
t and s
atter parti
les into highmomentum states.4. On
e the �elds are ampli�ed, they will approa
h thermal equilibrium by s
atteringenergy into higher momentum modes.This pro
ess of thermalization involves a slow redistribution of the parti
le o

u-pation number as low momentum parti
les are s
attered and 
ombined into highermomentum modes. The result of this s
attering is to de
rease the tilt of the infraredportion of the spe
trum and in
rease the ultraviolet 
uto� of the spe
trum. Withinea
h �eld group the evolution pro
eeds identi
ally for all �elds, but di�erent groups
an thermalize at very di�erent rates.9.6 Dis
ussionWe investigated the dynami
s of intera
ting s
alar �elds during post-in
ationary pre-heating and the development of equilibrium immediately after preheating. We usedthree dimensional latti
e simulations to solve the non-linear equations of motion ofthe 
lassi
al �elds.There are a number of problems both from the point of view of realisti
 modelsof early universe preheating and from the point of view of non-equilibrium quantum�eld theory that I have not yet addressed. In this se
tion I shall dis
uss some of them.Although we 
onsidered a series of models of in
ation and intera
tions, we mostlyrestri
ted ourselves to four-legs intera
tions. (The sole ex
eption was the hybridin
ation model, whi
h develops a three-legs intera
tion after symmetry breaking.)This meant we still had a residual homogeneous or inhomogeneous in
aton �eld.In realisti
 models of in
ation and preheating we expe
t the 
omplete de
ay of thein
aton �eld. (There are radi
al suggestions to use the residuals of the in
atonos
illations as dark matter or quintessen
e, but these require a great deal of �netuning.) The problem of residual in
aton os
illations 
an be easily 
ured by three-legsintera
tions. In the s
alar se
tor three-legs intera
tions of the type g2v��2 may result



9.6. DISCUSSION 119in stronger preheating. Yukawa 
ouplings h � � will lead to parametri
 ex
itationsof fermions [32, 117℄.There are subtle theoreti
al issues related to the development of pre
ise thermalequilibrium in quantum and 
lassi
al �eld theory due to the large number of degreesof freedom, see e.g. [118℄. In our simulations we see the 
attening of the parti
lespe
tra nk and we des
ribe this as an approa
h to thermal equilibrium, but in lightof these subtleties we should 
larify that we mean approximate thermal equilibrium.Often 
lassi
al s
alar �elds in the kineti
 regime display transient Kolmogorovturbulen
e, with a 
as
ade towards both infrared and ultraviolet modes [119, 113℄. Inour systems it appears that the 
ux towards ultraviolet modes is o

urring in su
h away as to bring the �elds 
loser to thermal equilibrium (9.13). Indeed, the slope of thespe
tra nk at the end of our simulations is 
lose to �1. However, given the size of thebox in these simulations we were not able to say mu
h about the phase spa
e 
ux inthe dire
tion of infrared modes. This question 
ould be addressed, for example, withthe 
omplementary method of 
hains of intera
ting os
illators, see [119℄. This is aninteresting problem be
ause an out-of-equilibrium bose-system of intera
ting s
alarswith a 
onserved number of parti
les 
an, in prin
iple, develop a bose-
ondensate.It would be interesting to see how the formation of this 
ondensate would or wouldnot take pla
e in the 
ontext of preheating in an expanding universe. One highlyspe
ulative possibility is that a 
osmologi
al bose 
ondensate 
ould play the role of alate-time 
osmologi
al 
onstant.The highlights of our study for early universe phenomenology are the following.The me
hanism of preheating after in
ation is rather robust and works for manydi�erent systems of intera
ting s
alars. There is a stage of turbulent 
lassi
al waveswhere the initial 
onditions for preheating are erased. Initially, before all the �eldshave settled into equilibrium with a uniform temperature, the reheating temperaturemay be di�erent in di�erent subgroups of �elds. The nature of these groupings isdetermined by the 
oupling strengths.
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Figure 9.12: V = 1=4��4. (Note that theverti
al s
ale is larger than for the subse-quent plots.)
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Figure 9.13: V = 1=4��4 + 1=2g2�2�2,g2=� = 200. The upper 
urve representsn�.
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Figure 9.14: V = 1=4��4 + 1=2g2�2�2 +1=2h2�2�2, g2=� = 200, h2 = 100g2. Thehighest 
urve is n�. The number densityof � diminishes when n� grows.
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Figure 9.15: V = 1=4��4 + 1=2g2�2�2 +1=2h2i�2�2i , g2=� = 200, h21 = 200g2; h22 =100g2. The pattern is similar to the three-�eld 
ase until the growth of �2.
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upation Number vs. Momentum
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Figure 9.16: V = 1=4��4.
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Figure 9.17: V = 1=4��4 + 1=2g2�2�2,g2=� = 200. The spe
tra of � and � arenearly identi
al.
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Figure 9.18: V = 1=4��4 + 1=2g2�2�2 +1=2h2�2�2, g2=� = 200, h2 = 100g2 The �and � spe
tra are similar, but � rises in theinfrared). The spe
trum of � is markedlydi�erent from the others.
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Figure 9.19: V = 1=4��4 + 1=2g2�2�2 +1=2h2i�2�2i , g2=� = 200, h21 = 200g2; h22 =100g2. All �elds other than the in
aton havenearly identi
al spe
tra.
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Figure 9.20: V = 1=2m2�2 + 1=2g2�2�2,g2M2p=m2 = 2:5 � 105. The upper 
urverepresents n�.
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Figure 9.21: V = 1=2m2�2+1=2g2�2�2+1=2h2�2�2, g2M2p=m2 = 2:5 � 105, h2 =100g2. The highest 
urve is n�. The �eldthat grows latest is �.
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Figure 9.22: V = 1=2m2�2 + 1=2g2�2�2,g2M2p=m2 = 2:5 � 105. The upper 
urverepresents the spe
trum of �.
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Figure 9.23: V = 1=2m2�2+1=2g2�2�2+1=2h2�2�2, g2M2p=m2 = 2:5 � 105, h2 =100g2 The � and � spe
tra are similar,while the spe
trum of � rises mu
h higherin the infrared.



Chapter 10
Dynami
s of Symmetry Breakingand Ta
hyoni
 Preheating
Note: This 
hapter is based on a paper by Gary Felder, Juan Gar
ia-Bellido, Patri
kGreene, Lev Kofman, Andrei Linde, and Igor Tka
hev, available on the Los Alamoseprint server as hep-ph/0012142. The full 
itation appears in the bibliography [120℄.Chapter Abstra
tWe re
onsidered the old problem of the dynami
s of spontaneous symmetry breakingusing 3d latti
e simulations, and developed a theory of ta
hyoni
 preheating, whi
ho

urs due to the spinodal instability of the s
alar �eld. Ta
hyoni
 preheating isso eÆ
ient that symmetry breaking typi
ally 
ompletes within a single os
illationof the �eld distribution as it rolls towards the minimum of its e�e
tive potential.As an appli
ation of this theory we 
onsidered preheating in the hybrid in
ations
enario, in
luding SUSY-motivated F-term and D-term in
ationary models. Weshowed that preheating in hybrid in
ation is typi
ally ta
hyoni
 and the stage ofos
illations of a homogeneous 
omponent of the s
alar �elds driving in
ation endsafter a single os
illation. Our results may also be relevant for the theory of theformation of disoriented 
hiral 
ondensates in heavy ion 
ollisions.123



124 CHAPTER 10. TACHYONIC PREHEATING10.1 Introdu
tionSpontaneous symmetry breaking is a basi
 feature of all realisti
 theories of elementaryparti
les. In the simplest models, this instability appears be
ause of the presen
eof ta
hyoni
 mass terms su
h as �m2�2=2 in the e�e
tive potential. As a result,long wavelength quantum 
u
tuations �k of the �eld � with momenta k < m growexponentially, �k � exp(tpm2 � k2), whi
h leads to spontaneous symmetry breaking.This pro
ess may o

ur gradually, as in the theory of se
ond order phase transi-tions, when the parameterm2 slowly 
hanges from positive to negative and the degreeof symmetry breaking gradually in
reases in time [88, 89, 92, 90, 91℄. Sometimes thesymmetry breaking o

urs dis
ontinuously, due to a �rst order phase transition [93℄.But there is also another possibility, whi
h I dis
uss in this 
hapter: The ta
hyoni
mass term may appear suddenly, on a time s
ale that is mu
h shorter than the timerequired for symmetry breaking to o

ur. This may happen, for example, when thehot plasma 
reated by heavy ion 
ollisions in the `little Big Bang' suddenly 
ools down[121, 122, 123, 124, 125℄. A more important appli
ation from the point of view of
osmology is the pro
ess of preheating in the hybrid in
ation s
enario [126, 127, 128℄,where in
ation ends in a `waterfall' regime triggered by ta
hyoni
 instability.The pro
ess of symmetry breaking has been studied before by advan
ed methods ofperturbation theory, see e.g. [129, 130℄ and referen
es therein. However, spontaneoussymmetry breaking is a strongly nonlinear and nonperturbative e�e
t. It usually leadsto the produ
tion of parti
les with large o

upation numbers inversely proportional tothe 
oupling 
onstants. As a result the perturbative des
ription, in
luding the Hartreeand 1=N approximations, has limited appli
ability. It does not properly des
riberes
attering of 
reated parti
les and other important features su
h as produ
tionof topologi
al defe
ts. For these reasons we addressed the problem using latti
esimulations. In addition to a

urately 
apturing the full dynami
s of res
attering,these simulations allowed us to have a 
lear visual pi
ture of all the pro
esses involved.At several points in this 
hapter I will make referen
e to 
omputer generated moviesavailable on the World Wide Web that illustrate di�erent aspe
ts of spontaneoussymmetry breaking.



