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Thermodynamics near saturation density
see review by Lattimer & Prakash
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dramatic, also occurs in models GS2 and PCL2, which
contain mixed phases containing a kaon condensate and
strange quark matter, respectively. All other normal EOSs
in this !gure, except PS, contain only baryons among the
hadrons.

While it is generally assumed that a sti† EOS implies
both a large maximum mass and a large radius, many
counter examples exist. For example, GM3, MS1, and PS
have relatively small maximum masses but large radii com-
pared to most other EOSs with larger maximum masses.
Also, not all EOSs with extreme softening have small radii
for M [ 1 (e.g., GS2, PS). Nonetheless, for stars withM

_masses greater than 1 only models with a large degreeM
_

,
of softening (including strange quark matter con!gurations)
can have km. Should the radius of a neutron starR= \ 12
ever be accurately determined to satisfy km, aR= \ 12
strong case could be made for the existence of extreme
softening.

To understand the relative insensitivity of the radius to
the mass for normal neutron stars, it is relevant that a New-
tonian polytrope with n \ 1 has the property that the stellar
radius is independent of both the mass and central density.
Recall that most EOSs, in the density range of haven

s
È2n

s
,

an e†ective polytropic index of about 1 (see Fig. 1). An

n \ 1 polytrope also has the property that the radius is
proportional to the square root of the constant K in the
polytropic pressure law P \ Ko1`1@n. This suggests that
there might be a quantitative relation between the radius
and the pressure that does not depend upon the EOS at the
highest densities, which determines the overall softness or
sti†ness (and, hence, the maximum mass).

In fact, this conjecture may be veri!ed. Figure 3 shows
the remarkable empirical correlation that exists between the
radii of 1 and 1.4 normal stars and the matterÏs pressureM

_evaluated at !ducial densities of and Table 11n
s
, 1.5n

s
, 2n

s
.

explains the EOS symbols used in Figure 3. Despite the
relative insensitivity of radius to mass for a particular EOS
in this mass range, the nominal radius which is de!nedR

M
,

as the radius at a particular mass M in solar units, still
varies widely with the EOS employed. Up to D5 km di†er-
ences are seen in for example. Of the EOSs in Table 1,R1.4,
the only severe violations of this correlation occurs for
PCL2 and PAL6 at 1.4 for and for PS at both 1 andM

_
n
s
,

1.4 for In the case of PCL2, this is relatively close toM
_

2n
s
.

the maximum mass, and the matter has extreme softening
due to the existence of a mixed phase with quark matter. (A
GS model intermediate between GS1 and GS2, with a
maximum mass of 1.44 would give similar results.) InM

_
,

FIG. 3.ÈEmpirical relation between pressure, in units of MeV fm~3, and R, in kilometers, for EOSs listed in Table 1. The upper panel shows results for 1
(gravitational mass) stars ; the lower panel is for 1.4 stars. The di†erent symbols show values of RP~1@4 evaluated at three !ducial densities.M

_
M

_radius correlated with pressure near saturation density
Lattimer & Prakash 2001
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Detection: Isolated neutron stars

about 1700 pulsars detected; about 50 
are in binary systems with some mass 
information

very precise mass information;

but, no radius information

John Rowe Animation/Australia Telescope 
National Facility, CSIRO

PSR J0737-3039A/B



Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614!2230 mass measurement of 1.97±0.04 M!, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614!2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M!, and are therefore ruled out.

10

Pulsar Masses, Demorest et al. 2010
17



Detection: Accreting neutron stars

About 100 low-mass X-ray binaries 
known

rich phenomenology:

bursts, superbursts, oscillations

crust not in thermal equilibrium 
with core; but

measurements not as precise

18
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The X-ray sky, courtesy RXTE/ASM monitor team
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Detection: Accreting neutron stars

About 100 low-mass X-ray binaries 
known

rich phenomenology:

bursts, superbursts, 
oscillations

crust not in thermal equilibrium 
with core

measurements not as precise
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Galloway et al. 2008
A sample of 1187 X-ray 
bursts from 48 sources



Eddington Limit
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Thermonuclear bursts observed by RXTE 19