10.2. TACHYONIC INSTABILITY AND SYMMETRY BREAKING 125I will show here that ta
hyoni
 preheating 
an be extremely eÆ
ient. In manymodels it leads to the transfer of the initial potential energy density V (0) into theenergy of s
alar parti
les within a single os
illation. Contrary to some expe
tations,the �rst stage of preheating in hybrid in
ation is typi
ally ta
hyoni
, whi
h meansthat the stage of os
illations of a homogeneous 
omponent of the s
alar �elds drivingin
ation either does not exist at all or ends after a single os
illation.10.2 Ta
hyoni
 Instability and symmetry breakingSymmetry breaking o

urs due to ta
hyoni
 instability and may be a

ompanied bythe formation of topologi
al defe
ts. Here I will 
onsider two toy models that areprototypes for many interesting appli
ations, in
luding symmetry breaking in hybridin
ation.10.2.1 Quadrati
 potentialThe simplest model of spontaneous symmetry breaking is based on the theory withthe e�e
tive potentialV (�) = �4(�2 � v2)2 � m44� � m22 �2 + �4�4 ; (10.1)where � � 1. V (�) has a minimum at � = �v and a maximum at � = 0 with
urvature V 00 = �m2.The development of ta
hyoni
 instability in this model depends on the initial 
on-ditions. I will assume that initially the symmetry is 
ompletely restored so that the�eld � does not have any homogeneous 
omponent, i.e. h�i = 0. But then h�i remainszero at all later stages, and for the investigation of spontaneous symmetry breakingone needs to �nd the spatial distribution of the �eld �(x; t). To avoid this 
om-pli
ation, many authors assume that there is a small but �nite initial homogeneousba
kground �eld �(t), and even smaller quantum 
u
tuations Æ�(x; t) that grow ontop of it. This approximation may provide some interesting information, but quite
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ular, it does not des
ribe the 
reation of topologi-
al defe
ts, whi
h, as we will see, is not a small nonperturbative 
orre
tion but animportant part of the problem.For de�niteness, I assume that in the symmetri
 phase � = 0 there are usualquantum 
u
tuations of the massless �eld with the mode fun
tions 1p2ke�ikt+i~k~x andthen at t = 0 we `turn on' the term �m2�2=2 
orresponding to the negative masssquared �m2. The modes with k = j~kj < m grow exponentially so the dispersion ofthese 
u
tuations 
an be estimated ashÆ�2i = 14�2 mZ0 dk k e2tpm2�k2 : (10.2)To get a qualitative understanding of the pro
ess of spontaneous symmetry break-ing, instead of many growing waves with momenta k < m in (10.2) let us 
onsider�rst a single sinusoidal wave Æ� = �(t) 
os kx with k � m and with initial amplitude� m2� in one-dimensional spa
e. The amplitude of this wave grows exponentially untilits be
omes O(v) � m=p�. This leads to the division of the universe into domainsof size O(m�1) in whi
h the �eld 
hanges from O(v) to O(�v). The gradient en-ergy density of domain walls separating areas with positive and negative � will be� k2Æ�2 = O(m4=�). This energy is of the same order as the total initial potentialenergy of the �eld V (0) = m4=4�. This is one of the reasons why any approximationbased on perturbation theory and ignoring topologi
al defe
t produ
tion 
annot givea 
orre
t des
ription of the pro
ess of spontaneous symmetry breaking.Thus a substantial part of the false va
uum energy V (0) is transferred to thegradient energy of the �eld � when it rolls down to the minimum of V (�). Be
ausethe initial state 
ontains many quantum 
u
tuations with di�erent phases growing ata di�erent rate, the resulting �eld distribution is very 
ompli
ated, so it 
annot giveall of its gradient energy ba
k and return to its initial state � = 0. This is one ofthe reasons why spontaneous symmetry breaking and the main stage of preheatingin this model may o

ur within a single os
illation of the �eld �.Meanwhile if one were to make the usual assumption that initially there existsa small homogeneous ba
kground �eld � � v with an amplitude greater than the
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u
tuations Æ�, so that m=2� � � < m=p�,one would �nd out that when � falls to the minimum of the e�e
tive potential thegradient energy of the 
u
tuations remains relatively small. One would thus 
ometo the standard 
on
lusion that the �eld should experien
e many 
u
tuations beforeit relaxes near the minimum of V (�). To avoid this error, we performed a 
ompletestudy of the growth of all ta
hyoni
 modes and their subsequent intera
tion withoutmaking this simplifying assumption about the existen
e of the homogeneous �eld �.Consider the ta
hyoni
 growth of all 
u
tuations with k < m, i.e. those that
ontribute to hÆ�2i in Eq. (10.2). This growth 
ontinues until qhÆ�2i rea
hes thevalue � v=2, sin
e at � � v=p3 the 
urvature of the e�e
tive potential vanishes andinstead of ta
hyoni
 growth one has the usual os
illations of all the modes. Thishappens within the time t� � 12m ln �2� . The exponential growth of 
u
tuations up tothat moment 
an be interpreted as the growth of the o

upation number of parti
leswith k � m. These o

upation numbers at the time t� grow up tonk � exp(2mt�) � exp ln �2� ! = �2� � 1 : (10.3)One 
an easily verify that t� depends only logarithmi
ally on the 
hoi
e of the initialdistribution of quantum 
u
tuations. For small � the 
u
tuations with k � m havevery large o

upation numbers, and therefore they 
an be interpreted as 
lassi
alwaves of the �eld �.The dominant 
ontribution to hÆ�2i in Eq. (10.2) at the moment t� is givenby the modes with wavelength l� � 2�k�1� � p2�m�1 ln1=2 (C�2=�) > m�1, whereC = O(1). As a result, at the moment when the 
u
tuations of the �eld � rea
h theminimum of the e�e
tive potential, qh�2i � v, the �eld distribution looks rather ho-mogeneous on a s
ale l �< l�. On average, one still has h�i = 0. This implies that theuniverse be
omes divided into domains with two di�erent types of spontaneous sym-metry breaking, � � �v. The typi
al size of ea
h domain is l�=2 � �p2 m�1 ln1=2 C�2� ,whi
h di�ers only logarithmi
ally from our previous estimatem�1. At later stages thedomains grow in size and per
olate (eat ea
h other up), and spontaneous symmetrybreaking be
omes established on a ma
ros
opi
 s
ale.
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ourse, these are just simple estimates that should be followed by a detailedquantitative investigation. When the �eld rolls down to the minimum of its e�e
tivepotential, its 
u
tuations s
atter o� ea
h other as 
lassi
al waves. It is diÆ
ult tostudy this pro
ess analyti
ally, but fortunately one 
an do it using latti
e simulations.We performed our simulations on latti
es with either 1283 or 2563 gridpoints. Thedetails of these latti
e simulations are given in part III.Figure 10.1 illustrates the dynami
s of symmetry breaking in the model (10.1).It shows the probability distribution P (�; t), whi
h is the fra
tion of the volume
ontaining the �eld � at a time t if at t = 0 one begins with the probability distribution
on
entrated near � = 0, with the quantum me
hani
al dispersion (10.2).As we see from this �gure, after the �rst os
illation the probability distributionP (�; t) be
omes narrowly 
on
entrated near the two minima of the e�e
tive potential
orresponding to � = �v. In this sense one 
an say that symmetry breaking 
ompleteswithin one os
illation. These results hold for a wide range of values of the 
oupling
onstant �; this �gure is shown for a run with � = 10�4. Note that only whenthe distribution stabilizes and the domains be
ome large 
an one use the standardlanguage of perturbation theory des
ribing s
alar parti
les as ex
itations on a (lo
ally)homogeneous ba
kground. That is why the use of the nonperturbative approa
h basedon latti
e simulations was so important for our investigation.The growth of 
u
tuations in this model is shown in Fig. 10.2. It shows how
u
tuations grow in a two-dimensional sli
e of 3D spa
e. Maxima 
orrespond todomains with � > 0, minima 
orrespond to domains with � < 0.The dynami
s of spontaneous symmetry breaking in this model is even betterillustrated by the 
omputer generated movie that 
an be found athttp://physi
s.stanford.edu/gfelder/hybrid/1.gif. It 
onsists of an animated sequen
eof images similar to the one shown in Fig. 10.2. These images show the whole pro
essof spontaneous symmetry breaking from the growth of small gaussian 
u
tuations ofthe �eld � to the 
reation of domains with � = �v.Figure 10.1 shows a lopsided distribution where one domain is noti
eably largerthan the other. This asymmetry is the result of small sampling due to the �nite boxsize. To illustrate this pro
ess on a larger s
ale we also did a 2D simulation in a 10242
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Figure 10.1: The pro
ess of symmetry breaking in the model (10.1) for � = 10�4. Inthe beginning the distribution is very narrow. Then it spreads out and shows twomaxima that os
illate about � = �v with an amplitude mu
h smaller than v. Thesemaxima never 
ome 
lose to the initial point � = 0. The values of the �eld are shownin units of v.box. Figure 10.3 shows the development of domains for this run. This �gure shows arun with � = 10�2.Similar results are valid for the theory of a multi-
omponent s
alar �eld �i with thepotential (10.1). For example, the behavior of the probability distribution P (�1; �2; t)in the theory of a 
omplex s
alar �eld � = (�1+i�2)=p2 is shown in Fig. 10.4. For this�gure I used � = 10�4. As we see, after a single os
illation this probability distributionhas stabilized at j�j � v. A 
omputer generated movie illustrating this pro
ess 
anbe found at http://physi
s.stanford.edu/gfelder/hybrid/2.gif. Symmetry breaking ofa 
omplex �eld gives rise to strings. Figure 10.5 shows the distribution of stringsin a 3D latti
e after the �eld has fallen down to the minimum. (For 
omputationalpurposes a string was de�ned as the 
olle
tion of gridpoints for whi
h j�j2 < :02v.)
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Figure 10.2: Growth of quantum 
u
tuations in the pro
ess of symmetry breaking inthe quadrati
 model (10.1).10.2.2 Cubi
 potentialAnother important example of ta
hyoni
 preheating is provided by the theoryV = ��3v�3 + �4�4 + �12v4 : (10.4)This potential is a prototype of the potential that appears in des
riptions of symmetrybreaking in F-term hybrid in
ation [131, 132℄.The �rst question to address 
on
erns the initial amplitude of the ta
hyoni
 modesin this model. This is nontrivial be
ause m2(�) = �2�v� + 3��2 vanishes at � =0. However, eq. (10.2) implies that s
alar �eld 
u
tuations with momentum � khave initial amplitude hÆ�2i � k28�2 . They enter a self-sustained ta
hyoni
 regime ifk2 < jm2e� j = 2�vqhÆ�2i � �vk2� , i.e. if k < �v2� . The average initial amplitude of thegrowing ta
hyoni
 
u
tuations with momenta smaller than �v2� isÆ�rms � �v4�2 : (10.5)These 
u
tuations grow until the amplitude of Æ� be
omes 
omparable to 2v=3, and
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Figure 10.3: The development of domain stru
ture in the quadrati
 model (10.1).the e�e
tive ta
hyoni
 mass vanishes. At that moment the �eld 
an be representedas a 
olle
tion of waves with dispersion qhÆ�2i � v, 
orresponding to 
oherent statesof s
alar parti
les with o

upation numbers nk � �4�2� �2 � 1:Be
ause of the nonlinear dependen
e of the ta
hyoni
 mass on �, a detailed de-s
ription of this pro
ess is more involved than in the theory (10.1). Indeed, eventhough the typi
al amplitude of the growing 
u
tuations is given by (10.5), the speedof the growth of the 
u
tuations in
reases 
onsiderably if the initial amplitude issomewhat bigger than (10.5). Thus even though the 
u
tuations with amplitude afew times greater than (10.5) are exponentially suppressed, they grow faster and maytherefore have greater impa
t on the pro
ess than the 
u
tuations with amplitude(10.5). Low probability 
u
tuations with Æ� � Æ�rms 
orrespond to peaks of theinitial Gaussian distribution of the 
u
tuations of the �eld �. Su
h peaks tend tobe spheri
ally symmetri
 [133℄. As a result, the whole pro
ess looks not like a uni-form growth of all modes, but more like bubble produ
tion (even though there areno instantons in this model). The results of our latti
e simulations for this modelare shown in Fig. 10.6. These results are for � = 10�2. The bubbles (high peaksof the �eld distribution) grow, 
hange shape, and intera
t with ea
h other, rapidlydissipating the va
uum energy V (0). A 
omputer generated movie illustrating this
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Figure 10.4: The pro
ess of symmetry breaking in the model (10.1) for a 
omplex�eld �. The �eld distribution falls down to the minimum of the e�e
tive potentialat j�j = v and experien
es only small os
illations with rapidly de
reasing amplitudej��j � v.pro
ess 
an be found at http://physi
s.stanford.edu/gfelder/hybrid/3.gif.Fig. 10.7 shows the probability distribution P (�; t) in the model (10.4). As wesee, in this model the �eld also relaxes near the minimum of the e�e
tive potentialafter a single os
illation.One should note that numeri
al investigation of this model involved spe
i�
 
om-pli
ations due to the ne
essity of performing renormalization. Latti
e simulationsinvolve the study of modes with large momenta that are limited by the inverse latti
espa
ing. These modes give an additional 
ontribution to the e�e
tive parameters ofthe model. In the simple model (10.1) these 
orre
tions were relatively small, butin the 
ubi
 model they indu
e an additional linear term �v�h�2i. This term shouldbe subtra
ted by the proper renormalization pro
edure, whi
h brings the e�e
tivepotential ba
k to its form (10.4). For more details on this pro
edure see se
tion 12.3.For 
ompleteness I should mention that in the theory with the quarti
 potentialV = V (0) � 14��4 the de
ay of the symmetri
 phase o

urs via tunneling and theformation of bubbles, even though there is no barrier between � = 0 and � 6= 0
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Figure 10.5: The distribution of strings in the model (10.1) for a 
omplex �eld �.[104, 3℄. In this 
ase quantum tunneling 
an be heuristi
ally interpreted as a buildingup of sto
hasti
 
u
tuations Æ� [102℄. In this respe
t the 
hara
ter of ta
hyoni
instability for the 
ubi
 potential is intermediate between the quadrati
 and quarti
potentials.10.3 Ta
hyoni
 preheating in hybrid in
ationThe results obtained in the previous se
tion have important impli
ations for thetheory of reheating in the hybrid in
ation s
enario. The basi
 form of the e�e
tivepotential in this s
enario is [126, 127℄V (�; �) = �4 (�2 � v2)2 + g22 �2�2 + 12m2�2 : (10.6)The point where � = �
 = M=g and � = 0 is a bifur
ation point. Here M � p�v.The global minimum is lo
ated at � = 0 and j�j = v. However, for � > �
 the squaresof the e�e
tive masses of both �elds m2� = g2�2 � �v2 + 3��2 and m2� = m2 + g2�2are positive and the potential has a valley at � = 0. In
ation in this model o

urs
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Figure 10.6: Fast growth of the peaks of the distribution of the �eld � in the 
ubi
model (10.4). It should be 
ompared with Fig. 10.2 for the quadrati
 model (10.1).while the � �eld rolls slowly in this valley towards the bifur
ation point. When �rea
hes �
, in
ation ends and the �elds rapidly roll towards the global minimum at� = 0, j�j = v. If � is a real one-
omponent s
alar, this may lead to the formationof domain walls. To avoid this problem, we assume that � is a 
omplex �eld. In this
ase symmetry breaking after in
ation produ
es 
osmi
 strings instead of domainwalls [126, 127℄.In realisti
 versions of this model the mass m is extremely small, as is the initialvelo
ity _�. The �elds fall down along a 
ertain traje
tory �(t); �(t) in su
h a waythat initially this traje
tory is absolutely 
at, then it rapidly falls down, and thenit be
omes 
at again near the minimum of V (�; �). This implies that the 
urvatureof the e�e
tive potential along this 
urve is initially negative. Therefore the �eldsshould experien
e ta
hyoni
 instability along the way.The de
ay of the homogeneous in
aton �eld and preheating in hybrid in
ationwere 
onsidered in two papers: for the simplest non-supersymmetri
 s
enario with avariety of parameters [128℄ and for a SUSY F-term model [132℄. Both papers werefo
used on the possibility of parametri
 resonan
e. However, in [128℄ it was alsopointed out that for g2 � � the �eld � falls down only when the �eld � rea
hes some
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Figure 10.7: Histograms des
ribing the pro
ess of symmetry breaking in the model(10.4) for � = 10�2. After a single os
illation the distribution a
quires the form shownin the last frame and after that it pra
ti
ally does not os
illate.point � � �
. As a result, the motion of the �eld � o

urs just like the motion ofthe �eld � in the theory (10.1). In this 
ase one has a ta
hyoni
 instability and the�elds relax near the minimum of V (�; �) within a single os
illation [128℄. For all otherrelations between g2 and � the �elds follow more 
ompli
ated traje
tories. One mightexpe
t that the �elds would in general experien
e many os
illations, whi
h might ormight not lead to parametri
 resonan
e [128, 132℄.We performed an investigation of preheating in hybrid in
ation in the model (10.6)with two s
alar �elds (one real and one 
omplex) and in SUSY-motivated F-term andD-term in
ation models with three 
omplex �elds. We used methods similar to thosedis
ussed in the previous se
tion, in
luding 3D latti
e simulations. We found thateÆ
ient ta
hyoni
 preheating is a generi
 feature of the hybrid in
ation s
enario,whi
h means that the stage of os
illations of the quasi-homogeneous 
omponentsof the s
alar �elds driving in
ation is typi
ally terminated by the ba
krea
tion of
u
tuations.Fig. 10.8 shows the pro
ess of spontaneous symmetry breaking in the theory (10.6)



136 CHAPTER 10. TACHYONIC PREHEATINGfor g2 = 10�4, � = 10�2, M = 1015 GeV. The probability distribution os
illates alongthe ellipse g2�2+��2 = g2�2
. As before, it relaxes near the minimum of the e�e
tivepotential within a single os
illation. A 
omputer generated movie illustrating thispro
ess 
an be found at http://physi
s.stanford.edu/gfelder/hybrid/4.gif.