Fig. 10.— Top panel Distribution of (normalized) peak burst
flux Fpk/FEdd for radius-expansion (dark gray) and non-radius ex-
pansion (light gray) bursts. The distribution of peak fluxes of the
radius-expansion bursts is broad, with standard deviation 0.14.
The radius-expansion burst with the lowest peak flux ! 0.3FEdd is
from 4U 1636"536 (see also §A.8). The black histogram shows the
combined distribution. Bottom panel Distribution of normalized
fluence Ub = Eb/FEdd for both types of bursts. There is signif-
icant overlap between the two distributions, suggesting that the
amount of accreted fuel is relatively unimportant in determining
whether bright bursts exhibit radius expansion or not. Not shown
are 18 extremely energetic bursts with Ub > 20 s, all exhibiting
radius-expansion, from 4U 0513"40, 4U 1608"52, 4U 1636"536,
4U 1724"307, GRS 1741.9"2853 (2), GRS 1747"312, GX 17+2
(8), XB 1832"330, HETE J1900.1"2455 and 4U 2129+12.

ergetic PRE bursts from the same source. For example,
the brightest burst from GRS 1741.9!2853, on 1996 July,
reached a peak flux 25% higher than the next brightest
PRE burst. The 1996 July burst had Ub = 65, com-
pared to the next highest value of 23. Similarly, the first
burst observed by RXTE from the millisecond accretion-
powered pulsar HETE J1900.1!2455 had a peak flux
20% greater than the second, again with a much higher
Ub = 55 compared to 15.

While these two factors played a significant role in
the overall variation of PRE burst peak fluxes, smaller
variations were observed from other sources without no-
tably under- or over-luminous PRE bursts. For exam-
ple, the peak PRE burst fluxes from 4U 1728!34 were
normally distributed with a fractional standard devia-
tion of 10%. In that case quasi-periodic variations on
a timescale of " 40 d were observed in both the peak
PRE burst flux, and the persistent intensity (measured
by the RXTE/ASM; Galloway et al. 2003). The residual
variation of Fpk,PRE for subsets of bursts observed close
together in time (once the " 40 d trend was subtracted)
was consistent with the measurement uncertainties, in-
dicating that the intrinsic variation of the peak PRE
burst luminosity is actually ! 1%. A correlation between
the PRE burst fluence and the peak flux was attributed
to reprocessing of the burst flux in the accretion disk.
The fraction of reprocessed flux may vary from burst to

Fig. 11.— An example of an extremely strong photospheric
radius-expansion burst observed from 4U 1724"307 in the globu-
lar cluster Terzan 2 by RXTE. Top panel Burst luminosity (in units
of 1038 erg s−1; middle panel blackbody (color) temperature kTbb;
and bottom panel blackbody radius Rbb. LX and Rbb are calcu-
lated assuming a distance to the host globular cluster Terzan 2 of
9.5 kpc (Kuulkers et al. 2003). The time at which the flux reaches
its maximum value is indicated by the open circle. Note the gap in
the first 10 s of this burst, preceded by an abrupt increase in the ap-
parent blackbody radius to very large values. This gap was caused
not by an interruption in the data but because the radius-expansion
was sufficiently extreme to drive the peak of the spectrum below
the PCA’s energy range. In such cases we expect the luminosity
is maintained at approximately the Eddington limit, although it is
no longer observable by RXTE.

burst as a result of varying projected area of the disk,
through precession of the disk possibly accompanied by
radiation-induced warping. That the persistent flux from
4U 1728!34 varies quasi-periodically on a similar time
scale to Fpk,PRE is qualitatively consistent with such a
cause. It is plausible that comparable variations due to
similar mechanisms may be present in other sources.

Even assuming that the mean peak flux of PRE bursts
approaches the characteristic FEdd value for each source,
it is to be expected that the Eddington luminosities for
di!erent sources are not precisely the same. Inconsisten-
cies are perhaps most likely to arise from variations in the
composition of the photosphere (the hydrogen fraction,
X , in equation 7); the neutron star masses, as well as
variations in the typical maximum radius reached dur-
ing the PRE episodes (which a!ects the gravitational
redshift, and hence the observed LEdd) may also con-
tribute. We can be most confident regarding the pho-
tospheric composition in the ultracompact sources like
3A 1820!303 (§A.39), where the lack of hydrogen in
the mass donor rules out any significant abundance in
the photosphere. However, for the majority of burst-
ing sources the uncertainty in X is the dominant uncer-
tainty in (for example) distance determination via PRE
bursts. One clue as to the composition is provided by the
PRE bursts from 4U 1636!536, which reach peak fluxes
that are bimodally distributed (Galloway et al. 2006).