Figure 10.8: The pro
ess of symmetry breaking in the hybrid in
ation model (10.6)for g2 � �. The �eld distribution moves along the ellipse g2�2+��2 = g2�2
 from thebifur
ation point � = �
, � = 0.The theory of preheating in D-term in
ation for various relations between g2 and� [134, 135℄ is very similar to the theory dis
ussed above. Meanwhile, in the 
aseg2 = 2� the e�e
tive potential (10.6) has the same features as the e�e
tive potentialof SUSY-inspired F-term in
ation [131℄. In this s
enario the �elds � and � fall downalong a simple linear traje
tory [132℄, so that instead of following ea
h of these �eldsone may 
onsider a linear 
ombination of them and �nd the e�e
tive potential in thisdire
tion. This e�e
tive potential has exa
tly the same shape as our 
ubi
 potential(10.4). Thus all of the results that we obtained for ta
hyoni
 preheating in the theory(10.4) should be valid for F-term in
ation as well, with minor modi�
ations due tothe presen
e of additional degrees of freedom that 
an be ex
ited during preheating.Indeed, we were able to 
on�rm these 
on
lusions by latti
e simulations of the F-termand D-term models.
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hyoni
 preheating is a typi
al feature of hybrid in
ation. Theprodu
tion of bosons in this regime is nonperturbative, very fast, and eÆ
ient, but itis usually not related to parametri
 resonan
e. Instead it is related to the produ
tionand s
attering of 
lassi
al waves of the s
alar �elds. Of 
ourse, one should keepin mind that there may exist some parti
ular versions of hybrid in
ation in whi
hta
hyoni
 preheating is ineÆ
ient, e.g. be
ause of fast motion of the �eld � near thebifur
ation point.The ta
hyoni
 nature of preheating in hybrid in
ation implies that instead of theprodu
tion of gravitinos by a 
oherently os
illating �eld [61, 136, 80, 137℄, in hybridin
ation one should study gravitino produ
tion due to the s
attering of 
lassi
alwaves of the s
alar �elds produ
ed by ta
hyoni
 preheating. Our results may also beimportant for the theory of the generation of the baryon asymmetry of the universeat the ele
troweak s
ale [114℄.From a more general point of view, however, the most important appli
ation ofour results is to the general theory of spontaneous symmetry breaking. This theory
onstitutes the basis of all models of weak, strong and ele
tromagneti
 intera
tions.By applying the methods of latti
e simulations we developed for the study of preheat-ing we have been able to a
tually see the pro
ess of spontaneous symmetry breakingand to reveal some of its rather unexpe
ted features.



Part IIILATTICEEASY: Latti
eSimulations of S
alar FieldDynami
s

138



Chapter 11
Introdu
tion to LATTICEEASY
Mu
h of the work reported in this thesis has involved the use of numeri
al 
al
u-lations, and in parti
ular of 
lassi
al latti
e simulations of �eld dynami
s. Thesesimulations were done using a program developed by Igor Tka
hev and me, whi
h wehave made available on the Web under the name LATTICEEASY. A great deal ofmy 
ontribution to this resear
h has involved working out both the physi
s and theprogramming required for these simulations. This part of the thesis des
ribes thesesimulations, with an emphasis on the physi
s behind the 
ode.This 
hapter 
ontains a motivational introdu
tion explaining the need for latti
esimulations and the role they play in 
osmologi
al resear
h su
h as this, followed bya se
tion des
ribing my 
ontribution to the development of the simulations. The fol-lowing 
hapter des
ribes the equations solved by the program, in
luding the evolutionequations for the �elds and for the expansion of the universe, as well as the initial
onditions. The initial 
onditions are determined by quantum 
u
tuations presentat the end of in
ation. The 
hapter on equations ends with a brief dis
ussion ofrenormalization of �eld theories in latti
e 
al
ulations. The �nal 
hapter deals withthe 
omputational methods employed by LATTICEEASY. These in
lude the meth-ods used for time evolution (staggered leapfrog) and spatial derivatives (se
ond order�nite di�eren
ing). This 
hapter also dis
usses issues related to the stability anda

ura
y of the solutions obtained by LATTICEEASY.139



140 CHAPTER 11. INTRODUCTION TO LATTICEEASY11.1 Latti
e Simulations and Cosmology
Studying the early universe requires des
ribing the evolution of intera
ting �elds ina dense, high-energy environment. The study of reheating after in
ation and thesubsequent thermalization of the �elds produ
ed in this pro
ess typi
ally involvesnon-perturbative intera
tions of �elds with exponentially large o

upations numbersin states far from thermal equilibrium. Various approximation methods have beenapplied to these 
al
ulations, in
luding linearized analysis and the Hartree approxi-mation. These methods fail, however, as soon as the �eld 
u
tuations be
ome largeenough that they 
an no longer be 
onsidered small perturbations. In su
h a situ-ation linear analysis no longer makes sense and the Hartree approximation negle
tsimportant res
attering terms. What we have learned in the last several years is thatin many models of in
ation preheating 
an amplify 
u
tuations to these large s
aleswithin a few os
illations of the in
aton �eld. Moreover, su
h large ampli�
ation ap-pears to be a generi
 feature, arising in virtually all known in
ationary models dueto either parametri
 resonan
e, ta
hyoni
 instability, or both.The only way to fully treat the nonlinear dynami
s of these systems is throughlatti
e simulations. These simulations dire
tly solve the 
lassi
al equations of mo-tion for the �elds. Although this approa
h involves the approximation of negle
tingquantum e�e
ts, these e�e
ts are exponentially small on
e preheating begins. So inany in
ationary model in whi
h preheating 
an o

ur latti
e simulations provide themost a

urate means of studying post-in
ationary dynami
s.Over the past several years Igor Tka
hev and I have developed a program forperforming su
h latti
e simulations. The program, whi
h we 
all LATTICEEASY, isfreely available on the World Wide Web athttp://physi
s.stanford.edu/gfelder/latti
eeasy. This website 
ontains detailed do
u-mentation on how to use the program for di�erent in
ationary models. In this thesisI will fo
us instead on dis
ussing the physi
s behind the simulations.



11.2. MY CONTRIBUTIONS TO LATTICEEASY 14111.2 My Contributions to LATTICEEASYBe
ause LATTICEEASY was 
reated jointly by Igor Tka
hev and me it is appropriatethat for this thesis I should delineate what aspe
ts of it were my 
ontribution.The original version of the latti
e program was written by Dr. Tka
hev. Theidea of solving the 
lassi
al equations of motion for s
alar �elds in the early universeon a latti
e, using quantum me
hani
al dispersions as initial 
onditions, and using astaggered leapfrog algorithm were all in pla
e before I began working on the proje
t.Moreover the justi�
ation of using these 
lassi
al equations was worked out in detailby Dr. Tka
hev and others.Nonetheless, all of the equations derived in the latti
e simulation part of thisthesis were derived by me. Dr. Tka
hev had 
orre
tly adjusted the initial modes to
ompensate for the box size and latti
e spa
ing as des
ribed here (se
tion 12.2.1),but so far as I have been able to �nd he never wrote down his reasons for usingthe equations he did. He 
orre
tly negle
ted the initial time dependen
e of !k insetting the mode derivatives, but never explained why; see se
tion 12.2.4. Likewisethe 
ombination of the Einstein equations used by the program was used in Dr.Tka
hev's original version, but the derivation presented here is due to me. In the
ourse of deriving these equations I found a number of minor errors in the program.For example neither Dr. Tka
hev, nor to the best of my knowledge anyone else, hadever noti
ed that the Gaussian distribution of the 
omplex �eld modes required aRayleigh distribution for their amplitudes. I don't intend my mentioning the presen
eof this and other errors to be a 
riti
ism of Dr. Tka
hev. The latti
e program is a verylarge and 
ompli
ated pie
e of 
ode and it is not unusual for small bugs to o

ur insu
h 
ases. I mention these 
orre
tions simply by way of noting that in 
ollaboratingwith Dr. Tka
hev I had to rederive from s
rat
h all of the equations used by theprogram.Some of the physi
s des
ribed here was added after Dr. Tka
hev wrote his originalversion. In parti
ular, the 
orre
tion of the initial modes to preserve isotropy (se
tion12.2.3) and the introdu
tion of renormalization (se
tion 12.3) were both implementedby me with the help of dis
ussion and advi
e from Drs. Linde and Kofman. Also the



142 CHAPTER 11. INTRODUCTION TO LATTICEEASYde�nitions of o

upation number and energy spe
tra as adiabati
 invariants of the�elds were mine.Computationally and organizationally the basi
 
on
ept of the program as de-s
ribed above was Dr. Tka
hev's, and everything sin
e then has been mine. Heoriginally provided me with a program in Fortran and I rewrote it in C++. Later,when I had derived all of the equations and understood the workings of the programbetter I dropped the original version entirely and rewrote the entire thing with adi�erent stru
ture. It was after this rewrite that Dr. Tka
hev and I jointly releasedthe program under the name LATTICEEASY. It was our intent to make it availableas a tool for the 
osmology 
ommunity, although to the best of my knowledge it hasnot been used by anyone other than us.It was in the 
ourse of rewriting the program that I devised the 
orre
tions tothe s
ale fa
tor evolution equations (se
tion 13.2). More importantly, I developed amethod for systemati
ally res
aling the �elds and spa
etime 
oordinates to allow the
al
ulations to be feasible for a broad variety of models. This subje
t is dis
ussedbrie
y in this thesis but forms a large part of the do
umentation for LATTICEEASY.In summary, I would say that the basi
 
on
epts behind these latti
e simulationspre
eded my involvement in the proje
t and were largely due to Dr. Tka
hev, whereasthe systemati
 derivations of the equations and methods used was primarily my work.



Chapter 12
Equations
12.1 Evolution Equations12.1.1 Field Equations and Coordinate Res
alingsThe equation of motion for a s
alar �eld in an expanding universe is (see e.g. [3℄)�f + 3 _aa _f � 1a2r2f + �V�f = 0: (12.1)In prin
iple this equation, 
ombined with an appropriate evolution equation for thes
ale fa
tor a, 
ould simply be solved dire
tly in this form. In pra
ti
e, however, thereare several ways in whi
h the pro
ess of solving su
h equations 
an be made easierby res
aling the variables. In parti
ular, by res
aling the �eld and time variables byappropriate powers of the s
ale fa
tor, the �rst derivative term 
an be eliminated fromthe equation of motion. Other useful 
riteria for 
hoosing res
aling parameters in
ludekeeping the dominant time s
ale of the problem �xed as the universe expands andsetting the natural time and distan
e s
ales to be of order unity. The LATTICEEASYdo
umentation explains these res
alings in detail. Be
ause they are model-spe
i�
 andlargely used for 
omputational 
onvenien
e, I will not dis
uss them further here. Allequations for the rest of the thesis will be given in physi
al variables and it should beunderstood that in the a
tual program they are solved in a res
aled form.143



144 CHAPTER 12. EQUATIONS12.1.2 S
ale Fa
tor EvolutionThe equation for the s
ale fa
tor a is derived from the Friedmann equations for a 
atuniverse �a = �4�a3 (� + 3p) (12.2)� _aa�2 = 8�3 �: (12.3)For a set of s
alar �elds fi in an FRW universe� = T +G+ V ; p = T � 13G� V (12.4)where T , G, and V are kineti
 (time derivative), gradient, and potential energyrespe
tively, given by T = 12 _f 2i ; G = 12a2 jrfij2: (12.5)Equations (12.2) and (12.3) and the �eld evolution equations form an overdeterminedsystem. In prin
iple either s
ale fa
tor equation 
ould be used but in pra
ti
e it iseasiest to 
ombine them so as to eliminate the time derivative term T be
ause in thestaggered leapfrog algorithm f and _f are known at di�erent times. Eliminating T weget T = 38� � _aa�2 �G� V (12.6)�a = �4�a3 (4T � 2V ) = �2 _a2a + 8�a�23G+ V � = �2 _a2a + 8�a �13 jrfij2 + a2V � :(12.7)This equation still poses problems for the leapfrog algorithm be
ause of the presen
eof _a in the equation. Se
tion 13.2 dis
usses this problem and how to solve it.The program 
an be set to not use expansion, in whi
h 
ase only the �eld evolutionequations are solved with a = 1 and H = 0. Finally, there is also an option in theprogram to impose a �xed power-law expansion. This option is dis
ussed in thedo
umentation but be
ause it wasn't used for any of the resear
h dis
ussed in thisthesis I won't say anything more about it here.



12.2. INITIAL CONDITIONS ON THE LATTICE 14512.2 Initial Conditions on the Latti
eThere are three kinds of initial 
onditions that need to be set for the latti
e 
al
u-lations. The �rst 
onsists of the homogeneous values of the �elds and derivatives.The se
ond 
onsists of the 
u
tuations of the �elds and �eld derivatives. Finally, inan expanding universe the derivative of the s
ale fa
tor, or equivalently the Hubble
onstant, needs to be set.The homogeneous values 
an simply be set to whatever is appropriate for a givenproblem. For example in studies of preheating after 
haoti
 in
ation the in
atonzeromode is typi
ally set to a value 
orresponding to the end of in
ation (e.g. �Mp=3for ��4 in
ation).There is a small problem involved in setting the initial value of the Hubble 
on-stant. As we will see below this value is needed in order to determine the initial �eld
u
tuations. Stri
tly speaking, however, these �eld 
u
tuations would be neededto determine the total energy used to 
al
ulate the Hubble 
onstant. In pra
ti
e,though, we set the initial value of the Hubble 
onstant based on the homogeneous�eld values, negle
ting the initial 
u
tuations. In fa
t this method is more a

uratethan if the full �eld distribution were used be
ause the 
u
tuations represent va
uum
u
tuations whose energy should properly be eliminated by renormalization anyway.The inhomogeneous modes are determined by quantum 
u
tuations of the �elds.In se
tion 12.2.1 we derive equations for the �eld 
u
tuations and in se
tion 12.2.2we derive similar expressions for the 
u
tuations of the derivatives. These equationshave to modi�ed, however, to preserve isotropy on the latti
e. This modi�
ation isdis
ussed in se
tion 12.2.3 Finally se
tion 12.2.4 gives a justi�
ation for an approxi-mation used in setting the 
u
tuations of the derivatives.12.2.1 Initial Conditions for Field Flu
tuationsAlthough the �eld equations are solved in 
on�guration spa
e with ea
h latti
e pointrepresenting a position in spa
e, the initial 
onditions are set in momentum spa
e andthen Fourier transformed to give the initial values of the �elds and their derivatives



146 CHAPTER 12. EQUATIONSat ea
h grid point. The Fourier transform Fk is de�ned byf(x) = 1(2�)3=2 Z d3kFkeikx (12.8)It is assumed that no signi�
ant parti
le produ
tion has o

urred before the be-ginning of the program, so quantum va
uum 
u
tuations are used for setting theinitial values of the modes. The probability distribution for the ground state of a reals
alar �eld in a FRW universe is given by [115, 99℄P (Fk) / exp(�2a2!kjFkj2) (12.9)where !2k = k2 + a2m2; (12.10)m2 = �2V�f 2 : (12.11)Although f is a real �eld the Fourier transform is of 
ourse 
omplex, so this proba-bility distribution is over the 
omplex plane. The phase of Fk is uniformly randomlydistributed and the magnitude is distributed a

ording to the Rayleigh distributionP (jFkj) / jFkjexp(�2a2!kjFkj2): (12.12)Note that this distribution gives the mean-squared value< jFkj2 >= 12a2!k : (12.13)There are two adjustments to equation [12.12℄ that must be made in order tonormalize these modes on a �nite, dis
rete latti
e. First this de�nition has to beadjusted to a

ount for the �nite size of the box. This is ne
essary in order to keepthe �eld values in position spa
e independent of the box size. To see this 
onsiderthe spatial average < f 2 >.f 2 = 1(2�)3 Z Z d3kd3k0FkFk0ei(k+k0)x (12.14)



12.2. INITIAL CONDITIONS ON THE LATTICE 147< f 2 >= 1L3(2�)3 Z Z Z d3xd3kd3k0FkFk0ei(k+k0)x = 1L3 Z d3kjFkj2 (12.15)where L3 is the volume of the region of integration. So in order to keep < f 2 >
onstant as L is 
hanged the modes Fk must s
ale as L3=2.A

ounting for the dis
retization of the latti
e is even easier. From the de�nitionof a dis
rete Fourier transform (denoted here as fk) in three dimensionsfk � 1dx3Fk: (12.16)Note that values su
h as < f 2 > will be a�e
ted by 
hanges in the latti
e spa
ing, butthis is reasonable sin
e this spa
ing determines the ultraviolet 
uto� of the theory.Without su
h a 
uto� < f 2 > would be divergent. See se
tion 12.3 for furtherdis
ussion of this e�e
t.Putting these e�e
ts together gives us the following expression for the rms mag-nitudes, whi
h we denote by Wk.Wk � q< jfkj2 > = s L32a2!kdx6 (12.17)At a point (i1; i2; i3) on the Fourier transformed latti
e the value of k is given byjkj = 2�L qi21 + i22 + i23: (12.18)Finally it remains to implement the Rayleigh distributionP (jfkj) / jfkjexp(�jfkj2=W 2k ) (12.19)Normalizing this distribution givesP (jfkj) = 2W 2k jfkje�jfkj2=W 2k : (12.20)To generate this distribution from a uniform deviate (i.e. a random number generatedwith uniform probability between 0 and 1) �rst integrate it and then take the inverse



148 CHAPTER 12. EQUATIONS(see [138℄), whi
h gives jfkj = q�W 2k ln(X) (12.21)where X is a uniform deviate.There are two more points to note in setting the initial 
onditions for the 
u
tu-ations. Before saying what they are I want to say that if anyone has a
tually readthis far in my thesis please let me know. The �rst person to tell me they've seen thissenten
e will get eleven dollars; I'll explain why I 
hose eleven at the time. The �rstis simply that the s
ale fa
tor is set to 1 at the beginning of the 
al
ulations and maythus be dropped from the equations. The se
ond is that the phases of all modes arerandom and un
orrelated, so they are ea
h set randomly. The expression for the �eldmodes is thus fk = ei�q�W 2k ln(X) (12.22)where Wk = L3=2p2!kdx3 (12.23)and � is set randomly between 0 and 2�. The frequen
y !k for a given point (i1; i2; i3)on the momentum spa
e latti
e is given by!2k = �2�L �2 �i21 + i22 + i23�+ d2Vdf 2 : (12.24)There is one more e�e
t that needs to be a

ounted for in setting the initial
u
tuations. This e�e
t is dis
ussed in se
tion 12.2.3 below, in whi
h the equationsfor these 
u
tuations are written in their �nal form.12.2.2 Initial Conditions for Field Derivative Flu
tuationsTo 
al
ulate the �eld derivatives it is ne
essary to know the time dependen
e of theva
uum 
u
tuations being 
onsidered. The full time dependen
e 
omes from severalsour
es. First, there is an os
illatory term e�i!kt. I'll dis
uss in se
tion 12.2.3 belowthe use of the plus or minus sign in this term. Next, all the modes have an extra fa
torof 1=a relative to their Minkowski spa
e values. This 
an be seen for example from