RXTE observations; Galloway et al. ’08
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From X-ray bursts with photospheric 
radius expansion (van Paradijs, Özel et 
al., Steiner et al., Suleimanov et al.)

Talk by A. Steiner

Steiner et al.; data from Guver et al. ’10
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Fig. 9.— The upper panels give the probability distributions for the mass versus radius curves implied by the
data, and the solid (dotted) contour lines show the 2-! (1-!) contours implied by the data. The lower panes
summarize the 2-! probability distributions for the 6 objects considered in the analysis. The left panels
show results under the assumption rph = R, and the right panes show results assuming rph ! R. The dashed
line in the upper left is the limit from causality. The dotted curve in the lower right of each panel represents
the mass-shedding limit for neutron stars rotating at 716 Hz.

An empirical M-R relation (Steiner et al.)
26



plot from Yakovlev et al. ‘02; 
see also Page et al. ’04, ’09
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Neutron stars cooling from their !ery birth
D. G. Yakovlev et al.: The cooling neutron star in 3C 58 L25



cooling: the Urca process
Gamow & Schoenberg 1941
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n ! p + e + !̄

p + e ! n + !



but this is blocked...
Chiu & Salpeter, Bahcall & Wol!

29

pFn < pFe + pFp,

! µe = µn ! µp,

ne = np

...unless np/n > 0.11

a high symmetry energy 
implies that neutron stars 
should cool rapidly!
—Lattimer & Prakash 2007



plot from Yakovlev et al. ‘02; 
see also Page et al. ’04, ’09

enhanced cooling (dUrca) 
leads to rapid drop of 
surface temperature after 
crust has relaxed

30

Neutron stars cooling from their !ery birth
D. G. Yakovlev et al.: The cooling neutron star in 3C 58 L25

neutrino 
cooling 

dominates

photon 
cooling 

dominates
crust 

thermally 
relaxes



Isolated neutron stars: no enhanced cooling in models
Page, Lattimer, Prakash, & Steiner 2009
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COOLING OF NEUTRON STARS 9

Cooling without PBF vector channel suppression Cooling with PBF vector chanel suppression

Neutron   P   gap = 0

3
2

3
2Neutron   P   gap = "b"Neutron   P   gap = "b"2

3

2

Heavy

3
Neutron   P   gap = "a"

Neutron   P   gap = 02
3Light element

envelopes

element envelopes
Heavy

Light element
envelopes

element envelopes

3
2

Neutron   P   gap = "a"

Fig. 9.— Comparison of predictions of the minimal cooling scenario with data; all models are for 1.4 M! stars built using the EOS of
APR (Akmal, Pandharipande & Ravenhall 1998). In the right panels the suppression of the vector channel in the Cooper-pair neutrino
emission is fully taken into account whereas, for comparison, in the left panels the supression has been omitted. In each row, the two panels
have the same neutron 3P2 gap, from a vanishing gap in the upper row to our model gaps ”a” and ”b” (following the notations of Figure
10 in Paper I) in the next two rows. In each panel two sets of cooling trajectories, either with light or with heavy element envelopes, are
shown which include 25 curves corresponding to 5 choices of the neutron 1S0 and of the proton 1S0 gaps covering the range of predictions
about the sizes of these gaps.

equation 13), as in our models “b” and “c”. In the extreme case that the neutron 3P2 gap is vanishingly small and also
that all observed young cooling neutron stars have light element envelopes, then nearly all of them, with the possible
exception of PSR B0538+2817, are observed to be too cold to be compatible with minimal cooling predictions. In
the less extreme possibility of a heterogeneity in chemical composition and a vanishingly small neutron 3P2 gap, we
still find that more than half (seven out of twelve) of the observed young cooling neutron stars are too cold to be
compatible with minimal cooling. (Notice that among the remaining five, out of twelve stars, the compact objects in
Cas A and the Crab still have only upper limits.) If these conditions on the Tc curve are not satisfied for a particular
model of superfluidity in dense matter, then that model also requires enhanced cooling beyond the minimal cooling
paradigm. These results highlight the importance of the n 3P2 gap in more precise terms than discussed in Paper I.