12.2. INITIAL CONDITIONS ON THE LATTICE 149equation (12.13). This extra fa
tor ensures that the physi
ally meaningful quantity< f(x)2 > depends on the physi
al rather than the 
omoving momenta of the modesin the box. Finally, there is an additional time dependen
e that arises from the fa
tthat !k is time dependent, both be
ause of the s
ale fa
tor multiplying the mass termand be
ause of possible time dependen
e of the e�e
tive mass itself.Here I will 
al
ulate the �eld derivatives taking all of these e�e
ts into a

ountex
ept the time dependen
e of !k. Se
tion 12.2.4 explains the justi�
ation for thisapproximation.Using this approximation the full time dependen
e of the mode fk is given byfk / a�1e�i!kt: (12.25)Thus _fk = ��i!k � _aa� fk = (�i!k �H) fk: (12.26)
12.2.3 Standing WavesEquation (12.25) tells us the frequen
y of os
illation of the mode fk, but the ques-tion still remains whether we should use the plus or minus sign in the exponential.The answer is that we must use both. This fa
t arises from a simple property ofFourier transforms, namely that the Fourier transform of a real �eld f must obey thesymmetry f�k = f �k : (12.27)(It doesn't matter if you are 
onsidering a 
omplex �eld sin
e you must still then setinitial 
onditions for its real and imaginary parts, and their Fourier transforms willbe 
onstrained to obey this same symmetry relation.) We 
an ignore the expansionof the universe for a moment and imagine that for some mode fk we have 
hosen touse the plus sign in the exponential, i.e._fk = i!kfk: (12.28)



150 CHAPTER 12. EQUATIONSHowever, sin
e both f and _f are real �elds it must be true that_f�k = _f �k = �i!kf �k = �i!kf�k: (12.29)In other words 
hoosing the plus sign for a given momentum k ne
essarily means usingthe minus sign for the momentum�k. Re
all that a mode fk translates into a fun
tionf(x) with spatial dependen
e e�ikx. So if you use the plus sign in the exponentialfor some positive k and the minus sign for �k you have e�e
tively initialized the twoos
illatory modes f(x) = e�i(kx�!kt) + ei(kx�!kt): (12.30)In other words you have 
reated a right moving wave. Likewise 
hoosing the minussign in the exponential for a positive value of k 
orresponds to setting up a leftmoving wave. Of 
ourse there is no physi
ally preferred dire
tion on the latti
e, soin reality your initial 
onditions should 
ontain equal 
omponents of right and leftmoving 
u
tuations.In pra
ti
e the signs you use for the exponential time dependen
e of di�erentmodes has a negligible e�e
t on the evolution on
e preheating begins. Even if everymode is initialized to be left-moving, the total momentum this imparts to the �eld isunnoti
eable by the late stages of the evolution in every problem we have 
onsidered.Nonetheless it is presumably desirable to enfor
e Lorentz invarian
e, at least in anaveraged sense. You 
ould do this by randomly initializing ea
h mode with either aplus or a minus sign. Instead, I 
hose to set up both left and right moving waves withequal amplitude at ea
h value of k. In other wordsfk = 1p2 (fk;1 + fk;2) (12.31)_fk = 1p2 i!k (fk;1 � fk;2)�Hfk: (12.32)where fk;1 and fk;2 are two modes with separate random phases but equal amplitudesdetermined by equation [12.21℄. This means that in the free �eld limit the initial
u
tuations 
orrespond to standing waves.



12.2. INITIAL CONDITIONS ON THE LATTICE 151By now it may have stru
k you that I seem to be determining these initial 
ondi-tions based on issues of 
onvenien
e, symmetry, and so on. What about whatever isthe physi
ally 
orre
t form for va
uum 
u
tuations, as given by their quantum me-
hani
al probability distributions? Shouldn't those distributions provide an answerto all of these questions as to the 
orre
t form of the equations? The answer is no.Although equation (12.20) gives the 
orre
t quantum distribution for the mode am-plitudes, it is not 
orre
t to use this distribution and then use equation (12.26) to setthe values of the �eld derivatives. The problem is that quantum me
hani
ally fk and_fk are non
ommuting operators and 
an not be simultaneously set. Although thisun
ertainty presents a problem in prin
iple it is unimportant in pra
ti
e. On
e para-metri
 resonan
e begins the o

upation numbers of the modes fk be
ome large andtheir quantum un
ertainty be
omes irrelevant. Moreover the rapid growth that o

ursduring this resonan
e e�e
tively destroys all information about the initial values ofthe modes so that the �nal simulation results are insensitive to the details of how theinitial 
onditions are set. In our experien
e runs that use the probability distributionof equation (12.20) give essentially the same results as ones that use the exa
t valueof equation (12.23) for ea
h mode, or virtually any other initial distribution for thatmatter.
12.2.4 The Adiabati
 ApproximationWe noted in se
tion 12.2.2 that the time dependen
e of the modes 
omes from theirexpli
it time dependen
e fk / e�i!kt, from the fa
tor of 1=a in the initial amplitudeof the modes, and from the time dependen
e of !k itself. The full time dependen
eof the modes is given by fk / 1ap!k e�i!kt: (12.33)Thus the derivative is given by_fk = ��i!k � i _!kt� 12 _!k!k � _aa� fk = !k "�i� 12 _!k!2k � _a!k # fk (12.34)



152 CHAPTER 12. EQUATIONSwhere the last step uses the fa
t that initially t = 0 and a = 1. Negle
ting the timedependen
e of !k as we did earlier amounts to making the approximation_!k � !2k; (12.35)whi
h is pre
isely the 
ondition that !k is 
hanging adiabati
ally. If this 
ondition isnot satis�ed in the late stages of in
ation then gravitational parti
le produ
tion willo

ur and it will no longer make sense to take the va
uum 
u
tuations of equation(12.9) as initial 
onditions.There's another way to view this 
ondition. Gravitational parti
le produ
tion willo

ur unless !k > H. Sin
e this 
ondition is automati
ally satis�ed for k > H 
onsiderthe opposite 
ase k � H, for whi
h !k � am. Then negle
ting the time dependen
eof m, _!k = _am = Hm when a = 1, so the 
ondition _!k � !2k is equivalent to the
ondition m � H. In fa
t _!k � !2k is the stronger (and more a

urate) 
onditionbe
ause it also spe
i�es that m shouldn't be 
hanging rapidly, whi
h would lead toparti
le produ
tion irrespe
tive of the value of H. However, all parti
le masses shouldvary slowly during in
ation be
ause they should only depend on 
onstants and onthe value of the in
aton, whi
h must be 
hanging slowly.In the 
ase of a �eld with m < H during in
ation the approximation that the�eld ends in
ation in its ground state is no longer valid. In the limit m � Hthe 
u
tuations of the �eld produ
ed during in
ation 
an be a

urately des
ribedby Hankel fun
tions [3℄. However in this 
ase the �elds will be 
opiously produ
edduring in
ation, leading to severe 
osmologi
al problems. (See 
hapter 7). For thisreason we do not implement these Hankel fun
tion solutions in the latti
e program.In order to avoid the moduli problem asso
iated with light �elds it's best to assumethat some me
hanism must have given all s
alar �elds large masses during in
ation,in whi
h 
ase equation (12.9) is an a

urate expression for the modes at the end ofin
ation.



12.3. RENORMALIZATION 15312.3 RenormalizationAs I've dis
ussed, the justi�
ation for doing a 
lassi
al 
al
ulation for quantum �eldsis that on
e the �eld 
u
tuations are ampli�ed suÆ
iently quantum e�e
ts are negli-gible. There are some 
ases, however, when these quantum e�e
ts may be important,and in su
h 
ases they may be (partially) a

ounted for through a simple form ofrenormalization.I won't review the entire theory of renormalization in quantum �eld theory here.It is dis
ussed in many standard texts, e.g. [139℄. I will simply note that the basi
 ideais as follows. There is some quantity (e.g. a mass or a 
oupling 
onstant) whose barevalue formally re
eives in�nitely large quantum me
hani
al 
orre
tions. Althoughthe di�eren
e between the bare and measured values of this quantity may be in�nite,the di�eren
es between any two measurable quantities (e.g. the e�e
tive 
ouplingat two di�erent energy s
ales) should remain �nite and 
al
ulable. In pra
ti
e these
al
ulations 
an be performed by adding to the Lagrangian terms that 
an
el thesein�nite 
orre
tions. These 
an
ellations 
an be tuned so as to �x the value of onemeasurement, e.g. by mat
hing the measured 
oupling at some parti
ular energy.Consider how this applies to the latti
e 
al
ulations dis
ussed here. Initially the�eld 
u
tuations are only those representing quantum va
uum states. These 
u
tu-ations a�e
t 
ouplings, masses, and the total energy of the system in a way that isdependent on the latti
e spa
ing. For example, 
onsider the theoryV = ��4 (12.36)and rewrite the �eld � as the sum of a homogeneous 
omponent � and 
u
tuationsÆ�. The e�e
tive potential felt by the homogeneous �eld � will re
eive a 
orre
tionfrom the 
u
tuations equal to ÆV � 32� < Æ�2 > �2: (12.37)(The 3=2 arises from 
ombinatori
s.) I'm assuming all odd powers of Æ� vanishon average. This 
orre
tion represents an unphysi
al e�e
t in the sense that its



154 CHAPTER 12. EQUATIONSstrength depends on the ultraviolet 
uto� imposed by the latti
e. In the limit of zerolatti
e spa
ing where arbitrarily large momenta would be in
luded on the latti
e this
orre
tion would be
ome in�nite. This e�e
t 
ould be eliminated, however, by addinga renormalization term Vrenormalization = �32� < Æ�2 > �2 (12.38)or equivalently by adding the term�3� < Æ�2 > � (12.39)to the equation of motion for �. Note that < Æ�2 > in this 
ase refers to the initialvalue that arises from quantum 
u
tuations, not to a dynami
 quantity that 
hangesas the �eld evolves. Su
h 
hanges represent physi
al e�e
ts and should not be elim-inated. In e�e
t this 
orre
tion would �x the e�e
tive mass for � (i.e. �2V=��2) tobe 
at at � = 0 when the �eld is in the va
uum state.The above example illustrates how a simple form of renormalization 
an be imple-mented on the latti
e. This pro
edure 
ould in prin
iple be used to renormalize anymass, 
oupling 
onstant, or energy term in the theory. Ordinarily these 
orre
tionsare not important be
ause the quantum e�e
ts are qui
kly swamped as the 
u
tu-ations be
ome ampli�ed. In some 
ases, however, quantum e�e
ts 
an 
hange theinitial behavior of the system in important ways. For example in the theoryV = 14��4 � 13�v�3 + 112�v4 (12.40)the 
ubi
 term 
ontributes a linear term to Veff(�) that 
auses the �eld to initiallystart rolling away from zero. In this 
ase we found it useful to eliminate this term byadding Vrenormalization = �v < Æ�2 > (12.41)to the equation of motion for �. See 
hapter 10.



Chapter 13
Computational Methods Used byLATTICEEASY
13.1 Time Evolution: The Staggered LeapfrogMethodLATTICEEASY uses a method 
alled \staggered leapfrog" for solving di�erentialequations. In order to solve a se
ond order (in time) equation you need to storethe value of the variable and its �rst time derivative at ea
h step, and use these to
al
ulate the value of the se
ond time derivative. The idea of staggered leapfrog isto store the variables (i.e. the �eld values) and their derivatives at di�erent times.Spe
i�
ally, if the program is using a time step dt and the �eld values are known at atime t then the derivatives will initially be known at a time t� dt=2. Using the �eldvalues the program 
an then 
al
ulate the se
ond derivative �f at time t and use thisto advan
e _f to t+ dt=2. This value of _f 
an in turn be used to advan
e f to t+ dt,thus restarting the pro
ess. S
hemati
ally, this looks likef(t) = f(t� dt) + dt _f(t� dt=2) (13.1)_f(t+ dt=2) = _f(t� dt=2) + dt �f [f(t)℄f(t+ dt) = f(t) + dt _f(t+ dt=2)155



156 CHAPTER 13. COMPUTATIONAL METHODS USED BY LATTICEEASYBe
ause ea
h step advan
es f or _f in terms of its derivative at a time in the middleof the step this method has higher order a

ura
y and greater stability than a simpleEuler method. However, the method relies on being able to 
al
ulate �f in terms off at the time t, so both a

ura
y and stability are generally lost if �f depends on the�rst derivative _f . This is the reason we 
hoose our res
alings so as to eliminate �rstderivative terms in the equations of motion. Note that the evolution equation for thes
ale fa
tor does have a �rst derivative in it. Se
tion 13.2 des
ribes how this problemis solved in the program.To set the initial 
onditions for the staggered leapfrog 
al
ulations the �eld valuesand derivatives must be desyn
hronized. The initial 
onditions are set at t = 0 andthen the �elds are advan
ed by an Euler step of size dt=2 to begin the leapfrog.Thereafter all 
al
ulations are done in full, staggered steps.
13.2 Corre
tion to the S
ale Fa
tor Evolution Equa-tion to A

ount for Staggered LeapfrogUsing a staggered leapfrog algorithm means that in solving for �a(t) the value of _a isknown at t � d=2 where d is the time step. See se
tion 13.1 for more details. Thesolution to this problem is to use the two equations_a+ � _a� + d�a; _a � 12 ( _a+ + _a�) (13.2)where _a+ and _a� refer to the values of _a at t + d=2 and t � d=2 respe
tively and allother variables are evaluated at time t.1 Take the evolution equation to be�a = �C1 _a2a + C2: (13.3)1Thanks to Julian Borrill for suggesting this solution.



13.3. SPATIAL DERIVATIVES 157Plugging this form into equation (13.2) and eliminating _a gives_a+ � _a� + d��C14a ( _a+ + _a�)2 + C2� = �dC14a _a2+ � dC12a _a+ _a� � dC14a _a2� + dC2 + _a�(13.4)_a+ � � 2adC1 0�dC12a _a� + 1�sd2C214a2 _a2� + dC1a _a� + 1� d2C214a2 _a2� + d2C1C2a + dC1a _a�1A= � _a� � 2adC1 � 2adC1s1 + 2dC1a _a� + d2C1C2a : (13.5)To determine whether to use the plus or minus sign in equation (13.5) 
onsider thelimit as d! 0. In this limit_a+ � � _a� � 2adC1 � 2adC1s1 + 2dC1a _a� � � _a� � 2adC1 � � 2adC1 + 2_a�� : (13.6)This suggests that the plus sign must be used in order to redu
e to the limit _a+ � _a�.Hen
e _a+ � � _a� � 2adC1 0�1�s1 + 2dC1a _a� + d2C1C2a 1A : (13.7)In the program it's useful to 
al
ulate �a, whi
h is roughly ( _a+ � _a�)=d, so�a � 1d 24�2 _a� � 2adC1 0�1�s1 + 2dC1 _a�a + d2C1C2a 1A35 : (13.8)Thus equation (12.7) be
omes�a � 1d 8<:�2 _a� � ad 241�s1 + 4d _a�a + d216�A2 a�2 �13 jrfij2 + a2V �359=; : (13.9)13.3 Spatial DerivativesThere are two 
ontexts in whi
h the latti
e program needs to 
al
ulate spatial deriva-tives. The �rst is in the evolution equations, whi
h in
lude a Lapla
ian term r2f .The se
ond is in 
al
ulating the �eld gradients jrf j2, both for total energy and for



158 CHAPTER 13. COMPUTATIONAL METHODS USED BY LATTICEEASYthe s
ale fa
tor evolution.The Lapla
ian is 
al
ulated using a simple nearest-neighbor s
hemer2f(x; y; z) � �2f�x2 + �2f�y2 + �2f�z2 � 1dx2 0� Xneighbors f � 6f(x; y; z)1A (13.10)where dx is the latti
e spa
ing and the sum over neighbors is taken over the six latti
epoints adja
ent to (x; y; z). We tried on several o

asions using a higher order s
hemeinvolving twi
e removed neighbors, but never found any noti
eable di�eren
e in theresults.Gradients 
ould be 
al
ulated using a similar formula, but it turns out there is amore a

urate way that is no more 
omputationally expensive.2 This simpli�
ation ismade possible by the fa
t that the gradients are only needed for sums over the entirelatti
e. Sin
e the latti
e is periodi
 we 
an use integration by parts with no surfa
eterm, i.e. Xlatti
e jrf j2 = � Xlatti
e fr2f: (13.11)We 
an thus use the Lapla
ian formula above for the gradients as well. Swit
hing froma dire
t 
al
ulation of the gradients to this indire
t method improved our 
al
ulationof the total energy so mu
h that the amount of energy non
onservation in our runsde
reased by more than an order of magnitude!13.4 The A

ura
y of the Simulations13.4.1 The Classi
al ApproximationAs mentioned before, frequently used approximation s
hemes su
h as linear analysisor the Hartree approximation are inadequate for preheating problems, whi
h typi-
ally involve signi�
ant res
attering. Latti
e simulations automati
ally a

ount forall res
attering e�e
ts, but one may legitimately ask whether these simulations involveother, potentially dangerous approximations.2Thanks to Ue-Li Pen for this suggestion.