Our conclusion regarding the need for heterogenity in the chemical composition of the atmosphere is consistent with
the results of Kaminker, et al. (2006), who had to employ both light and heavy element atmospheres in their cooling
models to match the data of most stars.

That it is apparently possible to explain the majority of thermally-emitting neutron stars with the minimal cooling
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unstable 12C+12C 
(years)

deep crust 
electron captures, 

pycnonuclear 
reactions 

(centuries–
millenia)

rp-process 
(hours–days)

accreting neutron stars: deep crustal heating
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crust reactions deposit ~1.8 MeV/u 
in the inner crust

1.core temperature set by 
balance of heating, neutrino 
cooling

2.crust is not in thermal 
equilibrium with core

1.8 MeV/u released

Q = !Z2"– !Z"2

plot courtesy A. Steiner



transients
Brown, Bildsten, & Rutledge; Colpi et al.; Yakovlev et al.

Many neutron stars accrete 
intermittently

crust heats during outburst

crust cools during quiescence

34

Aql X-1 lightcurve. RXTE/ASM



Heinke et al. 2007, following Yakovlev et al. 2004

Lq
=

Q!
Ṁ"

NS luminosity LNS < 1:1 ; 1031 ergs s!1. Choosing a NS radius
of 12 km, or a mass of 2.0M", varies this constraint by only 3%.
The rather tight distance limits of Galloway & Cumming (2006;
3:5 # 0:1 kpc) produce only a 6% uncertainty. Allowing the NH

to float freely permits a thermal 0.01Y10 keV NS luminosity
LNS < 1:0 ; 1032 ergs s!1 (for NH $ 1:7 ; 1021 cm!2).

4. RAMIFICATIONS

We have estimated the time-averaged mass transfer rates for
1808 and several other transient LMXBs (Aql X-1, Cen X-4, 4U
1608!52, KS 1731!260, RX 1709!2639, MXB 1659!29,
XTE 2123!058, SAX 1810.8!2609, and those in Terzan 5 and
NGC 6440) from the RXTE All-Sky Monitor (ASM) record
(1996 to November 2006), under the assumption that the time-
averaged mass accretion rate over the last 10 yr reflects the time-
averaged mass transfer rate (Table 2). We use PIMMS and a
power law of photon index 2 to convert the ASM count rates dur-
ing outbursts into 0.1Y20 keV fluxes.9 This is, of course, a rough
approximation, as the spectral shapes of LMXBs in outburst
vary substantially. Additional sources of potential error include
poor ASM time coverage of some outbursts, uncertainty in the
NS mass and radius (affecting the energy released per accreted
gram and thus the conversion from LX to mass accretion rate),
variability in themass transfer rate, and uncertain distances (which
will equally affect the quiescent luminosity). We plot an arbitrary
uncertainty of 50% in both mass transfer rate and quiescent lumi-
nosity for each point in Figure 2. For Cen X-4 we use the lowest
measured quiescent luminosity and the mass transfer rate limit
inferred if CenX-4 undergoes outbursts every 40 yrwith a fluence
similar to its 1969 outburst (Chen et al. 1997). The NS component
flux for Aquila X-1 is somewhat uncertain and possibly variable
(Rutledge et al. 2002; Campana & Stella 2003). We assume
that all outbursts fromNGC 6440 since 1971 have been detected.
For KS 1731!260, we assume that the average flux seen with
RXTE/ASM during outburst was the average flux during the

entire 12.5 yr outburst. For KS 1731!260 and the transient in
Terzan 1 (for which we take a 12 yr outburst), we take a mini-
mum recurrence time of 30 yr.
For 1808 we derive a time-averaged mass transfer rate of 1:0 ;

10!11 M" yr!1, an excellent match to the prediction of general
relativity of 0:95 ; 10!11(M2/0:05 M") M" yr!1 (Bildsten &
Chakrabarty 2001).We note that the truemass transfer rate cannot

TABLE 2

Luminosities and Mass Transfer Rates

Source

NH

(1022 cm!2)

kT

(eV)

D

(kpc) Outbursts Years

Ṁ

(M" yr!1)

LNS
(ergs s!1) References

Aql X-1 ............................... 4:2 ; 1021 %94 5 8 10.7 4 ; 10!10 5:3 ; 1033 1, 2, 3, 4

Cen X-4 .............................. 5:5 ; 1020 76 1.2 . . . . . . <3:3 ; 10!11 4:8 ; 1032 5, 3

4U 1608!522 ..................... 8 ; 1021 170 3.6 4 10.7 3:6 ; 10!10 5:3 ; 1033 6, 3, 4

KS 1731!260 ..................... 1:3 ; 1022 70 7 1 30 <1:5 ; 10!9 5 ; 1032 7, 4

MXB 1659!29 ................... 2:0 ; 1021 55 %10? 2 10.7 1:7 ; 10!10 2:0 ; 1032 7, 4

EXO 1747!214.................. 4 ; 1021 <63 <11 . . . . . . <3 ; 10!11 <7 ; 1031 8

Terzan 5 .............................. 1:2 ; 1022 <131 8.7 2 10.7 3 ; 10!10 <2:1 ; 1033 9, 10, 4

NGC 6440........................... 7 ; 1021 87 8.5 3 35 1:8 ; 10!10 3:4 ; 1032 11, 4

Terzan 1 .............................. 1:4 ; 1022 74 5.2 . . . . . . <1:5 ; 10!10 <1:1 ; 1033 12

XTE 2123!058 .................. 6 ; 1020 <66 8.5 1 10.7 <2:3 ; 10!11 <1:4 ; 1032 3, 4

SAX J1810.8!2609............ 3:3 ; 1021 <72 4.9 1 10.7 <1:5 ; 10!11 <2:0 ; 1032 13, 3, 4

RX J1709!2639 ................. 4:4 ; 1021 122 8.8 2 10.7 1:8 ; 10!10 2:2 ; 1033 14, 15, 4

1H 1905+000 ...................... 1:9 ; 1021 <50 10 . . . . . . <1:1 ; 10!10 <4:8 ; 1031 16, 15

SAX J1808.4!3658............ 1:3 ; 1021 <34 3.5 5 10.7 1:0 ; 10!11 <1:1 ; 1031 17, 4, 15

Notes.—Estimates of quiescent thermal luminosities from neutron star transients, and mass transfer rates (inferred from RXTE ASM observations for systems with
RXTE-era outbursts). Quiescent thermal luminosities are computed for the unabsorbedNS component in the 0.01Y10 keVrange.Outbursts and years columns give the number
of outbursts and the time baseline used to compute Ṁ , if this calculation was performed in this work (indicated by referring to reference 4).

References.— (1) Rutledge et al. 2001b; (2) Campana & Stella 2003; (3) Tomsick et al. 2004; (4) Mass transfer rate computed in this work; (5) Rutledge et al.
2001a; (6) Rutledge et al. 1999; (7) Cackett et al. 2006a; (8) Tomsick et al. 2005; (9) Wijnands et al. 2005; (10) Heinke et al. 2006b; (11) Cackett et al. 2005; (12) Cackett
et al. 2006b; (13) Jonker et al. 2004b; (14) Jonker et al. 2004a; (15) Quiescent bolometric luminosity computed in this work; (16) Jonker et al. 2006; (17) Galloway &
Cumming 2006.

Fig. 2.—Cooling curves for various NS interior neutrino emission scenarios,
compared with measurements (or 95% confidence upper limits) of the quiescent
0.01Y10 keV NS luminosity and time-averaged mass transfer rate for several NS
transients (see Table 2). The cooling curves are taken from Yakovlev & Pethick
(2004); the dotted curve represents a low-mass NS, while the lower curves rep-
resent high-mass NSs with kaon or pion condensates or direct Urca (Durca) pro-
cessesmediated by nucleons or hyperons. Limits on the quiescent NS luminosity of
SAX J1808.4!3658 are given for the 2001 and 2006 observations. The effect of a
distance error as large as a factor of 1.5 is also indicated (upper left).

9 We have verified that this conversion is correct to within 50% for outbursts
of the transients EXO 1745!245 and Aquila X-1.
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quasi-persistent transients
Rutledge et al. 2002, Shternin et al.2007, Brown & Cumming 2009
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Summary

A number of observational probes of the nuclear EOS are available

three examples

pulsar masses

masses and radii from X-ray bursts

cooling of isolated neutron stars, thermal relaxation of accreting transients

this is not inclusive: there are others

No single observation is ideal—it’s astrophysics; but

These observations, taken together, o"er interesting constraints and complement 
theoretical and experimental e"orts

The best is yet to come!
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