13.4. THE ACCURACY OF THE SIMULATIONS 159Of 
ourse any numeri
al 
al
ulations su�er from a 
ertain amount of ina

ura
y.In addition to simple roundo� errors latti
e simulations also 
ontain errors due totheir inherent ultraviolet (grid spa
ing) and infrared (box size) 
uto�s. Se
tion 13.4.2dis
usses how su
h errors are monitored and 
ontrolled in our simulations.On a more fundamental level, however, simulations su
h as ours employ the 
las-si
al approximation. In other words we simply solve the 
lassi
al equations of motionfor the �elds in our system, negle
ting all quantum me
hani
al e�e
ts. This ap-proximation may seem unjusti�able, parti
ularly given that the initial 
u
tuationsthat seed reheating in in
ationary 
osmology are quantum me
hani
al in origin. Inpreheating, however, these 
u
tuations are rapidly ampli�ed to exponentially largeamplitudes, whi
h permits us to negle
t quantum e�e
ts.More pre
isely, the 
lassi
al limit of a �eld theory o

urs when the o

upationnumber be
omes mu
h larger than one. For a s
alar �eld � the o

upation numberof a parti
ular mode �k is given bynk = 12 �!kj�kj2 + 1!k j _�kj2� ; (13.12)where !k � pk2 +m2: (13.13)In the va
uum the �eld has expe
tation valuesDj�kj2E = 12!k (13.14)Dj _�2kjE = !k2 (13.15)and thus hnki = 12 : (13.16)In all of our simulations preheating rapidly drives the �elds to a state where nk � 1.In fa
t it turns out that not all modes on the latti
e are ampli�ed in this way, butthe ones that aren't make an exponentially small 
ontribution to the �eld dynami
s.More spe
i�
ally, preheating ampli�es infrared modes, so for any parti
ular model
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ertain 
uto� in momentum spa
e above whi
h the modes aren'tampli�ed. To ensure that all relevant physi
s is in
luded in the simulation the latti
espa
ing should be small enough to in
lude all modes below this 
uto�. Then thesmall wavelength modes that remain unampli�ed make no appre
iable di�eren
e.This assertion 
an (and should) always be 
he
ked for a given model by verifyingthat the results are insensitive to the exa
t latti
e spa
ing used.Finally, one might wonder if the initial stages of the 
al
ulation are a sour
e for
on
ern sin
e in these stages all of the 
u
tuations have small o

upation numbers.While this 
on
ern is valid in prin
iple, it turns out to be irrelevant in pra
ti
e.The �nal out
ome of preheating in a parti
ular model is determined by feedba
kme
hanisms that 
ome into play when the 
u
tuations are large and res
atteringimportant. In all of the models we have examined to date the �nal results proved to beextremely insensitive to the details of the initial 
onditions, whi
h leads us to believethat any potential ina

ura
ies in our treatment of the �rst stages of preheating shouldhave little or no e�e
t on our 
on
lusions. Nonetheless su
h 
on
erns are ultimatelyvalid ones and must be re
he
ked for ea
h model that one wishes to examine usingthe 
lassi
al approximation.
13.4.2 Numeri
al A

ura
yThere are numerous ways to monitor the numeri
al a

ura
y of a 
al
ulation. Thesein
lude straightforward, \brute-for
e" methods of trial and error. For example oneshould always vary quantities su
h as the time step and random number seeds (usedin the initial 
onditions, see se
tion 12.2.1) to make sure that the �nal results areinsensitive to 
hanges in these quantities.Another useful tri
k is to monitor one or more 
onserved quantities. In the 
aseof �eld theory in Minkowski spa
e it is a straightforward task to 
ompute the totalenergy on the latti
e. All of our Minkowski spa
e simulations 
onserve total energyto within a few per
ent, and virtually all of them do so to within at most a few tenthsof a per
ent.
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e is only an approximation, however, useful in 
ases where ex-pansion 
an be negle
ted. In an expanding universe the situation is a little more
ompli
ated be
ause energy density is not 
onserved, but rather de
reases in a waydetermined by the expansion rate and the equation of state of the �elds. This red-shifting of energy is des
ribed by the 
ontinuity equation_� + 3 _aa(�+ 3p) = 0: (13.17)Equation (13.17) 
an be derived from the Friedmann equations, so if these are beingsolved exa
tly then the 
ontinuity equation will be obeyed as well. So a simple wayto 
he
k energy 
onservation in an expanding universe is to use one of the Friedmannequations, equations (12.2) and (12.3) to evolve the s
ale fa
tor and then 
he
k if theother is being satis�ed as well. In pra
ti
e the program uses a 
ombination of thesetwo equations so either one 
an be used as a 
he
k of energy 
onservation. We useequation (12.3), i.e. � _aa�2 = 8�3 �: (13.18)So when expansion is being in
luded in a simulation the program periodi
ally 
al
u-lates H2=�8�3 �� : (13.19)This quantity should remain 
lose to 1 throughout the run. We have generally foundthat the deviation of this ratio from one is 
omparable to the la
k of energy 
onser-vation for runs done with the same models without expansion. We have also 
he
kedthat using the se
ond Friedmann equation, equation (12.2), gives essentially the sameresults as this method.Finally, even assuming all the numeri
s are done a

urately, there is an inherentina

ura
y in any latti
e 
al
ulation related to the ultraviolet and infrared 
uto�simposed by the latti
e. A 
ubi
 latti
e in position spa
e will have a dis
rete Fouriertransform 
orresponding to a 
ubi
 latti
e in momentum spa
e. The largest momen-tum modes will have a wavelength of the order of the latti
e spa
ing, and the smallest



162 CHAPTER 13. COMPUTATIONAL METHODS USED BY LATTICEEASYmomentum modes will have a wavelength of the order of the total box size.3 Thismeans that if there is signi�
ant physi
s o

urring at wavelengths outside this rangethe latti
e will simply not see it, no matter how small a time step you use.There are a number of ways to minimize the e�e
t of this problem. The �rstis to know the physi
s of the system you are 
onsidering. For all the problems wehave solved on the latti
e the relevant wavelengths 
ould be approximately 
al
u-lated analyti
ally, and the latti
e 
ould be used to verify these 
al
ulations. Notethat su
h 
onsiderations may limit the range of parameter spa
e available for latti
e
al
ulations. If a problem has two important wavelengths that di�er by ten ordersof magnitude then a latti
e simulation su
h as ours 
an not possibly hope to in
ludethem both. As long as all the most important wavelengths o

ur within a 
ouple oforders of magnitude of ea
h other, though, they 
an typi
ally be treated a

urately.Se
ondly, as with variables su
h as the time step, there's no substitute for a littletrial and error. As mu
h as possible we would vary the size of our box and latti
espa
ing to make sure that we were in a realm where our results were insensitive tosu
h 
hanges. This pro
edure doesn't guard against relevant e�e
ts o

urring faroutside the range of the simulations, but it at least ensures that in the general areaof momentum spa
e being 
onsidered the latti
e isn't imposing any limitations.Finally, it's important to monitor the spe
trum of the �elds in order to see whi
hmodes are playing the most signi�
ant roles. In the 
ase of preheating the spe
trumtypi
ally looks relatively 
at at long wavelengths and then has an exponential 
uto�at some point. Thus as long as we kept the latti
e spa
ing small enough to in
ludemodes up to the 
uto� in momentum spa
e we felt 
on�dent we weren't missingimportant ultraviolet physi
s. 4
3Stri
tly speaking this is not true be
ause the lowest momentum mode is k = 0, 
orrespondingto a perfe
tly homogeneous �eld. The lowest nonzero momentum, however, will 
orrespond to awavelength 
omparable to the box size.4Note that in the limit of zero latti
e spa
ing these ultraviolet modes would make an in�nitelylarge 
ontribution to the �eld dynami
s. For more dis
ussion of this issue see se
tion 12.3 onrenormalization.



Part IVCon
lusion: My Philosophi
alRamblings
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164Working in 
osmology has one great advantage over work in many other areas ofphysi
s. In all areas of physi
s the mathemati
al and other tools used 
an be 
ompli-
ated and often provide a barrier between those working in the �eld and others whomight be interested in the results of that work. It is diÆ
ult for most working physi-
ists to explain to someone outside the �eld what they do, or sometimes even why thequestions they are working on are interesting and worth pursuing. In many 
ases thisdiÆ
ulty arises not be
ause the problems are unimportant but simply be
ause thereis a great deal of te
hni
al ba
kground required to understand them. In 
osmologyit is still true that the tools we use are often highly te
hni
al and mathemati
ally
omplex. However the questions we are trying to answer are in many 
ases the samequestions that people have always wondered about.Has the universe been here forever or did it have a beginning? Is it in�nite or�nite? Where did all the di�erent things in it 
ome from? Will the universe be hereforever or someday be destroyed? Is our position in the universe unusual or typi
al?All of these and many other questions like them seem so basi
 to human nature thatin general it requires no explanation for people to understand why we in the �eld
onsider these problems worth pursuing.I am not 
laiming that 
osmology has answered these questions, or even that itever will. I do believe, however, that whether or not we ever a
hieve a 
ompleteunderstanding of these issues we 
an make progress on re�ning our understanding ofthem. What will be the fate of the universe? Our 
urrent theories and observationsseem to indi
ate that it will expand forever. Where did the all the matter in theuniverse 
ome from? If in
ationary theory is 
orre
t it 
ame from the de
ay of theenergy of a single �eld. Where did that �eld originally 
ome from? That is one of themany questions we don't have an answer to. And if we ever have a 
omplete physi
altheory of the universe from beginning to end we will still be left with the question ofwhy that theory should be true, and not some other. I don't believe s
ien
e 
an inprin
iple address that question.On the whole, however, I believe that s
ien
e is 
apable of making progress onanswering many of the basi
 questions that humans have wondered about throughoutthe ages. I think that the last 
entury has seen tremendous progress in that dire
tion,



165and the 
entury to 
ome will see even more than that. Ultimately, it is these questionsthat have motivated me in all the work presented here.\I want to know God's thoughts. The rest are details." - Albert Einstein
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